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Scaling in the long-time limit, γt � 1
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Pt(x) → P∗(z) = K1(z)
z , where z = a

√
x2 + (ct)2



The simplest model: stock price St obeys the stochastic

differential equation of a multiplicative Brownian motion

dSt = µSt dt + σSt dW
(1)
t ,

where Wt is a Wiener process, σ is called volatility.

The distribution of log-returns rt = ln(St/S0) is Gaussian

Pt(r) =
exp{−[r − (µ + σ2/2)t]2}√

2πσ2t
,

and the distribution of prices Pt(S) is log-normal.

Shortcomings of multiplicative Brownian model:

• The tails of real data are heavier than Gaussian.

• Volatility σ is not constant, but stochastic.

• Limited success of the Black-Scholes model for option

pricing.



Multiplicative Brownian motion + stochastic variance




dxt = −vt
2 dt +

√
vt dW

(1)
t

dvt = −γ(vt − θ) dt + κ
√

vt dW
(2)
t

v = σ2

The model is truly 2D 6= 1D + 1D.

The transition probability Pt(x, v | vi) satisfies the Fokker-

Planck equation

∂

∂t
P =

1

2

∂

∂x
(vP ) + γ

∂

∂v
[(v − θ)P ]

+
1

2

∂2

∂2x
(vP ) +

κ2

2

∂2

∂2v
(vP )

with the initial condition Pt=0(x, v | vi) = δ(x)δ(v − vi).

Take two Fourier transforms

Pt(x, v | vi) → P t,px(v | vi) → P̃t,px(pv | vi).



The transformed PDE is of the first order

 ∂

∂t
+


γpv +

iκ2

2
p2
v +

ip2
x + px

2


 ∂

∂pv


 P̃ = −iγθpvP̃ ,

with the initial condition P̃t=0,px(pv | vi) = exp(−ipvvi).

The solution is obtained using the method of characteristics

or path integrals

P̃t,px(pv | vi) = exp

(
−ip̃v(0)vi − iγθ

∫ t

0
dτ p̃v(τ)

)
,

where the function p̃v(τ) is the solution of the characteristic

equation

dp̃v(τ)

dτ
= γp̃v(τ) +

iκ2

2
p̃2
v(τ) +

ip2
x + px

2
with p̃v(t) = pv



Averaging over variance

We integrate Pt(x, v | vi) over the final variance v

Pt(x | vi) =

+∞∫

−∞
dv Pt(x, v | vi).

Assuming that vi to has the stationary distribution Π∗(vi),

we average over the initial variance

Pt(x) =
∫ ∞
0

dvi Π∗(vi)Pt(x | vi).



The final result

The probability distribution of returns is given by the Fourier

integral

Pt(x) =

+∞∫

−∞

dpx

2π
eipxx+Ft(px)

where

Ft(px) =
γ2θt

κ2
− 2γθ

κ2
ln


cosh

Ωt

2
+

Ω2 + γ2

2γΩ
sinh

Ωt

2




and the frequency Ω =
√

γ2 + κ2(p2
x − ipx).



Asymptotic behavior for long time t

In the limit γt � 2, Ft(px) ≈ γθt
κ2 (γ − Ω).

The Fourier integral can be taken analytically, and the prob-

ability distribution has the scaling form

Pt(x) = Nt e−x/2P∗(z), P∗(z) =
K1(z)

z
,

where K1(z) is the first-order modified Bessel function, and

z =
ω0

κ

√√√√√x2 +

(
γθ

κ

)2
t2, ω0 =

√
γ2 + κ2/4



For z � 1, the Bessel function is K1(z) ≈ e−z
√

π/2z,

lnPt(x) ≈ −x

2
− z = −x

2
− ω0

κ

√√√√√x2 +

(
γθ

κ

)2
t2.

• When |x| � γθt/κ, lnPt(x) ≈ −x
2 − ω0

κ |x|.
The probability distribution has exponential tails in x with

time-independent slope.

• When |x| � γθt/κ, lnPt(x) ≈ −x
2 − ω0

2γθt x2,

The probability distribution for small x is Gaussian. For long

time t, the probability weight in the Gaussian part tends to

one.
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Singularities of Ft(px) in the complex plane of px
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Quantum-mechanical analogy

Define the momentum operator p̂v = −i d
dv conjugate to v.

The Fokker-Planck PDE is a Schrödinger equation in imag-

inary time

t
∂

∂t
P = −ĤP

with “Hamiltonian”

Ĥ =
κ2

2
p̂2
v v̂ + iγp̂v(v̂ − θ) +

p2
x − ipx

2
v̂.

Notice that the “Hamiltonian” Ĥ is linear in v.



Path Integral Solution: Integrate over all trajectories

P t,px(vf | vi) =
∫
Dv(τ)

∫
Dpv(τ)e

S[pv(τ),v(τ)],

where the action S[pv(τ), v(τ)] for a given path is

S =
∫ t

0
dτ {ipv(τ)v̇(τ) − H[pv(τ), v(τ)]} .

The action is linear in v(τ). First take the integral over

Dv(τ). The result is a delta-functional

δ


ṗv(τ) − γpv(τ) −

κ2

2
p2
v(τ) −

p2
x − ipx

2


 .

Taking the integral over Dpv(τ) replaces pv(τ) by p̃v(τ),

which is the solution of characteristic ordinary differential

equation.


