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The E(2)-like little group for massless particles is obtained from the O(3)-like little group for massive particles in the 
infinite-momentum/zero-mass limit. It is shown therefore that rotations around the axes perpendicular to the direction of 
the momentum become gauge transformations in this limit. The limiting procedure is shown to be identical to that of 
group contraction through which 0(3) becomes E(2). 

O n e  of  the  beau t i e s  of E ins t e ins ' s  specia l  
re la t iv i ty  is the  unif ied desc r ip t ion  of the  
e n e r g y - m o m e n t u m  re la t ion  for  mass ive  and  
mass less  par t i c les  th rough  E -- (pz  + M2)1/2, 

w h e r e  E, P and M are  respec t ive ly  the  energy ,  
m o m e n t u m ,  and  mass  of a given f ree  par t ic le .  
Rela t iv i s t ic  par t ic les  a re  k n o w n  to have  in te rna l  
s p a c e - t i m e  symmet r i e s .  Is t he re  then  a unif ied 
way  to desc r ibe  in te rna l  s p a c e - t i m e  s y m m e t r i e s  
for  bo th  mass ive  and  mass less  par t i c les?  

T h e  p u r p o s e  of the  p r e sen t  p a p e r  is to dis- 
cuss this p r o b l e m  ,1. This  is an in te res t ing  p rob -  
lem in view of the  recen t  success of the  gauge  
t heo ry  in which the  p h o t o n  and  mass ive  vec to r  
bosons  form a gauge  mul t ip l e t  [2,3]. In 1939, 
W i g n e r  f o r m u l a t e d  a m e t h o d  of s tudying  the  
in te rna l  s p a c e - t i m e  s y m m e t r i e s  of mass ive  and  
mass less  par t ic les  based  on the  l i t t le  g roups  [4]. 

*x According to O.W. Greenberg, this problem was discussed 
as one of the unsolved problems at one of the lectures E.P. 
Wigner gave in Trieste and Istanbul in 1962 [1], although 
the content of this discussion was not included in the 
published lecture notes (ref. [2]). We thank O.W. Green- 
berg for providing this valuable information. 

The  l i t t le  g roup  is a s u b g r o u p  of the  Po incar6  
g roup  which leaves  the  f o u r - m o m e n t u m  of  a 
given par t ic le  invar iant .  T h e  l i t t le  g roups  for  
mass ive  and  mass less  par t ic les  a re  local ly  
i somorph ic  to the  t h r e e - d i m e n s i o n a l  ro ta t ion  
g roup  and  the t w o - d i m e n s i o n a l  euc l idean  g roup  
respec t ive ly .  

F o r  this reason ,  in o r d e r  to ob ta in  a unif ied 
desc r ip t ion  of the  l i t t le  g roups  for  mass ive  and  
mass less  par t ic les ,  we are  let to  cons ide r  the  
poss ib i l i ty  of ob t a in ing  E(2)  as a l imit ing case of 
0 (3 ) .  This  idea  is not  new. In6nu  and  W i g n e r  in 
1953 i n t r o d u c e d  the  m e t h o d  of g roup  cont rac-  
t ion to the  physics  wor ld  and  w o r k e d  out  in 
de ta i l  how the  in f in i t e -d imens iona l  un i t a ry  
r e p r e s e n t a t i o n  of the  E(2) g roup  can be  
o b t a i n e d  as a l imit ing case of the  spher ica l  
ha rmon ic s  for  large  va lues  of angu la r  m o m e n -  
tum [5]. H o w e v e r ,  it was not  known  until  
r ecen t ly  tha t  the  fou r -vec to r  r e p r e s e n t a t i o n  for  
p h o t o n s  c o r r e s p o n d s  to a f in i te -d imens ional  
non-uni tary  representation of the  E(2) g roup  [6]. 

T h e  E(2) g roup  consists  of ro t a t i ons  and  
t r ans la t ions  on a tw o-d ime ns iona l  xy p lane .  T h e  
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coordinate t ransformation in which a rotation is 
followed by a translation takes the form 

(i') ' = sin~b cos~b v y . (1) 
0 1 1 

This is the simplest non-trivial finite-dimensional 
non-unitary representat ion of the E(2) group. 
The  way in which the above three-parameter  
matrix describes the helicity and gauge degrees 
of f reedom in the four-vector  representat ion of 
the electromagnetic field has been discussed in 
detail in refs. [6,7]. 

The three-by-three matrix in eq. (1) can be 
exponent iated as 

D(~b, u, v) = exp[-i(uP1 + vP2)] exp(-i~bL3). (2) 

The generators in this case are 

L3 = 0 0 , (3) 
0 0 

P1 = 0 , P2 = 0 • 
0 0 

These generators  satisfy the following com- 
mutat ion relations: 

[P1,/}2] = 0, [L3, P,]  = iP2, [L3,/}2] = - iP , .  
(4) 

On the other hand, in 0(3),  three-by-three 
rotation matrices applicable to coordinate vari- 
ables (x, y, z) are generated by L3 of eq. (3) and 

(i °°)o L1 = 0 -- i  , L2 = 0 . (5) 

i i 0 

Both E(2) and 0(3)  share the same L3. The  
question is how P1 and P2 can be obtained f rom 
L1 and L2. For this purpose,  let us consider the 
surface of a sphere with a large radius, and a 
small area near  the north pole [8]. Then z is 
very large and is approximately equal to the 
radius of the sphere R. We can then write 

(6) (?) (i ° °)0 = 1 0 y • 

0 R 1 

The column vectors on the left- and right-hand 
sides are respectively the coordinate vectors on 
which 0(3)  and E(2) t ransformations are ap- 
plicable. We shall use A for the three-by-three 
matrix on the right hand side. Then,  in the limit 
of large R, 

L3 = A L 3 A  -x, P1 = ( 1 / R ) A L 2 A  1, 

P2 = - ( 1 / R ) A L I A - '  , (7) 

where L3, P1, and P2 are given in eq. (5). This 
kind of limiting procedure is called the contrac- 
tion of 0(3)  to E(2). 

Let us return to physics. As was noted 
before,  the internal spacetime symmetries of 
free particles are governed by the little groups. 
If a massive particle is at rest, the symmetry 
group is generated by the angular momen tum 
operators  J1, Y2 and J3. If this particle moves 
along the z direction, J3 remains invariant, and 
its eigenvalue is the helicity. However ,  we have 
been avoiding in the past the question of what 
happens to J~ and J2, particularly in the infinite- 
momen tum limit where the particle appears  
massless. Do they transform themselves to ac- 
commodate  the E(2)-like symmetry for massless 
particles? 

The purpose of this paper  is to show that J~ 
and J2 become proport ional  to the generators of 
gauge transformations in the infinite-momen- 
tum/zero-mass limit. Let us start with a massive 
particle at rest. If we use the four-vector con- 
vention: 

x"  = (x, y, z, t), x~ = (x, y, z, - t ) ,  (8) 

the generators of the O(3)-like little group ap- 
plicable to this vector space are the four-by-four 
matrices of the form 

C0 0 i) j3  = i 0 0 
0 0 0 ' 

\ ( )  0 0 

(9) 

and similar expressions for -/1 and J2. 
If we boost this massive particle along the z 

direction, its momen tum and energy will 
become P and E = (p2 + M2)1/2 respectively. 
The boost  matrix is 
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_[?' 0 ,, 0 ]  
1 0 0 (10)  

B ( P ) = / ( }  (~ E / M  P / M  

\ 0 0 P / M  E / M /  

U n d e r  this  boos t  ope ra t i on ,  J3 given in eq. (9) 
r ema ins  invar ian t :  

BJsB- '  = J3. (11) 

H o w e v e r ,  for  J2 and Jr, we can cons ide r  

G~ = - ( M / E ) B J 2 B  ' = -J2  + (P/E)K~ , 

G2 = ( M / E ) B J I B  -~ = J1 + (P /E)K2 ,  (12) 

where  K~ and K2 in eq. (12) are  the  boos t  
ge ne r a to r s  a long the x and  y d i rec t ions  respec-  
t ively,  and  t ake  the  form 

0 0 0 
0 0 IJ 

Ki = I) I) (I 

i 0 0 

0 0 0 

K2 ~- 0 0 (I 
0 (J (i 
0 i II 

Then  the forms  
those  in eq. (7). 

i) 
0 
0 ' 
0 

(13) 

given in eq. (12) are  not  unl ike  
The  B mat r ix  in eq. (12) is l ike 

the  A mat r ix  in eq. (7), and  the  ra t io  M / E  is 
l ike 1/R in eq. (7) m e a s u r e d  in a su i tab le  unit.  

Now,  in t e rms  of the  o p e r a t o r s  J3, G~ and  
Gz, the  0 ( 3 )  c o m m u t a t i o n  re la t ions  for  Z can be  
wr i t t en  as 

[J3, G,] = iG2, [J3, G2] = - iG1, 

I G,, G21 = (M/E)2j3. (14) 

In the  i n f i n i t e - m o m e n t u m / z e r o - m a s s  l imit ,  the  
quan t i ty  ( M / E )  2 vanishes ,  and  the G o p e r a t o r s  
b e c o m e  

G l e N 1  and  G 2 ~ N 2 ,  (15) 

whe re  

N l = K I - , 1 2 ,  N 2 = K 2 + J 1 ,  (16) 

and the  0 ( 3 )  c o m m u t a t i o n  re la t ions  of eq. (14) 
b e c o m e  

[N,, N2] = 0, [J3, NIl  = iN2, [J3, Nz] = - i N 1 .  
(17) 

T h e  mat r ices  N~ and N2 def ined  in eq. (16) 
t o g e t h e r  with ,/3 form the  ge ne ra to r s  of the  
E(2)- l ike  l i t t le  g roup  for  massless  par t ic les  [4]. 
They  satisfy the  a b o v e  c o m m u t a t i o n  re la t ions  
which are  ident ica l  to  those  for  the  gene ra to r s  
of E(2) given in eq. (4). J3 is l ike the  g e n e r a t o r  
of ro ta t ion  while N1 and N2 are  l ike the  genera -  
tors of t rans la t ions .  These  N o p e r a t o r s  are  
known to gene ra t e  gauge  t r ans fo rma t ions  
[6,7,9]. 

W e  have  thus shown that  ro ta t ions  a r o u n d  
the axes p e r p e n d i c u l a r  to the  m o m e n t u m  
b e c o m e  gauge  t r ans fo rma t ions  in the  infinite- 
m o m e n t u m / z e r o - m a s s  limit.  Whi l e  the  above  
ca lcu la t ions  are  ca r r i ed  out  in the  0 (3 ,  1) reg ime 
where  both  the  O(3)- l ike  l i t t le g roup  and  the 
E(2)- l ike  litt le g roup  are  subgroups  of 0 (3 ,  1), it 
is s t r a igh t fo rward  to  show that  the  E(2)- l ike  
subg roup  of SL(2, e) app l i cab le  to neu t r inos  [6] 
is the  same  l imit ing case of SU(2)  within the 
f r a m e w o r k  of the  SL(2, e)  fo rmal i sm of Loren tz  
t r ans fo rma t ions .  
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