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Friction laws at the nanoscale
Yifei Mo1, Kevin T. Turner1,2,3 & Izabela Szlufarska1,3

Macroscopic laws of friction do not generally apply to nanoscale
contacts. Although continuum mechanics models have been
predicted to break down at the nanoscale1, they continue to be
applied for lack of a better theory. An understanding of how friction
force depends on applied load and contact area at these scales is
essential for the design of miniaturized devices with optimal mecha-
nical performance2,3. Here we use large-scale molecular dynamics
simulations with realistic force fields to establish friction laws in dry
nanoscale contacts. We show that friction force depends linearly on
the number of atoms that chemically interact across the contact. By
defining the contact area as being proportional to this number of
interacting atoms, we show that the macroscopically observed linear
relationship between friction force and contact area can be extended
to the nanoscale. Our model predicts that as the adhesion between
the contacting surfaces is reduced, a transition takes place from
nonlinear to linear dependence of friction force on load. This tran-
sition is consistent with the results of several nanoscale friction
experiments4–7. We demonstrate that the breakdown of conti-
nuum mechanics can be understood as a result of the rough
(multi-asperity) nature of the contact, and show that roughness
theories8–10 of friction can be applied at the nanoscale.

According to the well-known Amontons’ laws11, formulated in
1699, the friction force Ff between two macroscopic bodies is linearly
proportional to the applied load L, that is, Ff ~�mmL, where �mm is the
macroscopic coefficient of friction. Ff is also independent of the
macroscopic contact area Amacro. It was later noted12 that a mac-
roscopic contact is rough and consists of a large number of smaller
contacts (so-called asperities), whose total area

X
Aasp is much

smaller than Amacro. The friction force was shown to be proportional

to this true contact area, that is, Ff ~�tt
X

Aasp, where �tt is an effective

shear strength of the contacting bodies (Table 1). To isolate surface
roughness from other physical parameters that affect friction, many
experiments and simulations have focused on studies of individual
asperities, which have radii of curvature from tens of nanometres to
micrometres in size and are assumed to be perfectly smooth13–15.

Concurrently with single-asperity studies, roughness contact theories
are being developed8–10,16 to bridge the gap between the mechanics of
single asperities and that of macroscopic contacts.

One reason single-asperity measurements have been so successful
is that deformation of an asperity can be described by continuum
mechanics theories (Table 1). A model for non-adhesive contact
between homogenous, isotropic, linear elastic spheres, was first
developed by Hertz17, who showed that Aasp!L2=3. Adhesion effects
were included in a number of subsequent models, among which
Maugis-Dugdale theory18 has been frequently used because of its high
degree of flexibility. The common feature of all the single-asperity
theories is that Aasp is a sublinear function of L. In addition, several
scanning force microscopy (SFM) studies have reported that
Ff ~tAasp, with t being an interfacial shear strength13,19. In this case,
Ff will be a sublinear function of load20.

A key question is whether single-asperity models can describe contact
behaviour at the nanoscale. Deviations from single-asperity theories
have sometimes been observed at these length scales and they have been
attributed to the break-down of continuum mechanics. For instance,
SFM experiments have been reported5,6,21 where Ff!L or even where
these two quantities are nearly independent of each other22. More
detailed discussion of the evidence for the break-down of continuum
mechanics at the nanoscale can be found in ref. 13. The challenge in
using SFM to establish friction laws at the nanoscale lies in the large
sensitivity of contact behaviour to specific experimental conditions,
such as surface chemistry or tip geometry. These challenges can be
overcome in molecular dynamics simulations1,5,20,23,24, which have been
invaluable in identifying atomistic phenomena underlying friction.
However, the use of idealized tip models or force fields in such molecu-
lar dynamics studies has led to contradictory results regarding friction
laws. For instance, Luan and Robbins1 and Wenning and Müser25 found
that for incommensurate non-adhesive contacts Ff!L2=3, which was in
contrast to later simulations by Gao et al.20 who found Ff!L.

Here we perform large-scale molecular dynamics simulations of SFM
experiments to determine friction laws at the nanoscale. We simulate
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Table 1 | Summary of friction laws

Friction laws Ff versus area Ff versus L Notes

Macroscale theories
Amontons’ law Independent of Amacro Ff~�mm:L Law first discovered by Leonardo da Vinci

Bowden and Tabor Ff~�tt:
X

Aasp
Ff~�mm:L Law results from contact roughness

Single-asperity theories
Non-adhesive (based on

Hertz model)
Ff~t:Aasp Ff!L2=3 Linear dependence of Ff on Aasp is generally believed to be true for

microscale contacts, but has been questioned for nanoscale contacts
Adhesive (for example,

Maugis–Dugdale)
Ff~t:Aasp Sublinear

Multi-asperity picture of nanoscale contact (our model)
Non-adhesive Ff~t:Areal~t:Nat

:Aat

Ff=t:Aasp

Ff~m:L Dependence of Ff on Areal has been directly verified. Linear dependence
of Ff on L is due to atomic roughness and small contact pressures

Adhesive Ff~t:Areal~t:Nat
:Aat

Ff=t:Aasp

Sublinear Adhesion induces transition from linear to sublinear behaviour

Amacro is the macroscopic contact area. Aasp is the contact area of a single asperity; Areal is the real contact area defined as the number of atoms Nat in contact multiplied by the average contact area
Aat of an interfacial atom.

Vol 457 | 26 February 2009 | doi:10.1038/nature07748

1116
 Macmillan Publishers Limited. All rights reserved©2009

www.nature.com/nature
www.nature.com/nature
www.nature.com/doifinder/10.1038/nature07748


sliding under a normal load and we determine the dependence of fric-
tion force on the applied load, contact area, and on the presence of
adhesion at the interface. We focus on amorphous carbon tips and
diamond samples (Fig. 1a), both terminated with hydrogen, because

of the availability of experimental data20 that can be used for compar-
ison. We use realistic force fields26, spherical tips that are allowed to
deform together with the sample and that have curvature radii R of up
to 30 nm (see Supplementary Fig. S1), and the simulations are per-
formed at the temperature of 300 K. The force fields consist of short-
range chemical interactions and long-range van der Waals interactions.

Defining contact area is one of the major challenges for understanding
friction in nanoscale contacts. Because fundamentally contact is formed
by atoms interacting across the interface (Fig. 1b), we define a real contact
area to be Areal~NatAat, where Nat is the number of atoms of the sample
within the range of chemical interactions from the tip atoms and Aat is the
average surfaceareaper atom. Incontinuummechanics Aasp isdefined by
the edge of the contact zone. The definition of the contact edge becomes
ambiguous when the atomistic nature of the interface dominates its
physical behaviour27,28. Here, we define Aasp to be the area enclosed by
a convex hull around atoms in contact, as shown in Fig. 1c.

We first perform molecular dynamics simulations of normal load-
ing and friction in the absence of van der Waals forces. Because both
the tip and the sample are passivated with hydrogen atoms, adhesion
due to short-range chemical forces is negligible. In this case a non-
adhesive single asperity (Hertz) model is expected to apply, that is,

Aasp~p 3R=4E�ð Þ2=3
L2=3, where E�~ 1{n2

1

� �
=E1z 1{n2

2

� �
=E2

� �{1

is the effective modulus of the contact, E1 and E2 are the tip and the
sample Young’s moduli, and n1 and n2 are the tip and the sample
Poisson’s ratios, respectively. With the additional assumption of
Ff ~tAasp, the Hertz model predicts that Ff!L2=3. Our calculations
show that Aasp!L0:7 and Ff!L (Fig. 2a), which yields Ff=tAasp.
Additionally, even though Aasp obtained in simulations shows
approximately the same 2/3 power-law dependence on L as in the
Hertz theory, the effective modulus E* values calculated from fitting
the Hertz model to the simulation data are 61% smaller than the
value calculated directly from the definition of E* (see Supple-
mentary Methods). Our results confirm the conclusions of other
authors that single-asperity theories break down at the nanoscale1,5.
To account for the fact that Ff is not linear with Aasp, Wenning and
Müser25 suggested that t is not a constant, but varies with contact
pressure. Other authors proposed an empirical model in which
mechanics of a nanoscale non-adhesive contact is controlled by load,
that is, Ff ~mL and the contact area is undefined and unnecessary5,29.

We argue that the break-down of single-asperity theories of friction
is due to the fact that at these length scales the real contact area Areal is
different from Aasp (see Fig. 1c) and that friction laws should be defined
in terms of Areal. Our simulations show that Areal!L (Fig. 2b) and
Ff ~tAreal with constant t (Fig. 2c), which is consistent with the rela-
tion Ff!L (Fig. 2a). As shown in Table 1, friction force is now pro-
portional to contact area at all length scales as long as the contact area is
correctly defined at each length scale. Also, realizing that it is Areal (or,
more fundamentally, Nat) that controls friction at the nanoscale, we
can now understand why Ff!L. Such linear dependence is character-
istic of rough contacts (Table 1) and in our case is a result of atomic
roughness, as shown by the fact that Areal=Aasp. The above results
demonstrate that a nanoscale contact, which had been previously
viewed as a single entity, consists of yet smaller contacts of atomic size.
Macroscale roughness theories can be applied to describe the beha-
viour of nanoscale contacts (see Supplementary Methods).

We investigate the effect of van der Waals adhesion on contact beha-
viour by adding these forces to the tip–sample interactions and by
performing additional molecular dynamics simulations. As shown in
Fig. 3a, the relation Ff ~tAreal still holds, which demonstrates that
friction is controlled by the short-range (chemical) interactions even
in the presence of dispersive forces. However, unlike the non-adhesive
case, here Ff is a sublinear function of L (Fig. 3b), which is consistent with
predictions of adhesive single-asperity models (see Table 1). We fit Ff (L)
to the Maugis–Dugdale model using a convenient approximation pro-
posed by Carpick, Ogletree, and Salmeron (COS)30 and later physically
justified by Schwarz31. The fits show an excellent agreement with both

a

b

c

Atoms in contact

Surface area per atom

Contact edge

Figure 1 | Contact between an amorphous carbon tip and a diamond
sample. a, Far view, showing contact geometry. Golden and red atoms
correspond to C and H, respectively. b, Close view. Solid red and golden
sticks represent covalent bonds. Translucent pink sticks represent repulsive
interactions. c, Contact area definitions. Red circles represent sample atoms
within the range of chemical interactions from tip atoms. Contact area per
atom Aat is represented by grey hexagons. Real contact area Areal is the sum of
the areas of hexagons. The contact area Aasp of an asperity is enclosed by the
edge (solid line) of the contact zone.
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the Maugis–Dugdale theory and with experimental results (see Methods
Summary), which validates our modelling approach. For instance, the
fitted value of Tabor’s32 parameter mT is 0.19, which falls within the range
of 0.11–0.22 calculated directly from theory for our system.

However, the fact that adhesive single-asperity theory fits both our
simulation data and experimental data very well should not be taken as
evidence that the theory represents the correct physics. We argue that the
flexibility of the Maugis–Dugdale model (that is, three fitting para-
meters) masks the model’s physical deficiencies. For instance, we can
check whether the elastic restoring force Lel, calculated by subtracting van
der Waals forces LvdW from the total load L, follows Hertz’s predictions,

that is, whether Areal!L
2=3
el . As can be seen fromFig. 3c, Areal!Lel, which

means that the correct physical picture is that of a rough (multi-asperity)
contact rather than of a single-asperity one (see Table 1).

Why then does Ff depend sublinearly on L? This behaviour is due
to the presence of adhesion forces LvdW, which for a spherical tip in
contact with a flat sample do not scale linearly with Areal (triangles in
Fig. 3c). As a result the total load L~LelzLvdW is not proportional to
Areal and hence Ff ~tAreal is a sublinear function of L. Our models
therefore predict that as adhesion in the contact is increased, a trans-
ition takes place from linear to sublinear dependence of Ff on L. The
opposite effect can be achieved by increasing the roughness of the
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Figure 3 | Mechanics of adhesive contacts. a, Friction force versus real
contact area. b, Friction force versus load. c, Contributions to the total load
as a function of real contact area: total load L (full squares); van der Waals
contribution LvdW (empty triangles); elastic restoring force Lel~L{LvdW

(empty circles). Ff is measured over three lattice periods of the sample’s
surface. The error bars in a and b correspond to a standard deviation in these
measurements.
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Figure 2 | Mechanics of non-adhesive contacts. a, Friction force versus
load. b, Real contact area versus load. c, Friction force versus contact area. Ff

is measured over five lattice periods of the sample’s surface. The error bars in
a and c correspond to a standard deviation in these measurements. Linear
extrapolation to Ff ?0 leads to finite values of Areal and L, but it is not clear
whether such extrapolation should be linear. Measurements at very small
loads carry large uncertainty owing to the small number of atoms in contact
and to thermal vibrations.
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interface. Behaviour consistent with single-asperity theories can be
expected in the limit of Areal<Aasp, for example, for large contact
pressures and for tip radii in the micrometre range and larger9,33.

The identification of the multi-asperity nature of dry nanoscale
contacts and of the associated laws of friction allows controversies
that exist in the field to be resolved. For instance, the sublinear
dependence of friction on load for non-adhesive incommensurate
contacts reported by Luan and Robbins1 is probably due to the rela-
tively low roughness of the simulated interfaces. Two effects could
contribute to this low surface roughness. First, the simulated surfaces
were bare, that is, they were not passivated with adsorbate atoms.
Second, the repulsive part of the Lennard–Jones force field that was
used in the simulations is physically too stiff, which reduces corruga-
tion of the surface potential energy. Low surface corrugation (rough-
ness) results in Areal<Aasp, which explains why the authors observed a
sublinear dependence of Ff on L. Gao et al.20 simulated the opposite
limit of contact behaviour. These authors used more realistic force
fields and they simulated surfaces passivated with hydrogen atoms,
which yielded atomically rough interfaces and resulted in the Ff!L
dependence. Atomic roughness was additionally frozen in by making
the tip rigid. The transition from sublinear to linear Ff (L) dependence
due to adhesion reduction has been previously observed
experimentally4–6,34,35. We can now understand that such transition
takes place when contact roughness, defined by the corrugation of
surface potential energy, becomes large in comparison to the range
of interfacial interactions. Adhesion reduction can be realized for
instance by surface passivation6 or surface functionalization4,34. The
transition from sublinear to linear friction can occur also during
sliding if the surfaces are damaged (that is, roughened) in the process5.

METHODS SUMMARY
In molecular dynamics simulations we use the reactive empirical bond-order

(REBO) potential26. The REBO potential accurately describes the cohesive ener-

gies and chemical reactions of hydrocarbon systems as well as the elastic constants

of solid carbon-based materials. The range of the REBO potential extends as far as

the chemical interactions and does not include dispersive forces. The van der

Waals interactions are therefore integrated with REBO using an analytical switch-

ing function in the regime where the two potentials overlap. For detailed descrip-

tion of the simulation techniques and schedule see Supplementary Methods.

We have also performed finite element analysis to demonstrate that the effect

of boundary conditions in our simulations is negligible, that is, if our tips were

represented by continuous, linear-elastic solids with smooth interfaces, the con-

tact behaviour would be accurately described by continuum single-asperity

models.

Our simulations show an excellent agreement with theory and experiments. For

example, the Ff versus L dependence obtained in our simulations for an R 5 30 nm
adhesive tip sliding over H terminated diamond (111) surface was fitted to the

Maugis–Dugdale model (see Supplementary Methods). The fitted COS transition

parameter is 0.21, which yields the Tabor’s32 parameter mT of 0.19. Direct calcula-

tion of mT, based on our system geometry and elastic properties, gives a range from

0.11 to 0.22, which brackets the fitted value of mT. Our fits show that mT decreases

with decreasing R, which is also in agreement with single-asperity models. Both

the shear strength t and the contact pressure are of the same order of magnitude as

in SFM experiments20. Specifically, using a procedure similar to that in ref. 20 for

R 5 30 nm we estimate that t<508 MPa and the contact pressure at L < 100 nN is

6.12 GPa.
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