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The connected facility location (ConFL) problem arises in a number of applications that relate to the design
of telecommunication networks as well as data distribution and management problems on networks. It

combines features of the uncapacitated facility location problem with the Steiner tree problem and is known to
be NP-complete. In this setting, we wish to install a set of facilities on a communication network and assign
customers to the installed facilities. In addition, the set of selected facilities needs to be connected by a Steiner
tree. In this paper, we propose a dual-based local search heuristic that combines dual ascent and local search,
which together yield strong lower and upper bounds to the optimal solution. Our procedure is applied to
a slightly more general version of the ConFL problem that embraces a family of four different problems—
the Steiner tree-star problem, the general Steiner tree-star problem, the ConFL problem, and the rent-or-buy
problem—that combine facility location decisions with connectivity requirements. Consequently, our solution
methodology successfully applies to all of them. We discuss a wide range of computational experiments that
indicate that our heuristic is a very effective procedure that finds high-quality solutions very rapidly.
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1. Introduction
The recent growth of telecommunication networks
coupled with digital data management has motivated
a range of network design problems that combine
facility location with connectivity requirements. These
network design problems combine features of the
uncapacitated facility location (UFL) problem with
the Steiner tree problem. The connected facility loca-
tion (ConFL) problem belongs to this class of network
design problems and is known to be NP-complete. In
this paper we introduce a slightly more general ver-
sion of the ConFL problem that subsumes a family of
four closely related problems (that arise in virtual pri-
vate network design and data distribution problems
on networks) and propose a dual-based local search
(DLS) heuristic that combines dual-ascent and local
search to obtain high-quality solutions rapidly.
We first describe the family of four closely related

problems that are special cases of the general version
of the ConFL problem that we introduce in this paper.
The Steiner tree-star (STS) problem (Lee et al. 1993)

is a virtual private network design problem that arises
in the design of telecommunication networks for dig-
ital data services and can be stated as follows. Given
a graph G = �V �E� and a disjoint partition of the
nodes in V into two sets—D ⊂ V , a set of demand
nodes (also referred to as target nodes in the STS

literature), and F ⊂ V , a set of potential facility nodes
(also referred to as hubs in the STS literature)—we
seek to find a minimum cost tree such that every
demand node is connected (or assigned) to a facil-
ity node, and the facilities serving demand nodes are
connected through a node-weighted Steiner tree T
constructed solely on the F nodes (i.e., on G�F � =
�F �E�F ���. Each facility has an opening (or activating)
cost, fi ≥ 0, that is incurred if the facility is included
in the final network design (regardless of whether the
facility serves a demand node). The cost to connect a
demand node, j ∈ D, to a facility node, i ∈ F , is given
by an assignment cost aij , whereas the cost to con-
nect two facilities, i, j ∈ F , comes at a significantly
higher (in terms of cost per unit distance) connec-
tion cost bij . The network design cost is thus given by∑

j∈D ai�j�j +
∑

i∈T fi+
∑

�i� j�∈T bij , where i�j� is the facility
serving demand node j , and T is the Steiner tree con-
necting the facilities serving demand nodes. Figure 1
illustrates an example of the STS problem, where (a)
shows the graph G and (b) represents a feasible solu-
tion to the STS problem.
Khuller and Zhu (2002) extended the STS prob-

lem to a more general setting where the facility
and demand node sets are not disjoint and called it
the general STS (GSTS) problem. In this case, some
demand nodes may host a facility in a solution to
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(b)

Figure 1 Steiner Tree-Star Example

the problem. Figure 2(a) shows a small example of a
GSTS problem, where one node has a dual role and
can be both a facility and a demand node. Figure 2(b)
illustrates a solution where the dual-role node takes
the function of a demand node, whereas Figure 2(c)
shows a solution where it takes the role of a facility
node. Note that when the dual-role node takes the
role of a facility node, it also satisfies its demand node
at no additional cost.
Karger and Minkoff (2000), Krick et al. (2003), and

Havet and Wennink (2004) independently introduced
data distribution and management problems in a net-
work setting that arise in information/content distri-
bution networks (such networks are widely prevalent
at Web search providers, for example). In the applica-
tions discussed in these three papers, there are facili-
ties (or servers) to be located on a network that will
contain (or cache) information. Demand nodes make
requests for the information. When a demand node
j requests a piece of information, it is served from

Open facility node

Facility node

Demand node

Dual-role node

(a) (b) (c)

Figure 2 General Steiner Tree-Star Example

the closest facility i�j� and incurs a cost ��i�j�� j� (if
a demand node j makes multiple requests, say, dj

requests, the cost is simply dj��i�j�� j�). Furthermore,
updates to the information on the servers are made
over time. If a piece of information is updated, then
it must be updated at every facility (or server) on
the network. This incurs a cost ��i� j� for every edge
�i� j� in the network on which this information is sent.
Consequently, the cheapest way to update information
over facilities (once a choice of which facilities to open
has been made) is via a Steiner tree T on the facilities
with a cost of

∑
�i� j�∈T ��i� j� (if � information update

requests are made, then the cost is �
∑

�i� j�∈T ��i� j�).
The goal is to determine (i) what facilities to locate
(or open), (ii) which facility serves each demand node,
and (iii) how to connect the open facilities to minimize
the total cost. In the applications discussed in Karger
and Minkoff (2000) and Havet and Wennink (2004),
the facility opening costs are zero, whereas in Krick
et al. (2003) there are costs associated with opening
facilities.
The problems introduced by Karger and Minkoff

(2000), Krick et al. (2003), and Havet and Wennink
(2004) can be modeled as ConFL problems (Gupta
et al. 2001 introduced the terminology ConFL) that
can be stated as follows. We are given a graph
G= �V �E� and three sets: D ⊆ V , a set of demand
nodes (or customers); F ⊆ V , a set of potential facil-
ity nodes; and S ⊆ V , a set of potential Steiner nodes,
with D ∪ F ∪ S = V and F ∩ S = 
. We seek to find
a minimum-cost network where every demand node
is assigned to an open facility, and open facilities are
connected through a Steiner tree T constructed on
the subgraph of G on the nodes F ∪ S (i.e., G�F ∪
S�= �F ∪S�E�F ∪S��). There are facility opening costs,
fi ≥ 0, incurred for each facility that serves a cus-
tomer; assignment costs, aij ≥ 0, for assigning a cus-
tomer j ∈D to a facility i ∈ F ; and edge costs, bij ≥ 0,
for an edge �i� j� ∈ E�F ∪ S� if it is used on the
Steiner tree T . The nodes in S may be viewed as
pure Steiner nodes and can only be used in the tree
T as Steiner nodes, whereas the nodes in F may be
used as Steiner nodes on the tree T without incur-
ring a facility opening cost when no customers are
assigned to them. The final network cost is given by
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∑
j∈D ai�j�j +

∑
i∈Z fi+

∑
�i�j�∈T bij , where i�j� is the facility

serving demand node j , Z is the set of open facili-
ties (or facilities serving customers), and T is a Steiner
tree connecting the open facilities. The data distri-
bution problems introduced by Karger and Minkoff
(2000), Krick et al. (2003), and Havet and Wennink
(2004) may be modeled as a ConFL problem by set-
ting aij = dj��i� j�, bij = ���i� j�, and fi as the facility
opening cost. Figure 3 illustrates an example of the
ConFL problem and a feasible solution.
In the definition of the ConFL problem above, it is

possible that D∩ F �= 
 or D∩S �= 
. In both these sit-
uations, a demand node j can be used on the Steiner
tree T . In this case, in addition to the edges adjacent
to node j in the Steiner tree T , we have a connection
�i�j�� j� between node j and the facility to which it is
assigned. Consequently, the minimum-cost network is
not necessarily a tree. On the other hand, if D∩ F =

and D ∩ S =
 (meaning that D, F , and S form a par-
tition), a demand node cannot be used on the Steiner
tree T and the minimum-cost network is a tree. It
can be viewed as consisting of a core tree T (where
the leaf nodes must be open facility nodes), with the
assignment edges dangling from open facility nodes
on the core tree. Typically, the papers in the computer
science literature allow for D ∩ F �= 
 or D ∩ S �= 
,
whereas the papers in the operations research litera-
ture assume that D, F , and S form a partition. It is
easy to transform ConFL instances where D ∩ F �= 

or D∩S �= 
 into ones where the sets D, F , and S form
a partition. We will discuss this transformation in §3.

Open facility node

Facility node

Demand node

(a)

(b)

Steiner node

Figure 3 Connected Facility Location Example

The rent-or-buy (ROB) problem, often viewed as
a special case of the ConFL problem, has the fea-
ture that facilities can be opened at any node of the
graph (i.e., F = V ) at zero cost. (The term rent-or-
buy comes from a related problem called the single-
sink buy-at-bulk network design (SSBND) problem
from Salman et al. 1997, which ROB is equivalent to
when the SSBND problem has two cable types. Here,
the idea is that edges on the network can either be
rented, in which case the cost function aij applies, or
can be purchased, in which case the cost function bij

applies.) In our opinion, the ROB problem can also be
viewed as a special case of the GSTS problem with
zero facility opening costs and D ⊆ F = V . In the ROB
problem any demand node can act as a facility node
and hence serve other customers (i.e., demand nodes).
Consequently, the cost of an edge depends on the
role of its adjacent nodes. If one of the end points
of the edge plays the role of a demand node, mean-
ing that the edge is connecting a demand node to
an open facility, we say the edge is an assignment
edge and its cost is aij . Otherwise, the edge belongs to
the Steiner tree T (and we call it a tree edge) and its
cost is bij . (In all four problems—STS, GSTS, ConFL,
and ROB—we will use the term customer interchange-
ably with demand node. We will also refer to edges
connecting demand nodes to facilities as assignment
edges, and potential edges on the Steiner tree connect-
ing open facilities as tree edges.) In this problem, the
final network cost is given by

∑
j∈D ai�j�j +

∑
�i� j�∈T bij ,

where i�j� is the facility that serves demand node j
(note that aii = 0 when demand node i is used as
a facility), and T is the Steiner tree connecting all
the open facility nodes. The data distribution and
management applications introduced by Karger and
Minkoff (2000) and Havet and Wennink (2004) are
actually instances of the ROB problem. In a different
setting, Nuggehalli et al. (2003) considered the prob-
lem of energy-conscious cache placement in wireless
ad hoc networks. The objective is to find an effec-
tive strategy to cache the server information at some
nodes distributed across the network while optimally
considering the trade-off between energy consump-
tion and access latency. Interestingly, this problem is
also an instance of the ROB problem (Ljubić 2007)
indicating the widespread application of the ConFL
and ROB problems.
All four problems—STS, GSTS, ConFL, and ROB—

are of significant interest from a practical perspective,
both in the telecommunications/virtual private net-
work design context as well as in the data distribution
and management context. There has been a consider-
able amount of research devoted to these four prob-
lems from an approximation algorithms perspective
but somewhat limited study of these problems from
a mathematical programming perspective.
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Clearly, all four problems combine a facility loca-
tion problem with a Steiner tree problem. In this
paper, we exploit the similarity between the four
problems and define a slightly more general version
of the ConFL problem that we call the general ConFL
(or GConFL) problem. We devise a high-quality dual-
based local search heuristic for the GConFL problem
that provides both tight lower and upper bounds.
Our heuristic solution strategy consists of first for-
mulating the GConFL problem as a directed Steiner
tree problem with a unit degree constraint on the
root node. We then implement a dual-ascent proce-
dure to obtain a lower bound and an upper bound
(feasible solution) to the optimal solution. We then
apply a set of local improvement steps on the feasi-
ble solution obtained by the dual-ascent procedure to
significantly improve the quality of the solution. We
conducted an extensive set of computational experi-
ments that demonstrated the efficacy and efficiency
of our DLS heuristic. These results included instances
on complete graphs as well as noncomplete graphs.
Across the four problems over the set of test instances,
our DLS heuristic consistently found solutions of very
high quality. Over the 2,748 problems tested, the DLS
heuristic found solutions that were, on average, at
most 1.07% from optimality.
The rest of this paper is organized as follows. In

§2 we review prior work on the STS, GSTS, ConFL,
and ROB problems. In §3 we define the GConFL prob-
lem and describe how to transform each of the four
problems into a GConFL problem. In §4 we model the
GConFL problem as a directed Steiner tree problem
with a unit degree constraint on the root node. We
then discuss formulations for the GConFL problem
based on this transformation. In §5 we develop our
dual-based local search heuristic. In §6 we report on
an extensive set of computational experiments with
our dual-based heuristic on all four problems. Sec-
tion 7 provides concluding remarks and directions for
future research.

2. Literature Review
The STS problem was introduced by Lee et al. (1993).
Later, Lee et al. (1996) described valid inequalities and
facets for the STS polytope (polytope of integer fea-
sible STS solutions) and developed a branch-and-cut
procedure for the STS problem. Their procedure was
able to solve Euclidean test problems with fewer than
200 nodes in up to three hours of computational time.
Xu et al. (1996a, b) proposed two tabu search heuris-

tics for the STS problem, which they tested in a small
sample of random and grid problems with up to
600 nodes. Chu et al. (2000) subsequently proposed a
genetic algorithm for the STS problem. Their compu-
tational experiments indicated that their genetic algo-
rithm is of similar quality to Xu et al. (1996b). For

the same set of problems, they find no difference
in performance between the two heuristics; however,
their genetic algorithm required less computational
time. Note, however, that because neither heuristic
computes a lower bound to the optimal solution,
no optimality gaps were reported in either of these
papers. Khuller and Zhu (2002) introduced the GSTS
problem and gave two approximation algorithms with
approximation ratios of 5.16 and 5, respectively.
Gupta et al. (2001) arrived at the ConFL problem

when considering a virtual private network design
with demand uncertainty. Here, a set of demand nodes
are to be connected using a virtual private network.
One is given the maximum incoming and outgoing
traffic from each demand node, but one does not
know the actual traffic matrix between the nodes. One
wishes to construct a minimum-cost tree network and
provision sufficient capacity on its edges so that the
tree network can support any traffic matrix where the
aggregate incoming and outgoing demands respect
the maximum limits for each node. Gupta et al. (2001)
reduced this virtual private network design problem
to the ConFL problem. They then gave a 10.66 approx-
imation algorithm for the ConFL problem by adapting
a rounding technique of Shmoys et al. (1997) on an
integer programming formulation of the problem with
an exponential number of constraints.
Swamy and Kumar (2004) described a primal-

dual approximation algorithm for the ConFL prob-
lem. Their algorithm works in two phases and has an
approximation ratio of 8.55. The first phase is a facil-
ity location phase where they decide which facilities
to open, connect demands to facilities, and cluster the
demands at each facility. In this phase, demands are
clustered so that each open facility serves at least a cer-
tain minimum number of demand points. (In Swamy
and Kumar 2004, the ratio between the costs bij and
aij is constant, and bij/aij is treated as the minimum
number of demand points to cluster at a facility node.)
The second phase is a Steiner phase where the open
facilities are connected by a Steiner tree. Jung et al.
(2008) improved upon Swamy and Kumar’s algorithm
(by making changes in phase 1) and devised a 6.55
approximation algorithm for the ConFL problem.
Recently, Eisenbrand et al. (2008) presented a ran-

domized algorithm that improves the approximation
ratio for the ConFL problem to 4. In their algorithm,
the idea is to (i) run an approximation algorithm for
the UFL problem, (ii) randomly sample demand nodes
and open the facilities serving sampled customers in
the approximate solution (all the demands are now
assigned to these open facilities), and (iii) compute an
approximate Steiner tree on the opened facilities. The
authors showed that the approximation ratio degrades
slightly to 4.23 when the algorithm is derandomized.
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The theoretical computer science community has
focused on developing approximation algorithms for
the ConFL problem. In all of these papers, no compu-
tational results are presented for any of the proposed
approximation algorithms, and thus their effective-
ness in practice is unknown.
The ConFL problem has only recently gained atten-

tion in the operations research community. Ljubić
(2007) introduced a variable neighborhood search
(VNS) heuristic that is combined with reactive tabu
search. She also proposed a branch-and-cut (B&C)
approach for solving the ConFL problem to opti-
mality. She constructed ConFL test problems by
combining Steiner tree problem instances from the
OR-Library (http://people.brunel.ac.uk/∼mastjjb/jeb/
orlib/steininfo.html) and UFL problem instances from
UflLib (http : //www.mpi - inf.mpg.de/departments/
d1/projects/benchmarks/UflLib/). She reported that
the VNS heuristic found solutions that were up to
10% from the lower bound provided by the B&C
algorithm. It is our understanding (Ljubić 2009) that
as a result of a computational error, the values of the
lower bounds described in Ljubić (2007) are incorrect
and in some instances may be lower than the ones
reported in the paper.
We should note that the approaches used by

Swamy and Kumar (2004), Ljubić (2007), and Jung
et al. (2008) assumed that one of the facilities in the
optimal solution is known a priori. We find that inter-
pretation of the ConFL problem somewhat restrictive.
If one does not know a priori one of the facilities in
the optimal solution, then their solution procedures
need to be applied �F � times (once for each facility
node) and the best solution selected. In this paper, we
will assume that we do not have any a priori knowl-
edge of an open facility in the optimal solution.
Tomazic and Ljubić (2008) proposed a greedy ran-

domized adaptive search procedure (GRASP) algo-
rithm for the ConFL problem. (Here, the authors do
not assume a priori knowledge of an open facility
in the optimal solution.) The proposed heuristic is a
multistart iterative approach, where for each start a
greedy construction defines a starting solution. Then,
local improvements consisting of moves where a sin-
gle facility is opened or closed are applied. Finally,
a shortest-path Steiner tree heuristic is applied to
find a Steiner tree on the open facilities. The proce-
dure was tested on three sets of randomly generated
graphs with varying topologies and cost structures.
On those instances, the GRASP procedure provided
results whose average gaps were as large as 10% from
the optimal solution.
Because the ROB problem may be viewed as a spe-

cial case of the ConFL problem, some of the heuris-
tics proposed for the ConFL problem can be applied to
the ROB problem with no deterioration in the approxi-

mation ratio, and in many cases with an improvement
in the approximation ratio. Gupta et al. (2001) found
that their rounding heuristic is a 9.002-approximation
algorithm for the ROB problem, whereas Swamy
and Kumar (2004) showed that their primal-dual
approach is a 4.55-approximation algorithm. Nugge-
halli et al. (2003) provided a 6-approximation algo-
rithm for the ROB problem. Gupta et al. (2003)
proposed a 3.55-randomized approximation algorithm
for the ROB problem. The best-known approximation
algorithm for the ROB problem comes from Eisen-
brand et al. (2008), who proposed a randomized
approximation algorithm with a performance bound
of 2.92, which when derandomized has an approxima-
tion ratio of 3.28.

3. General Connected Facility
Location Problem

One of the key differences between the STS and the
ConFL problems is that in the STS problem a facility
node in the network design that does not serve a cus-
tomer incurs a facility opening cost, fi, whereas in the
ConFL problem a facility incurs a facility opening cost
only if it serves a customer. To create a generalization
that encompasses all four problems, we slightly alter
the original definition of the ConFL problem (with
some additional changes) and require that a facility
node in T incurs a facility opening cost regardless of
whether it serves a customer or not.
Specifically, we define the GConFL problem as fol-

lows. Given a graph G = �V �E� and a disjoint par-
tition of V into three subsets of nodes—namely, D,
the set of demand nodes; F , the set of potential facil-
ities; and S, the set of potential Steiner nodes—we
seek a minimum-cost tree solution such that (i) a set
of facility nodes is opened, (ii) every demand node
is assigned to an open facility, and (iii) open facilities
are connected through a Steiner tree T constructed
on G�F ∪ S� = �F ∪ S�E�F ∪ S��. Each facility i used
in T incurs a facility opening cost, fi ≥ 0; the cost of
assigning demand node j ∈D to facility i ∈ F is given
by aij (as before, we refer to these edges as assign-
ment edges and the remaining edges as tree edges),
and the cost of tree edges is given by bij . The network
design cost is defined by

∑
j∈D ai�j�j +

∑
i∈V �T �∩F fi +∑

�i� j�∈T bij (where, as before, i�j� denotes the facility
serving demand node j).
Observe that the graph for the GConFL problem

has some special characteristics. Since each node takes
a unique role, the only edges from demand nodes
(D) are to potential facility nodes (F ) (i.e., there are
no edges between any pair of demand nodes, and
there are no edges in the graph between any demand
node and any Steiner node (S)). Furthermore, use of a
facility node necessarily incurs a facility opening cost,
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whereas there are no opening costs associated with
using a Steiner node.
Clearly, the STS problem is a special case of the

GConFL problem with S = 
 and sets F and D
defined identically to the STS problem. Here, the
cost for assignment edges and tree edges remains
unchanged. On the other hand, to see that the GSTS,
ConFL, and ROB problems are special cases of the
GConFL problem, we must apply a set of graph trans-
formations.
In each of these three problems, a node can have

multiple roles. For example, in the GSTS problem a
node can be a demand node as well as a facility node.
Similarly, in the ConFL problem a node can be a facil-
ity node (serving demand nodes and incurring a facil-
ity installation cost) or a Steiner node (not serving any
demand nodes and not incurring a facility installa-
tion cost). The transformations are based on a node
splitting strategy where each node has a unique role
(either demand node, facility node, or Steiner node).
For ease of exposition (and brevity), we illustrate each
of these transformations graphically.

3.1. Transforming the GSTS Problem to
the GConFL Problem

In an instance of the GSTS problem, the node sets F
and D are not disjoint (F ∩ D �= 
) and there are no
potential Steiner nodes (S = 
). To address the fact
that the node sets are not disjoint, we duplicate every
node i ∈ �F ∩ D� creating an additional copy i′. One
copy, i, is treated as a facility node in the GConFL
problem and the other copy, i′, is treated as a demand
node in the GConFL problem. Furthermore, nodes i
and i′ are connected by a zero-cost edge, and the edge
�i� j� in the GSTS problem that has a dual-role node
adjacent to it (i.e., if either i, j ∈ �F ∩D�) is replaced as
indicated in Figure 4. There are three cases: (i) either
one of the end points is in F ∩ D and the other in
F , which is shown in Figure 4(a); or (ii) one of the
end points is in F ∩D and the other is in D, which is
shown in Figure 4(b); or (iii) both of the end points
are in F ∩D, which is shown in Figure 4(c). Observe
that whereas in the original GSTS problem instance
some edges have different costs depending on the role

Facility node
Demand node

Dual-role node

jjjjjj

bijbijbij

aij

aij
aij,aij, bij aijaij aij

j′j′j′

i′ iiiiii

000

(a) (b) (c)

0

Figure 4 GSTS Problem Transformation to GConFL Problem

of the edge (i.e., whether it is an assignment edge
or a tree edge), in the transformed GConFL problem
each node has a unique role and thus each edge has
a unique cost.

3.2. Transforming the ROB Problem into
the GConFL Problem

The ROB problem is a special case of GSTS with
fi = 0, ∀ i ∈ F . Hence, we apply the transformation just
described for the GSTS problem to convert the ROB
problem into a GConFL problem.

3.3. Transforming the ConFL Problem into
the GConFL Problem

We first illustrate how an instance of the ConFL prob-
lem where D ∩ F �= 
 or D ∩ S �= 
 can be trans-
formed into a ConFL problem instance where D, F ,
and S form a partition. If a demand node can also be
used as a Steiner node, we simply create two copies
of the node with one copy representing the node as
a demand node and the other copy representing the
node as a Steiner node. Similarly, if a demand node
can also be used as a facility node, we create two
copies of the node, with one copy representing the
node as a demand node and the other copy repre-
senting the node as a facility node. With this duplica-
tion, the edges between the duplicated nodes and the
remaining nodes in the graph are updated as shown
in Figure 5. (There are eight possible cases that are
illustrated in the figure). Consequently, without loss
of generality, we can assume that in the ConFL prob-
lem D, F , and S form a partition.
We now show how to transform an instance of the

ConFL problem into an instance of the GConFL prob-
lem. In the definition of a ConFL problem instance,
the facility opening cost is only incurred when a
demand node is assigned to it. To address this situa-
tion, we duplicate every facility node F in the ConFL
problem, creating an additional copy i′ for every node
i ∈ F . The copy i is treated as a facility node in the
GConFL problem, and the other copy i′ is treated as
a Steiner node in the GConFL problem. Furthermore,
nodes i and i′ are connected by a zero-cost edge.
Edges between a facility i and a node j ∈ V in the
ConFL problem are replaced as shown in Figure 6 to
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Figure 5 Transformations That Allow Us to Assume D, F , and S Form a Partition in the ConFL Problem

transform it into a GConFL problem. There are three
cases: (i) either j ∈D, which is shown in Figure 6(a); or
(ii) j ∈ S, which is shown in Figure 6(b); or (iii) j ∈ F ,
which is shown in Figure 6(c). We should note that it
is possible to use fewer edges in this transformation.
For example, an alternate transformation with fewer
edges is to delete edge �i� j� in Figure 6(b) and delete
edges �i� j�, �i� j ′�, and �i′� j� in Figure 6(c). However,
in terms of our local search heuristic, we found it
convenient to use the transformations described in
Figure 6, because they have the property that if the
graph on G�F ∪S� is complete for the ConFL problem,
then the graph induced on G�F ∪ S� after transforma-
tion to the GConFL problem is also complete.

4. Modeling the GConFL Problem as
a Directed Steiner Tree Problem
with a Unit Degree Constraint on
the Root Node

We now discuss how to model the GConFL prob-
lem as a directed Steiner tree (DST) problem with a
unit degree constraint on the root node. We will use

jj j j jj

i′ i′ i′i i 0

(a) (b) (c)

0

0

0i i i i

j′

bij bij bij bij bij bij

bij

bij
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Demand node
Steiner node

Figure 6 ConFL Problem Transformation to GConFL Problem

this transformation to apply a dual-ascent strategy
to obtain lower and upper bounds for the GConFL
problem.
We first construct a directed graph H = �V �A� from

the graph G = �V �E� of the GConFL problem as
follows.
1. Replace every edge �i� j� ∈ E�F ∪ S� by two

directed arcs �i� j� and �j� i� with cost cij = bij , if j ∈ S
(and cji = bij , if i ∈ S), or cost cij = bij + fj , if j ∈ F (and
cji = bij + fi, if i ∈ F ).
2. Replace every assignment edge �i� j� between

facility i and demand node j by an arc �i� j� with cost
cij = aij .
3. Create an artificial root node s, and create an arc

from s to every node i ∈ F with cost csi = fi.
Figure 7 illustrates the transformation for a GConFL

instance, derived from an ROB problem. Figure 7(b)
shows the transformation of the ROB problem into a
GConFL problem, and Figure 7(c) shows the transfor-
mation to a directed graph.
We can now view the GConFL problem as a DST

problem on H . On H we would like to construct a
minimum-cost DST rooted at node s and connected
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Facility node

Demand node
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Figure 7 Transforming a GConFL Instance, Derived from the ROB Problem, into a Directed Steiner Tree Problem

to all demand nodes D (i.e., s has a directed path to
every node in D) with the condition that the outde-
gree of node s is equal to one. (We note that we do not
actually need to explicitly introduce an artificial root
node s. Instead, we can use any of the demand nodes
D as the root node. We will refer to this problem as the
unit degree directed Steiner tree (UDDST) problem.)
The unit outdegree of node s ensures that the graph
obtained after deleting (the artificial root node) s is
connected. Notice that on H no costs are associated
with any of the nodes, because the facility costs are
now included in the arc costs on H . It is easy to see
that every feasible solution to the GConFL problem on
G can be converted into a feasible UDDST on H with
the same cost (simply connect the root node s to one
of the facility nodes in the solution, and direct the tree
solution to the GConFL problem away from s). Like-
wise, every feasible solution to the UDDST problem
on H corresponds to a feasible solution to the GConFL
problem on G with identical cost (simply delete the
root node s; the resulting tree in an undirected sense
provides a feasible solution to the GConFL problem).
We now provide two formulations for the UDDST

problem. Both formulations follow from well-known
directed formulations for the Steiner tree problem,
with an additional constraint for the unit degree con-
straint on the root node. The first model is a directed
cut model, whereas the second model is a multicom-
modity flow model. Both models assume that arc
costs are nonnegative.

z=Minimize ∑
�i�j�∈A

cijyij (1)

subject to
∑

�i�j�∈�−�R�

yij ≥1

for all R⊂V �s �∈R�R∩D �=
� (2)∑
j∈F

ysj ≤1� (3)

yij ≥0 and integer for all �i�j�∈A (4)

In the above model, yij is an integer variable denot-
ing the number of copies of arc �i� j� in the solution.
(We note that because arc costs are nonnegative, it is
sufficient to define yij as integer instead of binary.)

Constraints (2) are the standard directed cut con-
straints, and constraint (3) is the degree constraint on
the root node. Because there must be at least one arc
out of the root node, it is sufficient to define the con-
straint as an inequality instead of a strict equality.
Alternatively, for each node j ∈D, we create a com-

modity with the origin as the root node s and node
j as the destination node. Let K denote the set of
commodities and ��k� denote the destination node of
commodity k.

z=Minimize ∑
�i�j�∈A

cijyij (5)

subject to
∑

�j�i�∈A

f k
ji −

∑
�i�l�∈A

f k
il =




−1 if i=s�

1 if i=��k��

0 otherwise�

for all i∈V and k∈K$ (6)

f k
ij ≤yij for all �i�j�∈A and k∈K$ (7)∑

j∈F

ysj ≤1$ (8)

f k
ij ≥0 for all �i�j�∈A and k∈K$ (9)

yij ≥0 and integer
for all �i�j�∈A. (10)

In the above directed-flow formulation for the
UDDST problem, constraints (6) are the standard flow
balance constraints. Constraints (7) are forcing con-
straints that require that an arc be in the design if
there is flow on it. Finally, constraint (8) is the unit
degree constraint on the root node.

5. Dual-Based Local Search Heuristic
Our heuristic can be viewed as a two-phase pro-
cedure. The first phase is a dual-ascent procedure
applied to the UDDST problem that yields both a fea-
sible solution and a lower bound on the optimal solu-
tion value. At the conclusion of this phase, we have
a feasible solution to the GConFL problem consisting
of a set of open facilities � ⊆ F , a set of Steiner nodes
� ⊆ S, and a tree solution on � , � , and D. The sec-
ond phase is a local search phase that tries to improve



Bardossy and Raghavan: Dual-Based Local Search for the ConFL and Related Problems
592 INFORMS Journal on Computing 22(4), pp. 584–602, © 2010 INFORMS

the solution obtained by the dual-ascent procedure for
the GConFL problem. Our local search heuristic lim-
its itself to improvements that only include nodes in
� and � . In other words, it tries to obtain improve-
ments by finding a better tree on the existing set of
nodes and by closing open facilities and reassigning
demand nodes to facilities as needed.

5.1. Dual-Ascent Phase
If we were to relax the degree constraint on the root
node to the UDDST problem, we obtain the DST prob-
lem. Dual ascent has been a successful solution strat-
egy for the Steiner tree problem. Our first stage is
motivated by the desire to utilize this solution strat-
egy to obtain a good lower bound for the GConFL
problem as well as a high-quality initial solution for
our local search phase.
Suppose we relax constraint (8) by dualizing it.

Then the resulting Lagrangian problem LR�%� is

zLR�%�=Minimize ∑
�i� j�∈A

cijyij +%

(∑
j∈F

ysj − 1
)

subject to �6�� �7�� �9�� �10� 

Ideally, we would like to obtain the best possible
lower bound on z by solving the Lagrangian dual
problem zLD = max%≥0 zLR�%�. It is well known that
zLR�%� is piecewise linear and concave. Furthermore,
since %�

∑
j∈F ysj − 1� ≥ 0 for every feasible solution

that satisfies constraints (6), (7), (9), and (10), zLR�%�
is a nondecreasing function of %. Intuitively, zLR�%�
increases with % until it reaches a plateau (i.e., it is
flat) for a sufficiently large %. In other words, we can
solve the Lagrangian dual problem by solving LR�%�
for a sufficiently large value of %. Furthermore, when
zLR�%� is at a plateau, the solutions to LR�%� have unit
degree (otherwise, zLR�%� would not have a slope of 0
at that point), implying that zLD = z.
Rather than working with the primal problem, we

will obtain a lower bound on z by working with
the dual of the linear programming relaxation of the
directed-flow formulation for the UDDST problem.
This dual may be stated as follows.

t�%�=Maximize ∑
k∈K

vk
��k� −% (11)

subject to vk
j − vk

i ≤wk
ij

for all �i� j� ∈A and k ∈K� (12)∑
k∈K

wk
ij ≤ cij

for all �i� j� ∈A, i �= s� (13)∑
k∈K

wk
sj −%≤ cij

for all �s� j� ∈A� (14)

wk
ij ≥ 0
for all �i� j� ∈A and k ∈K� (15)

%≥ 0 (16)

Observe that for a given value of %, t�%� ≤ zLR�%�.
(In fact, if we were to move % to the right-hand side
of constraint (14), the above dual may be viewed as
the dual to the linear relaxation of LR�%�.) Solving for
t�%� for any choice of % ≥ 0 provides a lower bound
on zLR�%�, and in particular, solving for t�%� for a suf-
ficiently large value of % provides a lower bound on z.
Thus, our strategy to obtain a lower bound is to

choose a sufficiently large value of % and apply the
dual-ascent procedure for the Steiner tree problem.
Notice that the Lagrange multiplier % may also be
viewed as an artificial cost that is added to the cost
of the arcs out of the root node to ensure that the
solution has outdegree 1 at the root node.
We apply the dual-ascent procedure for the Steiner

tree as described in Wong (1984) and Balakrishnan
et al. (1989), and as refined in Raghavan (1995). If
we are given values for the w variables and %, the
dual problem separates by commodity. The subprob-
lem corresponding to commodity k is the dual to
the directed shortest-path problem between the root
node and node ��k�, with arc lengths wk

ij . Dual ascent
iteratively increases the value of the w variables to
improve the dual objective until no further increase
is possible. This is achieved in the following fashion.
Every arc for which either constraint (13) or (14) is
satisfied at equality is called a tight arc. Any commod-
ity k that has a directed s−��k� cut with no tight arcs
across it is a candidate for improving the dual objec-
tive. (We denote the nodes in the destination side of
this cut as Uk and refer to them as an ascent set and
to the arcs across this cut as �−�Uk�.) The dual objec-
tive can be increased by increasing all the wk

ij variables
in �−�Uk� until one of the arcs across becomes tight.
Our dual-ascent implementation uses the commodity
cycling rule of Balakrishnan et al. (1989) to choose
the commodity and directed cut on which a dual-
ascent iteration is performed. This iteratively grows
the ascent sets for each commodity Uk, starting from
Uk =��k�. It maintains the property that every node
in Uk has a directed path to ��k�, consisting solely
of tight arcs. Raghavan (1995) shows this commodity
cycling rule to be equivalent to considering minimal
ascent sets (a set is a minimal ascent set if it does not
contain an ascent set as a strict subset) in the dual-
ascent iterations.
At the conclusion of the dual-ascent procedure,

we have an approximate dual solution, i.e., a lower
bound, and a network of tight arcs (referred to as the
auxiliary network) on which there is a directed path
from the root node to every demand node. A feasible
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solution (upper bound for the DST problem) consist-
ing solely of tight arcs is obtained by iteratively delet-
ing arcs in the reverse order in which they become
tight, if their deletion from the auxiliary network does
not result in a network where there is no directed
path from s to a demand node. (A feasible solution
consisting solely of tight arcs satisfies the primal com-
plementary slackness conditions.)
In our implementation, we add a sufficiently large

cost % to all of the arcs out of the root node. We then
apply the dual-ascent procedure for the DST problem
to obtain a lower bound and a Steiner tree. If this
Steiner tree has outdegree 1 at the root node, it is also
a feasible upper bound for the UDDST problem. For a
sufficiently large %, we now argue this is precisely the
case. As the value of % increases, the cost of the arcs
out of the root node effectively increases. Thus, for a
sufficiently large %, each of the nodes in F will belong
to the ascent sets Uk for k ∈ D before any of the arcs
out of the root node s become tight in the dual-ascent
procedure. In the next set of dual-ascent steps, one
or more arcs out of the root node will become tight,
and the dual-ascent procedure will terminate (as there
will now be a path from s to all of nodes in D in the
auxiliary network). Observe that in the reverse delete
procedure to obtain an upper bound, we first delete
arcs out of the root node as they became tight last.
Consequently, all of the tight arcs out of the root node
except for one will be deleted in the reverse delete
step, and the upper bound produced by dual-ascent
will have outdegree 1.
We make a few final notes before proceeding to

the local search phase. Setting % ≥ �F ∪ S�max�i� j�∈A cij

ensures that the upper bound is feasible to the
UDDST problem (notice that the longest acyclic path
from s to a node in D has at most �F ∪ S� interme-
diate nodes, from which the above value is com-
puted). Also, since z�%� and t�%� have −% in the
objective function, to obtain upper and lower bounds
for the UDDST problem, we should subtract % from
the upper and lower bounds obtained by applying
dual ascent for the DST problem (once the arcs out of
the root node have their cost increased by %).

5.2. Local Search Phase
In the second phase, we implement a basic version of
local search to improve upon the solution yielded by
dual ascent. We search the neighborhood of the dual-
ascent solution through a set of improvement steps
for a solution of lower cost. If such a solution is found
after the improvement steps have been completed, it
replaces the current solution, and the search contin-
ues. In the search of a lower-cost neighboring solu-
tion, we implement a set of steps that reconstruct the
tree on the set of Steiner nodes � , open facilities � ,
and demand nodes; closes open facilities; and reas-
signs demand nodes as needed.

Recall that at the conclusion of the dual-ascent
phase, we have a feasible solution to the GConFL
problem consisting of a set of open facilities � ⊆ F , a
set of Steiner nodes � ⊆ S, and a tree solution on � ,
� , and D. Our local search phase works on the undi-
rected graph associated with the GConFL problem. It
tries to improve the solution provided by the dual-
ascent procedure by using two types of improvement
steps: (1) sequential improvements that try to delete
Steiner nodes in � , and (2) local improvements that
at each iteration strategically close a facility in � .
In the sequential improvements, we construct a

minimum spanning tree T on the set of open facility
nodes, � , and Steiner nodes, � . Next, we iteratively
remove any Steiner node from � that has a degree
of 2 or less and reconstruct the minimum spanning
tree, T . When the graph on �F ∪ S� is complete and
edge costs satisfy the triangle inequality, this cannot
deteriorate the objective. When the graph on �F ∪ S�
is not complete or the edge costs do not satisfy trian-
gle inequality, we verify that the cost of the minimum
spanning tree T does not increase before removing
the Steiner node. (An alternate procedure is to com-
pute all pairs of shortest paths on G�F ∪S�, taking into
account facility costs, and to (i) complete the graph
G�F ∪ S� and (ii) set the cost of an edge to the cost
of the shortest path between the two end points. This
results in the situation where the graph on �F ∪ S� is
complete and edge costs satisfy the triangle inequal-
ity.) At the end of the sequential improvements, no
Steiner nodes from � can be deleted without increas-
ing the cost of T .
Subsequently, in the local improvements we list

open facility nodes first in order of node degree in
the tree T and next by the number of demand nodes
it serves (obviously, each demand node is connected
to the closest open facility on the tree T ). Then we
move through the list at each iteration, removing
the next facility node from the solution, reassigning
its demand nodes, recomputing the minimum span-
ning tree on the remaining open facilities and Steiner
nodes, and computing the change in the solution cost,
that we denote by +. If we observe a saving in the
solution cost, the facility node is permanently closed
and removed from � ; otherwise, the facility node is
restored to the solution. We iteratively repeat this pro-
cess for each facility in the list.
In the local improvements, the order in which open

facilities are considered for removal is critical. Order-
ing the nodes in increasing order of node degree in
T and number of demand nodes assignments seeks
to maximize the savings with each removal based on
the two roles that a facility node plays in the final
solution. The rationale is to aggressively remove facil-
ities that serve the least number of demand nodes and
that are farther out in the tree, T . Consequently, we
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Input: set of Steiner nodes � , facility nodes � , and
open facility tree T

Output: updated set of Steiner nodes � , facility
nodes � , and open facility tree T

foreach i ∈� do
Calculate i’s node degree, ND�i�, in T ;
Calculate i’s number of assigned demand nodes, D�i�;

end
Create a sorted list L of nodes in � in increasing order of ND�i�
first and D�i� second;

foreach j ∈ L do
Close facility node j , reassign its demand nodes, restore
the tree on the remaining open facilities, and compute the
change in the solution cost +;

if (+≤ 0) then
Update the set of open facility nodes � and
open facility tree T ;

else
Restore j into the solution;

end
end

Figure 8 Pseudocode for Local Improvements

first remove facilities that are leaf nodes in the core
tree in increasing order of their number of assigned
demand nodes; and then we move gradually into the
tree attempting to close facilities with higher node
degree in the tree, T . Our local improvements are
described in pseudocode in Figure 8.
For the local improvements, we tested three some-

what different implementations (and thus defini-
tions of neighboring solutions) that yield solutions
with successively greater improvements. In the first
implementation, the set of Steiner nodes � is not
updated until the completion of the local improve-
ments. Hence, the local search phase cycles back and
forth through sequential improvements followed by
local improvements until there are no more improve-
ments. In the second implementation (when + is less
than or equal to zero) at the time of updating the set
of open facility nodes � and the tree T , we also elimi-
nate any Steiner node that has a degree of 2 or less as
specified in the sequential improvements. Hence, in
this case at this step, the set of Steiner nodes � is also
updated, and the actual improvement is greater than
or equal to +. The third implementation tries to look
ahead and computes + by incorporating cost reduc-
tions by removing any Steiner node with a degree of
2 or less from the minimum spanning tree T obtained
as a result of removing the facility node under con-
sideration.
Each of these implementations provides succes-

sively better solutions (although the improvements
are very slight) on average. In terms of running time,
we expected each of the implementations to take suc-
cessively longer times, although we did not observe
any time differences on smaller graphs. Thus, we used
the third implementation in our local search phase.

6. Computational Experiments
We now report on an extensive set of computational
experiments with our DLS heuristic on the STS, GSTS,
ConFL, and ROB problems. We coded our heuristics
in Visual Studio 2005 (C++). We conducted all runs
on an AMD Athlon™ 62 X2 Dual, 2.61 GHz machine
with 3 GB of RAM.

6.1. Problem Generation and Characteristics
For the four problems, we generated a large set
of Euclidean test problems with varying character-
istics. We created five sets of graphs in Euclidean
space with different characteristics in terms of num-
ber of D, F , and S nodes, facility opening costs,
edge costs, and network density. We generated prob-
lems by first selecting nodes randomly located on
a 100× 100 square grid. The Euclidean distances
rounded up to the next integer (to preserve trian-
gle inequality) were used as a basis for the edge
lengths. This problem generation method leads to the
most difficult problem instances from a computational
standpoint in the context of the STS problem (see Lee
et al. 1996). The assignment edge costs are equal to
the edge lengths between demand nodes and facil-
ity nodes, whereas tree edge costs are equal to the
edge lengths multiplied by an M factor. The M fac-
tor illustrates the significantly higher (in terms of cost
per unit distance) connection cost of edges in the tree
T . The number of demand nodes and facility nodes
varies between 10 and 90 in steps of 10, with the total
number of demand and facility nodes equal to 100. In
an instance of the problem, the facility opening costs
are the same for all the facility nodes.
For the STS, GSTS, and ConFL problems, we gener-

ated two sets of “complete” instances with common
variations. In set 1 the facility opening cost varies
between 0 and 30 in steps of 10, and the M factor is
fixed at 3. In set 2 the M factor takes values 1, 3, 5,
and 7, and the facility opening cost is kept fixed at 30.
In the GSTS problem instances, any demand node
may host a facility. In the ConFL problem instances,
an additional 20 pure potential Steiner nodes were
created. Edges were created between the pure Steiner
nodes and all of the facility nodes. Because demand
nodes cannot be assigned to pure Steiner nodes, no
edges were created between demand nodes and pure
Steiner nodes. For the ROB problem, we used test
instances from set 2 for the GSTS problem and set the
facility opening cost to zero. We refer to this set of
instances as set 3. Notice that in these three sets of
instances, any demand node may be assigned to any
facility node and the graph G�F ∪ S� is complete.
Because our DLS heuristic performed exceedingly

well on these complete instances, to test the effect of
sparsity on the performance of our heuristic, we gen-
erated an additional set of test instances, set 4, for the
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ConFL problem. We focused on the ConFL problem
because we found, from our experiments on sets 1–3,
that they were the hardest to solve amongst the four
problems. In this test set the assignment edges and the
tree edges were created with a given probability. In
addition, to ensure that the instances were connected,
we randomly constructed a cycle of tree edges through
all the facility and potential Steiner nodes; finally, we
verified that there was at least one assignment edge
for each demand node. We varied the sparsity of the
test instances by using edge creation probabilities of
0.25, 0.50, and 0.75. As in the previous sets of ConFL
instances, the number of facility nodes varies between
10 and 90 in steps of 10, and the number of demand
nodes is 100 minus the number of facility nodes, and
the number of pure Steiner nodes is 20. The facility
opening cost was 30, and the M factor was set to 7.
As we noted earlier by recomputing edge costs and

completing the graph on G�F ∪ S�, we can in gen-
eral assume that the graph G�F ∪S� is complete. Thus
we hypothesized that in terms of sparsity, the spar-
sity between demand and facility nodes is more prob-
lematic than sparsity between facility nodes. To test
this assertion we created a new ConFL test set, set 5,
where the bipartite graph between demand nodes and
facility nodes is complete, whereas the graph between
facility nodes and potential Steiner nodes is sparse.
We varied the sparsity by using edge creation proba-
bilities of 0.25, 0.50, and 0.75 for the tree edges. The
problem instances in set 5 are always feasible; how-
ever, to ensure that they were somewhat equivalent in
characteristics to set 4 (i.e., that all facility and Steiner
nodes are potential candidates for the final solution),
we randomly create a cycle of tree edges through all
the facility and pure Steiner nodes. The remaining
characteristics are identical to set 4.

6.2. UFL Heuristic
Wewere interested in knowing whether the high qual-
ity of the DLS heuristic could be largely attributed to
the local search phase. In other words, we wanted to

Table 1 Comparison of Heuristics for the STS Problem on Set 1

fi = 0 fi = 10 fi = 20 fi = 30

�D� �F � DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%)

10 90 3�36 0�03 4�82 0�00 0�00 3�10 0�00 0�00 7�49 0�00 0�00 5�69
20 80 7�27 0�91 5�38 0�69 0�02 5�41 2�87 0�43 4�62 0�98 0�04 4�12
30 70 5�39 1�51 6�00 6�66 1�14 5�39 8�01 0�93 5�36 4�02 0�72 4�26
40 60 3�66 0�95 4�62 3�51 0�78 4�35 2�79 0�51 5�27 3�77 0�79 5�44
50 50 2�17 0�82 3�72 2�23 0�61 4�04 4�19 0�48 4�27 5�29 0�74 4�12
60 40 1�91 0�69 3�24 1�91 0�46 3�62 2�30 0�47 2�97 2�24 0�48 3�56
70 30 0�56 0�26 1�50 1�22 0�41 1�66 2�12 0�50 2�76 1�30 0�40 2�52
80 20 0�28 0�17 0�35 0�69 0�40 0�79 0�56 0�31 0�83 1�04 0�23 1�30
90 10 0�05 0�02 0�06 0�25 0�05 0�11 0�07 0�03 0�05 0�10 0�02 0�20

Note. M = 3, and facility opening costs are varied.

see if the dual-ascent phase provided a high-quality
initial solution by its selection of facilities to open and
Steiner tree T connecting them, or whether any other
reasonable choice of a starting solution followed by
the local search phase would produce solutions of sim-
ilar quality to the DLS heuristic.
Consequently, we proposed the following UFL

heuristic to compare against the DLS heuristic. We
first ignore the requirement that the open facilities
must be connected to each other by a Steiner tree and
solve the UFL problem (between demand nodes and
facility nodes) optimally to obtain a set of facilities
to open and the demand nodes assigned to them. We
then find a Steiner tree T connecting the open facility
nodes by applying dual ascent for the DST problem
to obtain a Steiner tree on G�F ∪ S� connecting the
set of open facilities. We then use this solution as the
starting solution to our local search phase.
To solve the uncapacitated facility location problem

to optimality, we used CPLEX 10. To obtain the Steiner
tree connecting the open facilities, we transformed the
graph G = �V �E� to a directed graph H = �V �A� as
described in §4, except that (i) we use one of the open
facilities as the root node and do not create an artificial
node (thus no degree constraint is necessary), (ii) all D
nodes were deleted, and (iii) the remaining open facili-
ties are the required nodes in our directed Steiner tree.

6.3. Results on Complete Graphs
We are now ready to discuss our computational
experiments on the different problems. We compare
the upper bounds provided by only applying dual
ascent (DA), the DLS heuristic, and the UFL heuristic.
We compare the quality of these results by reporting
the gaps between the upper bounds provided by the
three heuristics and the lower bound obtained by the
dual-ascent phase. Each entry in the tables represents
the average over 10 instances.

6.3.1. STS Problem. Tables 1 and 2 present our
computational results on set 1 and set 2, respectively.
DA yields relatively good solutions with average
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Table 2 Comparison of Heuristics for the STS Problem on Set 2

M = 1 M = 3 M = 5 M = 7

�D� �F � DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%)

10 90 1�45 0�37 5�87 0�00 0�00 5�69 0�00 0�00 15�34 0�00 0�00 15�34
20 80 5�78 0�75 2�76 0�98 0�04 4�12 0�00 0�00 4�69 0�00 0�00 5�69
30 70 4�43 0�98 3�22 4�02 0�72 4�26 1�59 0�01 3�26 0�00 0�00 2�82
40 60 3�43 0�43 1�36 3�77 0�79 5�44 4�11 0�40 5�25 3�68 0�13 3�36
50 50 2�97 0�47 1�08 5�29 0�74 4�12 5�26 0�55 3�71 6�66 0�37 5�00
60 40 2�97 0�44 1�13 2�24 0�48 3�56 3�56 0�55 4�59 4�10 0�59 3�15
70 30 1�17 0�25 0�50 1�30 0�40 2�52 2�81 0�43 3�10 2�72 0�24 4�07
80 20 0�16 0�09 0�19 1�04 0�23 1�30 1�56 0�19 2�59 3�13 0�28 2�38
90 10 0�00 0�00 0�03 0�10 0�02 0�20 0�17 0�17 0�23 1�39 0�45 0�23

Note. fi = 30, and M factor is varied.

gaps below 8.01% for each combination of parame-
ters. However, in some instances the gap can be quite
large, and in one instance this reaches 39.72%. Our
local search phase is extremely effective and reduces
this gap considerably. Our DLS heuristic yields solu-
tions with average gaps below 1.51%, and for this
specific instance it lowered the gap to 2.80%. From
Table 1 it appears that the average percentage gap
decreases when the facility opening cost increases.
Table 2 indicates that the average percentage gap
decreases when the M factor increases. The average
percentage gap increases at first as the proportion of
demand nodes increases before it decreases again. The
location of this peak seems to increase as the M factor
is increased. Overall, the performance of our heuris-
tic is stable to a wide range of problem parameters.
The average gaps are below 1.51%. The highest gap
out of the 630 instances is 3.68% and the average gap
computed over all 630 instances is 0.39%. The DLS
heuristic is extremely fast and took less than two sec-
onds in all instances.
In contrast to the DLS heuristic, the UFL heuristic

performed quite poorly. The average gaps of the UFL
heuristic are significantly larger than the average gaps
from the DLS heuristic. This indicates that the dual-
ascent phase of the DLS heuristic does a significantly

Table 3 Comparison of Heuristics for the GSTS Problem on Set 1

fi = 0 fi = 10 fi = 20 fi = 30

�D� �F � DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%)

10 90 0�00 0�00 5�50 0�00 0�00 5�27 0�00 0�00 5�08 0�00 0�00 13�01
20 80 2�82 0�72 3�23 5�77 0�29 3�80 3�05 0�16 4�77 2�55 0�20 3�84
30 70 3�20 0�81 2�92 9�33 1�47 3�22 8�77 1�01 6�09 7�32 0�70 4�78
40 60 3�40 0�89 2�93 8�48 1�16 5�17 8�01 0�78 4�85 8�30 1�05 5�62
50 50 4�13 0�93 2�79 9�28 1�28 4�42 12�82 1�46 4�31 10�62 0�99 4�72
60 40 2�07 0�59 3�02 8�38 0�98 4�53 9�35 1�12 4�22 8�55 1�25 3�63
70 30 2�85 0�99 2�83 7�59 1�34 5�33 9�93 1�06 4�20 9�01 1�22 4�15
80 20 2�39 0�77 3�50 9�61 1�33 4�85 10�67 1�22 5�00 10�32 1�31 5�00
90 10 2�22 0�83 3�45 7�82 1�06 4�33 10�88 1�14 4�15 8�77 0�74 5�14

Note. M = 3, and facility opening costs are varied.

better job identifying which facilities to open than the
UFL heuristic does.

6.3.2. GSTS Problem. Our results for the GSTS
problem are as promising as the results for the STS
problem. Tables 3 and 4 present our computational
results on set 1 and set 2, respectively. Recall that
in these instances any demand node may host a
facility. Compared to the STS problem, the gaps for
all three upper-bound heuristics increase slightly on
the GSTS problem. For DA, the highest average gap
is 12.82% and the worst gap over 630 instances is
31.93%. Once again, the local search phase achieves
a significant improvement and the average gaps fell
below 1.47%. The DLS continues to show a very con-
sistent performance. Out of 630 instances, the worst
gap for the DLS heuristic is 4.00% and the aver-
age gap over all instances is 0.74%. As the propor-
tion of demand nodes and facility nodes is varied,
it appears that instances with a low proportion of
demand nodes (10%) are easier, whereas the remain-
ing instances show similar gaps. Again, the DLS
heuristic is extremely fast, taking at most three sec-
onds to obtain a solution for an instance.
The solutions obtained by the UFL heuristic on the

GSTS problem are quite poor. Again, we can state that
the dual-ascent phase does an excellent job finding a
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Table 4 Comparison of Heuristics for the GSTS Problem on Set 2

M = 1 M = 3 M = 5 M = 7

�D� �F � DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%)

10 90 2�06 0�42 5�10 0�00 0�00 13�01 0�00 0�00 20�66 0�00 0�00 20�66
20 80 12�63 1�42 3�77 2�55 0�20 3�84 0�00 0�00 3�95 0�00 0�00 6�00
30 70 5�81 0�63 2�88 7�32 0�70 4�78 2�57 0�11 4�90 0�00 0�00 4�03
40 60 7�91 0�60 2�11 8�30 1�05 5�62 6�10 0�69 3�68 2�26 0�16 2�22
50 50 6�97 0�59 2�27 10�62 0�99 4�72 4�22 0�55 5�28 4�85 0�58 4�71
60 40 7�22 0�42 1�48 8�55 1�25 3�63 9�78 1�21 4�68 6�12 1�18 5�53
70 30 5�18 0�48 1�79 9�01 1�22 4�15 11�09 1�11 5�01 3�90 0�44 5�57
80 20 5�17 0�40 1�86 10�32 1�31 5�00 5�62 0�89 5�81 7�65 0�94 5�20
90 10 5�86 0�58 1�55 8�77 0�74 5�14 8�82 0�96 5�57 12�23 1�13 5�01

Note. fi = 30, and M factor is varied.

subset of facility nodes to open (and Steiner nodes
to use). The difference between the DLS and UFL
heuristics is more marked when the number of facil-
ity nodes in an instance is large. Here, the problem
of identifying the set of facility nodes to open is com-
binatorially more challenging, and in these instances
the UFL heuristic does very badly.

6.3.3. ROB Problem. We now focus our attention
on the ROB problem. Table 5 summarizes our results.
The ROB problem with M = 1 is essentially a Steiner
tree problem. Consequently, for M = 1, DA yields
high-quality solutions for all combinations of demand
nodes and facility nodes, which our local search phase
improves even further. As the M factor increases, on
average the average gap for DA and the DLS heuris-
tic increase. The average gap for DA is less than 8%
for all combinations of parameters. With the addition
of the local search phase the results are even better.
Our DLS heuristic has average gaps below 0.5% for
M = 1, and below 2.02% for all other combinations
of parameters. Over the entire set of 360 instances,
the average gap is below 0.70% for the DLS heuris-
tic. At the instance level, the highest gap for the DLS
heuristic remains below 4%, whereas the worst gap
for DA over the 360 instances is 22.29%. Once again,
the consistency of the results obtained by the DLS

Table 5 Comparison of Heuristics for the ROB Problem on Set 3

M = 1 M = 3 M = 5 M = 7

�D� �F � DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%)

10 90 2�30 0�35 1�93 0�00 0�00 5�50 0�00 0�00 6�17 0�00 0�00 6�17
20 80 0�90 0�15 0�66 2�82 0�72 3�23 2�51 0�48 3�08 0�00 0�00 3�95
30 70 0�49 0�00 0�58 3�20 0�81 3�04 3�94 1�02 3�65 1�26 0�07 3�46
40 60 0�38 0�04 0�43 3�40 0�89 2�93 2�69 1�39 4�21 7�94 1�14 4�79
50 50 0�33 0�08 0�22 4�13 0�93 2�79 5�52 1�19 4�21 5�13 1�19 3�73
60 40 0�09 0�02 0�16 2�07 0�59 3�02 4�35 1�37 5�79 5�74 1�62 4�93
70 30 0�10 0�02 0�18 2�85 0�99 2�83 4�55 1�33 4�19 3�55 1�37 4�51
80 20 0�02 0�00 0�11 2�39 0�77 3�50 4�40 1�21 5�04 5�95 1�74 5�40
90 10 0�00 0�00 0�06 2�22 0�83 3�45 2�95 1�04 4�62 5�43 2�02 6�00

Note. M factor is varied.

heuristic is quite compelling. Again, the DLS heuris-
tic is extremely fast, taking at most three seconds to
obtain a solution for an instance.
Recall that in the case of the ROB problem facilities

can be opened at any node in the graph, including
demand nodes and the facility opening cost is zero.
Consequently, for the UFL heuristic, the optimal solu-
tion to the uncapacitated facility location problem is
to open a facility at each demand node. Thus, the
starting solution for the UFL heuristic is simply the
set of facilities at the demand nodes, which later is
enhanced by dual ascent to include Steiner nodes and
by the local search to improve the total solution cost.
Again, the average gaps obtained by UFL are con-
sistently worse than the ones achieved by the DLS
heuristic. Specifically, at the instance level in 351 out
of 360 instances, the solution from the DLS heuristic
was superior to the UFL heuristic.

6.3.4. ConFL Problem. Tables 6 and 7 summarize
our computational results for set 1 and set 2, respec-
tively. The gaps for DA exhibit a concave behav-
ior as the fraction of demand nodes increases. For
a low proportion of demand nodes, the gaps are
low. They rapidly jump as the proportion of demand
nodes increases before decreasing again as the pro-
portion of demand nodes gets higher. For DA the
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Table 6 Comparison of Heuristics for the ConFL Problem on Set 1

Facility opening cost

0 10 20 30

�D� �F � DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%)

10 90 0�54 0�08 1�76 2�30 0�48 4�49 2�18 0�30 8�43 0�00 0�00 10�59
20 80 6�79 0�91 5�52 12�41 3�16 4�94 11�38 3�05 5�17 15�62 3�95 7�90
30 70 4�86 1�57 5�32 9�95 2�80 5�33 14�24 4�27 5�71 14�13 3�70 5�35
40 60 5�31 1�80 4�83 9�80 2�63 6�19 8�97 3�02 6�69 14�13 3�97 6�17
50 50 3�83 1�43 3�37 7�90 2�45 3�94 8�73 2�94 5�55 10�08 3�27 4�85
60 40 3�50 0�96 2�63 5�51 1�80 3�77 6�86 2�29 4�31 7�54 3�04 4�93
70 30 1�28 0�81 1�69 2�70 1�13 1�93 4�88 1�57 3�46 5�44 1�89 3�23
80 20 0�53 0�28 14�98 1�02 0�57 1�18 1�84 0�79 1�24 3�24 1�08 1�28
90 10 0�23 0�17 0�17 0�23 0�02 0�13 0�43 0�05 0�30 0�09 0�04 0�28

Note. M = 3, and facility opening costs are varied.

average percentage gaps get as high as 16%. On the
other hand, the average percentage gaps for the DLS
heuristic are always below 4.27%. In all cases the
local search phase significantly improved the upper
bounds obtained from the dual-ascent phase. Over
630 instances, the worst gap for the DLS heuristic was
7.72%, in contrast to a worst gap of 29.67% for DA.
Averaged over the 630 instances, the average gap for
the DLS heuristic was 1.74%. We observed that as the
facility opening costs increase, the average gaps for
the DLS heuristic increase. In contrast, as the M fac-
tor increases the average gap for the DLS heuristic
first increases but later decreases, reaching the maxi-
mum at M = 3. In summary, our results continue to
indicate that the DLS heuristic’s performance is sta-
ble over a wide range of parameters. We note that the
DLS heuristic took at most 4.74 seconds to solve an
instance of the ConFL problem.
The performance of the UFL heuristic on the

ConFL instances was significantly worse than the DLS
heuristic. As before, it appears the dual-ascent phase
is quite consistent in identifying a good starting solu-
tion for the local search phase.

Table 7 Comparison of Heuristics for the ConFL Problem on Set 2

M factor

1 3 5 7

�D� �F � DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%) DA (%) DLS (%) UFL (%)

10 90 10�30 3�25 5�83 0�00 0�00 10�59 0�00 0�00 10�59 0�00 0�00 10�59
20 80 12�21 3�15 4�22 15�62 3�95 7�90 8�29 1�11 5�76 0�94 0�01 6�08
30 70 7�90 2�47 2�93 14�13 3�70 5�35 7�74 2�97 5�72 3�17 1�36 6�67
40 60 7�18 1�92 3�24 14�13 3�97 6�17 12�23 3�76 5�37 8�22 2�73 6�43
50 50 5�32 1�63 1�53 10�08 3�27 4�85 7�83 3�03 5�93 7�69 3�01 7�56
60 40 4�78 1�40 2�12 7�54 3�04 4�93 9�05 3�54 5�56 8�39 2�41 6�57
70 30 2�59 0�84 0�75 5�44 1�89 3�23 4�83 2�08 4�66 6�17 2�24 6�14
80 20 1�56 0�33 0�32 3�24 1�08 1�28 3�06 1�49 2�27 4�43 1�64 3�19
90 10 0�00 0�00 0�19 0�09 0�04 0�28 0�30 0�28 0�47 1�14 0�56 0�51

Note. fi = 30, and M factor is varied.

6.4. Results on Sparse Instances
Table 8 summarizes our computational results on set
4. Recall that set 4 was created to understand the per-
formance of the DLS heuristic for sparse instances,
and that we focused our attention on the ConFL prob-
lem because it was the hardest (in terms of gaps)
of the four problems to solve on complete graphs.
Table 8 indicates that as the graph gets sparser,
the average gaps increase considerably for all three
upper-bound heuristics. Average gaps for DA go
up to 18.12% and for the DLS heuristic increase to
14.36%. For individual instances, the worst-case gap
for DA is 37.16%, whereas the worst-case gap for the
DLS heuristic is 22.38%. Notice, however, that both
heuristics yield significantly better solutions than the
UFL heuristic, which is disastrous. Its worst-case gap
for individual instances is 151.04%, and the average
gap gets as high as 76.74%.
In interpreting the results in Table 8, we wanted

to understand whether the large gaps for the DLS
heuristic on sparse instances were due to the qual-
ity of the upper bounds or the lower bounds pro-
duced by the dual-ascent phase. To address this issue,
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Table 8 Comparison of Heuristics for the ConFL Problem on Set 4

Probability of edge creation

0.25 0.50 0.75

DA DLS UFL DA DLS UFL DA DLS UFL
�D� �F � (%) (%) (%) (%) (%) (%) (%) (%) (%)

10 90 10�63 9�72 74�71 5�48 5�17 76�74 3�71 2�57 43�29
20 80 18�12 14�36 50�45 7�15 5�44 38�55 4�51 2�90 34�48
30 70 12�36 10�44 38�68 12�64 7�92 25�71 10�50 4�99 25�04
40 60 16�15 12�28 32�09 11�18 7�31 24�40 10�52 4�54 15�66
50 50 12�87 8�86 24�41 8�75 5�33 16�87 10�85 4�86 12�03
60 40 9�28 7�06 20�31 9�47 5�45 14�78 9�53 4�77 10�59
70 30 7�69 4�81 14�56 7�25 4�26 11�34 8�00 3�49 8�42
80 20 3�98 3�06 5�06 4�50 2�73 5�57 4�69 2�20 4�88
90 10 0�30 0�11 0�16 0�29 0�22 1�46 1�34 0�56 1�09

we were very fortunate to access Ljubić’s state-of-the-
art B&C code (Ljubić 2007) as an alternate method
of generating lower bounds. We limited the running
time of the B&C code to one hour for each instance
and use the better lower bound from both the B&C
code and the dual-ascent procedure to recalculate the
average gaps for our DLS heuristic. These recom-
puted average gaps are shown in Table 9. The column
“DLS(DA)” indicates the average gaps obtained using
the dual-ascent phase’s lower bound, whereas the
column “DLS(Best)” indicates the recomputed aver-
age gaps. The column “Imp” indicates the number of
times over the 10 instances B&C was able to improve
the lower bound. In most cases, average gaps decrease
to one-third of their previous value. B&C is able to
obtain tighter lower bounds in practically all of the
very sparse (probability of 0.25) instances except for
those with 90 demand nodes. However, as the net-
work becomes denser, it becomes a little harder for
B&C to improve the lower bound, and even when the
lower bound is improved the relative improvement
is much smaller. We note that the running times of
the B&C code increase as the density of the graph
increases.
The analysis in Table 9 indicates that the DLS

heuristic performs quite well and is consistent. As

Table 9 Performance of the DLS Heuristic Computed Using the Best Lower Bound on Set 4

Probability of edge creation

0.25 0.50 0.75

DLS(Best) DLS(DA) Imp DLS(Best) DLS(DA) Imp DLS(Best) DLS(DA) Imp
�D� �F � (%) (%) (%) (%) (%) (%) (%) (%) (%)

10 90 1�81 9�72 9 1�26 5�17 9 1�42 2�57 4
20 80 4�78 14�36 10 0�38 5�44 10 0�20 2�90 9
30 70 3�03 10�44 10 3�09 7�92 10 2�48 4�99 7
40 60 4�50 12�28 10 2�92 7�31 9 2�82 4�54 5
50 50 1�48 8�86 10 0�74 5�33 10 2�59 4�86 7
60 40 1�52 7�06 10 1�26 5�45 10 2�01 4�77 8
70 30 0�29 4�81 10 1�04 4�26 10 0�66 3�49 10
80 20 0�50 3�06 10 0�45 2�73 10 0�31 2�20 10
90 10 0�11 0�11 0 0�05 0�22 4 0�14 0�56 8

the density of the graph increases, its performance
improves. The average gaps are always lower than
4.78%. Over the 270 instances, the average gap of
the DLS heuristic is 1.55%. The worst gap over the
270 instances for the DLS heuristic drops to 16.43%.
Incidentally, the instance with the 16.43% gap is one
where the lower bound from B&C is worse than the
dual-ascent lower bound (meaning that even after one
hour of running time it is unable to improve the dual-
ascent lower bound). In summary, the quality of the
solutions obtained by the DLS heuristic are consis-
tently of high quality, even for sparse problems.
We now report on our computational experience

with set 5. Recall that instances in set 5 are sparse
problems where the bipartite graph between demand
nodes and facility nodes is complete. Table 10 summa-
rizes the results of the three heuristics with the gaps
computed using the dual-ascent lower bound. These
results are quite similar to those for the three heuris-
tics on sets 1 and 2. In other words, the quality of the
solutions provided by the DLS heuristic is quite high.
In particular, the average gap of the DLS heuristic is
below 2.46% (or 2.05% when computed using the best
lower bound). Over the 270 instances the worst gap
for the DLS heuristic is 5.09% (or 4.72% with the best
lower bound) in contrast to the worst gap for DA,
which is 34.58%. The average gaps for the DLS heuris-
tic increase as the instances become denser. Averaged
over the 270 instances, the DLS heuristic has a gap of
1.12% (or 0.46% with the best lower bound).
Table 11 shows the gaps for the DLS heuristic

gaps recomputed using the best of the lower bounds
from the B&C code and dual ascent. The results
in this table indicate that B&C yielded a slightly
smaller number of improvements, and at the same
time the improvements in the lower bound were
less pronounced. In summary, we can conclude that
sparsity between demand nodes and facility nodes
causes a weaker dual-ascent lower bound and hence
a wider gap when it is used to compute the average
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Table 10 Comparison of Heuristics for the ConFL Problem on Set 5

Probability of edge creation

0.25 0.50 0.75

DA DLS UFL DA DLS UFL DA DLS UFL
�D� �F � (%) (%) (%) (%) (%) (%) (%) (%) (%)

10 90 0�00 0�00 14�39 0�00 0�00 11�91 0�00 0�00 10�59
20 80 0�00 0�00 12�48 0�00 0�00 9�15 0�00 0�00 5�59
30 70 2�54 0�80 5�99 3�43 0�72 5�50 3�38 1�18 4�43
40 60 7�23 0�96 8�74 5�59 1�47 7�36 9�91 2�46 7�30
50 50 4�31 1�47 7�02 7�52 1�94 6�10 6�98 1�78 6�18
60 40 2�56 1�30 11�57 6�01 2�19 8�98 8�62 2�43 6�34
70 30 4�07 1�42 6�41 4�94 1�74 6�10 5�27 2�32 5�35
80 20 2�71 1�24 4�57 6�50 1�55 4�34 3�72 1�90 3�77
90 10 1�00 0�48 3�08 0�64 0�29 2�21 1�28 0�72 1�02

gaps. In other words, ConFL problems with sparsity
between demand nodes and facility nodes are hardest
for our DLS heuristic.

6.5. Large-Scale Instances and Comparison to
Ljubić’s VNS Heuristic

We tested the DLS heuristic on a set of large-
scale instances introduced by Ljubić (2007) for the
ConFL problem. She constructed ConFL test prob-
lems by combining Steiner tree problem instances
from the OR-Library and UFL problem instances from
UflLib (Ljubić 2007 for more details about these test
instances). These instances are representative for each
type of problem. However, their combination departs
from the typical convention that we have seen in the
literature on the four problems, in that tree edges are
typically more expensive per unit length than assign-
ment edges. In the instances constructed in Ljubić
(2007), the cost of tree edges is given by the Steiner
tree instances, whereas the cost of the assignment
edges is determined by the UFL instances with no
attempt to scale these costs (and thus the per-unit
length cost of tree edges is cheaper than the per-unit
length cost of assignment edges). However, testing the

Table 11 Performance of the DLS Heuristic Computed Using the Best
Lower Bound on Set 5

Probability of edge creation

0.25 0.50 0.75

DLS(Best) DLS(DA) Imp DLS(Best) DLS(DA) Imp DLS(Best) DLS(DA) Imp
�D� �F � (%) (%) (%) (%) (%) (%) (%) (%) (%)

10 90 0�00 0�00 0 0�00 0�00 0 0�00 0�00 0
20 80 0�00 0�00 0 0�00 0�00 0 0�00 0�00 0
30 70 0�29 0�80 7 0�24 0�72 5 0�71 1�18 5
40 60 0�34 0�96 10 0�64 1�47 6 2�05 2�46 4
50 50 0�44 1�47 10 0�86 1�94 10 0�96 1�78 4
60 40 0�20 1�30 10 1�04 2�19 10 1�08 2�43 8
70 30 0�35 1�42 10 0�60 1�74 10 0�69 2�32 9
80 20 0�43 1�24 9 0�35 1�55 10 0�75 1�90 9
90 10 0�14 0�48 7 0�10 0�29 7 0�23 0�72 10

DLS heuristic on these instances gives us the oppor-
tunity to evaluate its performance on larger instances
(up to 1,300 nodes) that are on non-Euclidean graphs
and compare their performance against a VNS heuris-
tic that was used in Ljubić (2007). In these instances,
knowledge of an open facility in the solution was
assumed a priori. Consequently, we modified our DLS
heuristic to incorporate this knowledge. Hence, in the
dual-ascent phase we simply use the open facility as
the root node and do not create an artificial source
node s or impose a unit degree constraint. In addition,
in the local search phase this open facility is never
removed even if its removal would result in a lower-
cost solution.
Table 12 shows the results obtained by DA, the

DLS heuristic, and Ljubić’s VNS procedure. (To com-
pute the gaps, we use dual ascent’s lower bounds
because it is our understanding that there is an error
(Ljubić 2009) in the lower bounds reported in Ljubić
2007.) Over the 48 test instances reported in Table 12,
DA’s worst gap is 17.23%, VNS’s worst gap is 21.16%,
whereas the DLS heuristic’s worst gap is 8.63%. Aver-
aged over the 48 instances, the average gap of the
DLS heuristic is 3.83%, and the average gap of VNS is
5.75%. The DLS heuristic finds a better solution than
the VNS procedure in 36 out of the 48 instances. The
average computational times required by VNS (these
are as reported in Ljubić 2007) and our DLS heuristic
appear to be quite similar and around 500 seconds.
The running times reported in Ljubić (2007) are the
average over 10 runs of the VNS procedure, and the
solution reported is the best over the 10 instances.
Therefore, a more accurate assessment of the run-
ning time of the VNS procedure would be a 10-fold
increase in the running times reported. However, our
heuristic shows a lot more variability, with running
times as high as 5,422.2 seconds. On the other hand,
the gaps of the DLS heuristic are lower, have much
less variability, and are quite stable to a wide range
of parameters.
We should note that the excessive running times for

the DLS heuristic seem to occur in the last group of 16
instances. If we use the second implementation of the
local improvements in the local search phase instead,
the running time goes down considerably and the per-
formance actually does not deteriorate. For example,
the instance that takes 5,422.2 seconds takes 1,640.5
seconds with the second implementation, and its gap
increases from 0.45% to 0.46%. Consequently, when
computational time is important and the instance has a
large number of nodes, we could either impose a time
limit to the DLS heuristic or use an alternate imple-
mentation (i.e., the second implementation).

7. Conclusions
In this paper we considered a family of four impor-
tant network design problems that combine facility
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Table 12 Comparison of the DLS Heuristic with the VNS Procedure on
Large-Scale Instances

Instances Gap Time (sec)

UFLP STP DA (%) DLS (%) VNSbest (%) DA (%) DLS (%) VNSaverage (%)

mp1 c5 5�88 4�29 13�14 68�03 69�34 98�60
mp2 c5 9�84 5�34 9�95 87�44 89�61 363�10
mp1 c10 5�76 4�59 9�58 61�55 63�00 389�00
mp2 c10 5�41 5�13 5�85 78�34 79�05 187�20
mp1 c15 5�45 4�94 7�75 77�91 79�58 406�40
mp2 c15 9�34 6�59 9�18 84�41 85�00 186�10
mp1 c20 5�35 4�66 6�05 128�30 128�95 300�30
mp2 c20 9�28 4�21 5�72 95�38 95�66 305�20
mq1 c5 11�08 6�78 21�16 355�73 357�52 177�70
mq2 c5 12�74 5�32 16�20 413�98 416�00 353�00
mq1 c10 10�79 6�62 10�67 332�91 334�61 365�00
mq2 c10 17�23 4�79 10�29 387�47 392�13 340�10
mq1 c15 10�63 7�06 12�21 346�64 347�89 528�90
mq2 c15 11�96 4�50 6�01 367�23 367�81 250�50
mq1 c20 10�48 7�15 10�83 376�11 376�75 401�20
mq2 c20 16�65 4�73 7�40 667�44 668�59 375�50

mp1 d5 6�00 4�06 5�52 62�36 65�88 402�90
mp2 d5 15�70 5�64 5�32 84�08 87�61 482�30
mp1 d10 5�73 4�25 6�19 78�80 82�39 366�80
mp2 d10 9�70 5�08 3�01 107�34 111�03 365�00
mp1 d15 5�44 4�97 6�62 65�52 68�25 328�50
mp2 d15 14�28 6�37 5�02 86�92 90�89 379�00
mp1 d20 5�31 4�22 4�83 118�86 120�86 453�40
mp2 d20 9�27 6�66 2�86 359�92 361�61 321�90
mq1 d5 10�88 7�11 9�12 339�34 346�48 508�10
mq2 d5 8�81 5�24 11�52 391�75 395�56 460�70
mq1 d10 10�87 5�88 8�78 360�88 364�67 511�10
mq2 d10 12�30 4�31 6�43 422�13 430�11 593�80
mq1 d15 10�68 6�42 6�77 354�23 358�02 652�80
mq2 d15 12�15 4�64 7�45 482�49 488�17 627�00
mq1 d20 10�59 7�32 10�47 474�31 477�78 490�40
mq2 d20 16�57 8�62 6�47 535�13 536�89 495�50

gs250a_1 c5 0�73 0�52 0�36 10�41 292�81 523�50
gs250a_2 c5 0�59 0�37 0�30 5�58 364�83 458�30
gs250a_1 c10 0�57 0�37 0�39 6�09 272�66 668�50
gs250a_2 c10 0�69 0�54 0�38 6�61 406�28 341�70
gs250a_1 c15 0�66 0�45 0�34 15�13 218�06 548�60
gs250a_2 c15 0�55 0�38 0�27 16�75 103�16 598�30
gs250a_1 c20 0�67 0�41 0�36 140�13 160�53 598�00
gs250a_2 c20 0�67 0�41 0�28 121�28 144�88 697�40
gs500a_1 c5 0�58 0�41 0�68 36�42 2�312�39 838�10
gs500a_2 c5 0�66 0�45 0�72 40�73 5�422�21 845�90
gs500a_1 c10 0�51 0�41 0�63 27�55 1�595�16 881�10
gs500a_2 c10 0�52 0�37 0�66 29�28 1�373�59 939�50
gs500a_1 c15 0�60 0�39 0�61 84�63 1�081�00 928�00
gs500a_2 c15 0�51 0�36 0�60 138�77 837�94 871�20
gs500a_1 c20 0�58 0�38 0�55 568�05 717�47 943�80
gs500a_2 c20 0�57 0�36 0�51 111�27 216�88 906�00

location with connectivity requirements. We provided
a common framework and methodology to address
these four problems. In particular, we devise a DLS
heuristic that works in two phases. In the first phase
it applies dual ascent to obtain both a lower bound
and an initial solution to the problem. In the second
phase it applies local search, limiting its attention to
the set of facilities and Steiner nodes selected in the
first phase.
From a broad algorithmic perspective our work

is closely related to the primal-dual algorithm by
Swamy and Kumar (2004), with an approximation
ratio of 8.55. However, whereas Swamy and Kumar’s

focus is to develop approximation algorithms with
provable worst-case bounds, our goal is to find tight
formulations that combined with local search perform
effectively in practice. In that sense, our approach
is more comprehensive. Although the first phase of
Swamy and Kumar’s heuristics attempts to incorpo-
rate some of the connectivity requirement costs in the
selection of open facilities (by insisting that each facil-
ity serve a minimum number of demand points), the
final cost of the core tree network is only considered
in the second phase when facilities have already been
selected. Our approach selects the open facilities and
constructs a Steiner tree among open facilities simul-
taneously, ensuring a global treatment of the problem.
Our extensive computational experiments show

that across the family of problems, our DLS heuristic
obtains high-quality solutions rapidly. Furthermore,
the results are quite consistent in the sense that the
variance of the performance gap is quite low and
smaller than the other heuristics considered for the
problem. Among the four problems, the ConFL prob-
lem seems to be the hardest to solve for the DLS
heuristic. In particular, ConFL instances with higher
sparsity between demand nodes and facility nodes are
harder for our DLS heuristic.
Our heuristic can be viewed as one that success-

fully partners mathematical programming approaches
(i.e., dual ascent) with local search. As our exper-
iments show, both phases of the heuristic strategy
contribute to its success. When we replaced the DA
solution by an initial solution from the UFL heuris-
tic, the local search phase found solutions that were
significantly worse. The local search phase also sig-
nificantly improves the solution obtained from the
dual-ascent phase. We should note that on the large-
scale ConFL problem instances, our DLS procedure
significantly outperformed a state-of-the-art VNS pro-
cedure. In contrast to other heuristic methodologies,
another significant advantage of our DLS heuristic
is that it provides a high-quality lower bound along
with each solution, thus providing a guarantee on the
quality of the solution.

References
Balakrishnan, A., T. L. Magnanti, R. T. Wong. 1989. A dual-ascent

procedure for large-scale uncapacitated network design. Oper.
Res. 37(5) 716–740.

Chu, C.-H., G. Premkumar, H. Chou. 2000. Digital data net-
works design using genetic algorithms. Eur. J. Oper. Res. 127(1)
140–158.

Eisenbrand, F., F. Grandoni, T. Rothvoß, G. Schäfer. 2008. Approx-
imating connected facility location problems via random facil-
ity sampling and core detouring. Proc. 19th Annual ACM-SIAM
Sympos. Discrete Algorithms, Society Industrial and Applied
Mathematics, Philadelphia, 1174–1183.

Gupta, A., A. Kumar, T. Roughgarden. 2003. Simpler and bet-
ter approximation algorithms for network design. Proc. 35th
Annual ACM Sympos. Theory Comput., ACM, New York,
365–372.



Bardossy and Raghavan: Dual-Based Local Search for the ConFL and Related Problems
602 INFORMS Journal on Computing 22(4), pp. 584–602, © 2010 INFORMS

Gupta, A., J. Kleinberg, A. Kumar, R. Rastogi, B. Yener. 2001. Provi-
sioning a virtual private network: A network design problem
for multicommodity flow. Proc. 33rd Annual ACM Sympos. The-
ory Comput., ACM, New York, 389–398.

Havet, F., M. Wennink. 2004. The push tree problem. Networks 44(4)
281–291.

Jung, H., M. K. Hasan, K. Y. Chwa. 2008. Improved primal-dual
approximation algorithm for the connected facility location
problem. B. Yang, D.-Z. Du, C. A. Wang, eds. Combinatorial
Optimization and Applications. Lecture Notes in Computer Science,
Vo. 5165. Springer, Berlin, 265–277.

Karger, D. R., M. Minkoff. 2000. Building Steiner trees with incom-
plete global knowledge. Proc. 41st Annual IEEE Sympos. Foun-
dations Comput. Sci., IEEE Computer Society, Washington, DC,
613–623.

Khuller, S., A. Zhu. 2002. The general Steiner tree-star problem.
Inform. Processing Lett. 84(4) 215–220.

Krick, C., H. Räcke, M. Westermann. 2003. Approximation algo-
rithms for data management in networks. Theory Comput. Sys-
tems 36(5) 497–519.

Lee, Y., S. Y. Chiu, J. Ryan. 1996. A branch and cut algorithm for a
Steiner tree-star problem. INFORMS J. Comput. 8(3) 194–201.

Lee, Y., L. Lu, Y. Qiu, F. Glover. 1993. Strong formulations and
cutting planes for designing digital data service networks.
Telecommunication Systems 2(1) 261–274.
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