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The current study develops a transient combustion model formulated in oblate ellipsoidal coordinates to
analyze the behavior of non-buoyant burner-generated diffusion flames. The combustion model is axially
symmetric and considers a porous gas-fueled burner called the Burning Rate Emulator (BRE), which is
idealized as an ellipsoidal disk. An approximate analytical transient solution for the flame shape and heat
transfer to the surface of the burner is generated as a product of the exact steady-state result and the
asymptotic transient result that becomes exact far from the burner. Microgravity BRE experiments con-
ducted at NASA Glenn’s 5.18-s Zero Gravity Research Facility indicated the evolution of an approximately
ellipsoidal flame moving away from the burner with steady state not achieved during the 5-second test
period. The microgravity experimental results are shown to be in good agreement with the mathematical
model, which can help predict the flame behavior beyond the duration of the test.
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1. Introduction

A porous circular burner has been recently developed to em-
ulate the combustion of condensed phase fuels in normal gravity
[1] and microgravity conditions [2-4]. Known as the Burning Rate
Emulator (BRE), it uses a gaseous fuel mixture as the simulant fuel
with matching characteristic properties such as heat of gasification,
heat of combustion, surface vaporization temperature, and smoke
point. Experiments using the burner were conducted at NASA
Glenn’s 5.18-s Zero Gravity Research Facility in order to establish
immediate sustained burning and provide a material flammability
test aboard spacecraft. The burner sizes and parameters for the
microgravity tests were chosen to represent small laminar pool
fires. The aim of the current study is to develop a simple yet
robust mathematical model and demonstrate its utility for such a
diffusion flame in microgravity conditions.

The fuel flow through the BRE burner is set to generate laminar
diffusion flames that provide an easy way to assess fire behavior
in microgravity. Low momentum jet diffusion flames are probably
the closest in configuration to the BRE generated diffusion flames.
The jet flame microgravity experiments with low Reynolds num-
ber have been analyzed theoretically and numerically using an ax-
isymmetric cylindrical model [5-18]. The analyses primarily relied
on the Burke-Schumann model [19], Roper model [20,21] or the
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Spalding model [22]. These basic models, while effective, provided
only steady-state conditions.

The BRE flames had an ellipsoidal shape during the 5-s mi-
crogravity experiment and their aspect ratios decreased with time
[2,3]. Steady flames were not attained during the tests [3]. Longer
duration experiments have been planned on the International
Space Station (ISS) to find out if further flame growth would lead
to a steady flame or extinction [23]. The motivation of the current
work is to mathematically examine the transient aspects of the
BRE microgravity flames, focusing on flame growth and not flame
extinction. That approach is based on a solution evolved from that
of a spherical flame.

As a spherical diffusion flame is considered as an important
first step in the formation of the BRE transient model, it is im-
portant to review that body of work. Spherical steady flames have
been theoretically elucidated by Mills and Matalon [24,25]. The
transient aspects of spherical flames in microgravity have been
studied extensively using NASA’s 2.2 S Drop Tower with numer-
ical analyses [26-33]. Atreya and coworkers [26-30] developed a
finite-difference based theoretical model for an unsteady spherical
diffusion flame to understand radiation-induced flame extinction
characteristics in a quiescent microgravity environment. Tse et al.
[31] and Santa et al. [32,33] also studied the transient structure of
burner-generated spherical diffusion flames using a computational
model based on a modification of the Sandia PREMIX code [34].

Other flame geometries have been studied by computational
modeling. For example, Bhowal and Mandal [35] carried out an
in-depth two-dimensional computational analysis of a laminar
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Nomenclature

a semi-major axis

b semi-minor axis

c quantity to relate cylindrical and ellipsoidal

coordinates

specific heat

burner diameter
diffusivity

grid spacing

heat of combustion per mass of fuel
thermal conductivity
Lewis number

fuel mass flux, or burning rate
surface mass flow rate
pressure

Peclet number

heat flux

radius

burner radius

offset radius
stoichiometric ratio
time

temperature

velocity

x coordinate
dimensionless radius
mass fraction

flame height

mixture fraction
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aspect ratio of the ellipsoidal object

n ellipsoidal coordinate, or similarity variable
% dimensionless temperature

" viscosity

& ellipsoidal coordinate

0 density

T dimensionless time

) velocity potential

w vorticity

F fuel

Fb fuel at burner surface

fl flame

0 burner surface

0] oxygen

P products

Pb products at burner surface
s surface

00 ambient

non-premixed jet flame in reduced gravity conditions. A similar
2D numerical model was developed by Smooke et al. [36,37] for
an axisymmetric laminar diffusion flame over a cylindrical coflow
burner in earth gravity.

The current work aims to develop an approximate analytical so-
lution for the transient BRE microgravity flame instead of a numer-
ical analysis to gain a better understanding of the fluid dynamics-
thermochemistry interaction in a non-spherical geometry and its
effect on the flame structure. The analytical model also clearly re-
veals generalities in results and permits its accurate assessment,
a task that should also accompany a numerical solution. The BRE
diffusion combustion problem is simplified by neglecting gas radi-

k,p,cy

Fig. 1. Schematic of heated sphere without flow.

ation and presence of soot as well as assuming an infinitely thin
zone of the chemical reaction. Fursenko et al. [38] made simi-
lar assumptions to analytically model a steady spherical diffusion
microflame.

The analytical model for the combustion problem is developed
in stages. This is done to demonstrate the analytical approach
and to establish a firm confidence level for the combustion solu-
tion. First, the transient spherical conduction problem of a heated
sphere in a cold gas is presented since it depicts the mathematical
similarity to the combustion problem. This problem is also used to
introduce the crucial approximation needed to develop analytical
solutions. The non-spherical geometry of the flame is then con-
sidered by strategically introducing oblate ellipsoidal coordinates.
These coordinates still maintain the one-dimensional simplicity to
the problem but help generate ellipsoidal flames as observed ex-
perimentally. The solution to the conduction problem can be bro-
ken down into components that can be generalized to the combus-
tion problem using a model based on the burning of small particles
formulated in ellipsoidal coordinates [39,40]. Thus, the ellipsoidal
combustion model delivers an analytical description of the differ-
ent combustion features. The difference between the approximate
analytical results and numerical results are calculated for the con-
duction problems with and without blowing to demonstrate the
accuracy of the modeling approach. The final combustion problem
is then solved to obtain the results that are compared to the BRE
5-s microgravity experiments. If the reader is not interested in the
justification of the modeling approach, then one can proceed di-
rectly to Section 5.

2. Spherical conduction problem without flow

To begin, a heated sphere at temperature Ts immersed in a
cool environment is considered with ambient temperature T,,. The
sphere has a radius R and the environment has a specific heat ¢,
density p and thermal conductivity k. There is no flow through the
sphere and it transfers heat to the surroundings only through con-
duction. The schematic of the heated sphere is as shown in Fig. 1.

The aim is to find a transient analytical solution for the temper-
ature T as a function of distance r from the center of the sphere.
A dimensionless temperature 6 is defined for solving this problem
as follows:

T-Ts

-

(1)

The governing equation in this case is the heat conduction
equation [41] which could be written as,

00 19 ,00
,ocpW = r28r<kr 8r> (2)

The radial distance r and time t are nondimensionalized to pro-
vide the dimensionless distance y and dimensionless time 7.

kt

t= PCpR?

y (3)

_T
=



A. Markan, H.R. Baum and P.B. Sunderland et al./ Combustion and Flame 212 (2020) 93-106 95

This simplifies the heat conduction equation in terms of all
non-dimensional variables.

L () @
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The initial and boundary conditions need to be defined for this
problem. The initial temperature, i.e., the temperature at t =0 is
the ambient temperature T., everywhere around the sphere. The
boundary conditions are defined at the surface of the sphere and
at a distance far from the burner (y — oco). The temperature at the
surface of the sphere is the preset temperature Tg while the tem-
perature far from the sphere is the ambient temperature Ty. These
conditions can be written in non-dimensional form as shown
below.

O(tr=0,y>1)=0 (5a)
O(t.y=1)=1 (5b)
ylLTOQ(r,y) =0 (5¢0)

The heat conduction equation has a similarity variable solution
elucidated in literature [42], and it can be expressed as,

1 y—1
0 = —erfc| =—— ). 6
yere(5 ) 0
This result suggests that the solution for temperature is the
product of its steady state result and the transient component. It
will be shown that this is an expected solution form for the prob-

lems considered here.
Also, the surface heat flux is given as,

g KE-To) | k(T-T.)
s R RymT
Here, the surface heat flux, a key parameter in the combustion

solution, is represented as the sum of the steady solution and its
transient component.

(7)

3. Heated sphere problem with blowing

The form of the solution obtained above provides the motiva-
tion for the remainder of the analysis. Note that the term 1/y in
Eq. (6) is in fact the exact steady state solution to the problem.
The complete solution is the product of the steady state solution
that is dominant near the surface of the sphere at r=R, and the
transient solution dominant far from the sphere.

To illustrate this solution behavior let us examine a conduction
problem approaching the nature of the more complex combustion
problem. Consider a porous sphere at temperature Ty with fluid
flowing out of the surface at a constant rate with ambient tem-
perature T. The sphere has a radius R and the environment has
a specific heat cp, density p and thermal conductivity k that are
here considered to be constant. The schematic of the sphere is as
shown in Fig. 2.

The fluid carries heat by conduction and convection due to the
motion of the fluid. The spherical symmetry makes the model a
one-dimensional problem. The desired quantity is the transient
temperature T as a function of the radial distance r and the fluid
flow. A dimensionless temperature 6 is again defined for solving
this problem as follows:

T-T,

= (8)
I -Ts

The governing equations for this case are the continuity equa-

tion and the energy equation. The continuity equation is given be-
low where my is the mass flux at the surface which is a constant.

k,p,cp

tiy T

Fig. 2. Schematic of the spherical combustion model.

2

r2pu = r’m” = R*m = constant (9)

The energy equation for the fluid with conduction and convec-
tion heat transfer is given as,

20 00 0 00
2 2 — 27
r°pCp 5 +r°pcpu 3 = By (kr 8r) (10)

The radial distance r, time t and surface mass flux mj are
nondimensionalized as follows:
mJRc
=——— Pe=-2°2"7F 11
PCpR? k ()
This simplifies the energy equation in terms of all non-
dimensional variables.

00 _ 9% (2y-Pe) 0
ot 0y? y2 oy
Note that Pe is the Peclet number for this problem. The initial

and boundary conditions are similar to the previous model and can
be written in non-dimensional form as shown below.

T . kt
J’—R,

(12)

0(t=0y>1)=0 (13a)
O(t,y=1)=1 (13b)
JIILTOG(I,y) =0 (13c)

3.1. Composite solution

This section now builds on the solution form of the non-
blowing problem as given in Eq. (6). The solution is considered to
be the product of the exact steady state solution and the asymp-
totic transient solution in the far field. The accuracy of this ap-
proximation will be shown based on a numerical solution to the
full equations of Eqs. (12) and (13) together with an error analysis
of the approximate solution.

The steady state solution for Eq. (12) is obtained and it is given
as,

exp (—Pe) — 1

The effect of fluid flow becomes negligible far from the sphere
and hence, in Eq. (12) the term with 1/y2 can be neglected. This
asymptotic equation is the pure conduction problem of Eq. (4). Its
solution is repeated here as,

1 y—1

Now the assumption for the approximate solution as made up
of the steady result with the product of the asymptotic transient
result for y large is invoked. Therefore, the transient composite so-
lution for Eq. (12) is achieved by replacing (1/y) in Eq. (15) with
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Comparison of numerical and analytical solution for Pe = 0.79
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Fig. 3. Dimensionless temperature vs radius for Pe=0.79 (spherical conduction
model).

the steady state solution given in Eq. (14). It is important to note
that the steady state solution given by Eq. (14) is proportional to
1/y for large y so that Eq. (15) is satisfied. Thus, the composite so-
lution is the product of the steady state solution and its transient
solution far from the sphere. Explicitly the approximate solution is
given as

_[(exp(=Pe/y) -1 y-1
0 = (exp(—Pe) — )erfc(zﬁ) (16)

3.2. Numerical solution

Eq. (12) is solved numerically to determine the accuracy of
Eq. (16). The equation is a second order partial differential equa-
tion that is semi-discretized. This results in a system of ordinary
differential equations that can be readily solved using a numerical
method for ODEs based on the 2nd order central difference for-
mula. The semi-discretized form of Eq. (12) looks like,

Ao\ 01 —20;+ 64 2y —Pe\ (01 — 64
() - () () o

3.3. Direct comparison of the approximate and numerical results

To check the accuracy of the composite solution, it is compared
with the numerical solution for two particular cases. The cases cor-
respond to two mass fluxes that range the data of the combus-
tion problem used during the 5-s microgravity experiments [2,3]. A
sphere of diameter 25 mm has a fluid flowing through it. The two
cases are a surface mass flux of my = 3.582 g/m%—s correspond-
ing to a Peclet number of 0.79, and case for a surface mass flux
of my = 6.887 g/m%—s corresponding to a Peclet number of 1.52.
The environmental properties are taken for Nitrogen at 1000K. To
compare the results, the numerical analysis is run for up to 30 s
and the dimensionless temperature is recorded as a function of di-
mensionless radius at every time step. Figures 3 and 4 compare the
variation of numerical and the approximate analytical dimension-
less temperature with dimensionless radius for both Peclet num-
bers at three different times: 2s, 10s and 30s. It can be seen that
the analytical and numerical solutions coincide in all regions, i.e.,

Comparison of numerical and analytical solution for Pe = 1.52
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Fig. 4. Dimensionless temperature vs radius for Pe=1.52 (spherical conduction
model).

Flame location for Pe = 0.79

o Numerical solution
— Analytical solution []

Location of 6

5 5 10 15 20 25 30
Time (s)

Fig. 5. Transient flame standoff (in mm) for Pe =0.79 (spherical conduction model).

near the sphere, in far field and in between. The approximate so-
lution is within 0.5% of the numerical results.

Also let us use the conduction problem to represent the
combustion problem with the flame sheet located where the di-
mensionless temperature is 0.25. The position of this represents
the location of the flame at (r —R) and could be determined as
a function of time. We do this in anticipation of using the com-
posite approximate solution for the combustion, and wish to check
the accuracy in determining the ‘flame location’. Figures 5 and 6
compare the numerical and analytical flame position (0.25) with
time for both Peclet numbers. Again, the numerical and analytical
solutions in this case are within 0.5% of each other and the er-
ror reduces with time. This depicts the reliability and accuracy of
the analytical model for both the dependent variable and its locus
position.
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Flame location for Pe = 1.52
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Fig. 6. Transient flame standoff (in mm) for Pe =1.52 (spherical conduction model).
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Fig. 7. PDE Error% for the composite solution to the spherical conduction problem
with flow (Pe =0.79).

3.4. Accuracy by substitution method

Another method to verify the accuracy of the composite solu-
tion is to substitute Eq. (16) in the PDE given by Eq. (12). The dis-
crepancy in the solution, i.e. the amount by which the equation is
not satisfied, is compared with the magnitude of the largest term
in the equation. The ratio of the two is a measure of the error. The
error in the PDE is determined as a function of time for different
values of y (r/R). It is considered for a sphere of diameter 25 mm
having a surface mass flux of m// = 3.582 g/m? —s, which corre-
sponds to a Peclet number of 0.79. The PDE substitution error is
shown in Fig. 7. It can be seen that the error is less than 1% for all
radial positions and at all times. This error estimate is consistent
with the accuracy of the numerical results shown here.

1.6— — . ; : y
y — & = constant

1 = constant

7

1.4

Fig. 8. Oblate Ellipsoidal Coordinate System for € =0.05.

4. Heated ellipsoid problem with blowing

In anticipation to the combustion problem, the conduction
problem for an ellipsoidal object with blowing is considered.
Oblate ellipsoids of revolution are considered here that range in
shape from a sphere to a thin disk. The spherical shape has been
addressed in Section 3, and the combustion problem will be rep-
resented as a thin disc. Fluid is emitted at the heated surface of a
porous oblate ellipsoid particle with a constant mass flow rate M.
The starting point is to introduce the oblate ellipsoidal coordinate
system.

4.1. Oblate ellipsoidal coordinates

The cylindrical coordinate system in (x, r) is represented for an
ellipsoidal object as shown in Fig. 8. The oblate ellipsoid is sym-
metric about the x axis and has a semi-major axis a and a semi-
minor axis b. The semi-major axis can be written as a = R.

The problem can be converted from cylindrical coordinates to
oblate ellipsoidal dimensionless coordinates given by (&, n) as il-
lustrated in Fig. 8. This will simplify the problem for an ellip-
soidal object with blowing at its surface. The system aligns with
the cylindrical coordinate system such that the surface of the el-
lipsoid object is defined by & = &,. The two coordinate systems are
related by a length c as shown here:

r?=c(1+&%)(1-1n?) (18a)

X =cEn (18b)

The quantity c can be related to the semi-major and semi-minor
axis as follows:

a=cy1+E&% b=c& (19)

The oblate ellipsoidal surface in cylindrical coordinates can be
written as,
12 X2
nt ;=1
c2 (1 +&o ) (&)
An aspect ratio € is introduced as the ratio of the semi-minor

axis to the semi-major axis. Then the quantities ¢ and &, can be
written in terms of the aspect ratio as follows:

(20)

€
=————,¢c=R
v
Figure 8 shows the oblate ellipsoidal coordinate system for
€=0.05 or & = 0.0501. The oblate ellipsoidal coordinates can be
written in terms of cylindrical coordinates as follows:

1—e2 (21)
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1

é:\/ljc|:x2+r2c2+\/(x2+r262)2+(2xc)2}2, n:%

(22)

4.2. Governing equations

The ellipsoid surface is at a constant temperature Ts while the
ambient temperature is fixed at T,,. Here we will assume that the
density p and (thermal) diffusivity D = k/pcp are constant. That
assumption will be relaxed in the combustion problem later. The
objective is to obtain the transient temperature domain for the
fluid surrounding the ellipsoid of revolution by our approximate
method.

This model follows the previous spherical conduction
model where the dimensionless temperature is given as

=(T-Tyx)/(Ts —T) and the velocity vector as . Under
constant property assumptions, the governing equations from the
conservation of mass and energy become:

V.(@)=0 (23a)

99 V. @) -DV. (V6) =

o (23b)

The conservation of mass equation can be solved assuming that
the flow field is irrotational. This follows from the momentum
equation for a constant viscosity [41]:

p[g‘t‘ +@x U+ V<ﬁ>2/2} + V(P = P)

=-—u(V xc?))+§/N(V-LT) (24)

Here, @ is the vorticity and p is the pressure related to the flow
field. If the vorticity vanishes then the velocity potential ¢ can be
introduced such that:

= V¢, ®=0 (25)

This momentum equation can be integrated such that p — py
and o vanish for r large. The result is the generalized Bernoulli
equation.

p<aa¢t’ T (ﬁ.a)/z) F(p=po) — gV D) =0 (20)

The velocity satisfies the no-slip boundary condition so long as
the velocity potential ¢ is a function of £ everywhere. Substitution
of Eq. (25) into the mass and energy conservation equations yields:

V2¢p =0 (27a)
2—9 +V . (V) -DV?H =0 (27b)

In order to explicitly express the above equations in oblate el-
lipsoidal coordinates, it is necessary to express the divergence of a
vector f(£, 1) = (fe. fy) and the gradient of a scalar g(&, 7). Math-
ematically,

, 1

V~f=c(g2+nz){ag[ (62 +n? )(52“)&}

s g o= (250
(E2+1) dg; 1 [(1-77) dgp
ET A9 T\ ey B (28b)

The no-slip condition at the surface requires that the velocity
potential have no component parallel to any surface of constant &
and the velocity vectors are aligned in the direction of increasing
&. Then from Eq. (28Db), the velocity vector 7 and its divergence can
be expressed in ellipsoidal coordinates as:

o, 1 [(82+1) de .

U=V¢ = 7(524_77)(155 (29a)
- 724 1 2 d¢o

v.u_v¢_cz(§2+n)d$[(s +1)d§} (29b)

Substituting Eq. (29b) in Eq. (27a), the mass conservation equa-
tion takes the form:
d 2 do
1 =0 30
3 [(S +1)—¢ i3 (30)
This equation can be integrated at the surface of the ellipsoid
where the mass flow rate is M.
d M
dE ~ 4mcp

Note that here the mass flow rate is over the entire ellipsoidal
object. The solution of this equation for ¢ can be continued, but
instead we focus on the solution of the energy equation for 6.

To express the energy conservation equation for the fluid in
ellipsoidal coordinates, derivatives of temperature & with respect
to n are ignored as it is anticipated that the solution to be con-
structed is a function only of & and time. The various compo-
nents of the energy conservation equation can be derived using
the formula for divergence and gradient in ellipsoidal coordinates
as shown in Eqs. (28a) and (28b).

(82+1) 90 36
(&2 +12) DE'S O

v~ e €
@ | €05

Using equation (32), the energy conservation Eq. (23b) can be
expressed as shown below.

(31)

vo- 1l ) (32a)
(32b)

V. (6Ve)= (32¢)

a0 1 dqﬁ
3t+cz(sz+n2){3€ [(Sz Ve ]
a0
ag[(SZH)aé“:O (33)
Eq. (31) can be substituted in (33), to get
a0 1 d M a0
o CaR L EUNC

The equation becomes more concise when the non-dimensional
Peclet number and time are introduced.

M LD
Arc)pD’ 2

Then, the energy conservation equation can be expressed in
terms of dimensionless parameters as follows:

80 1

a Ped) — (62 +1 0 36

[~ |- =
The boundary conditions for this problem are that the temper-

ature is T; on the surface of the ellipsoid given by & = &,, and the

temperature is T, in the far field where & — oo, or

0 =&.t)=1, 0(§ > c0,t) =0 (37)

(35)

e =
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4.3. Composite solution

The composite transient solution for the ellipsoidal conduction
problem is adopted from the solution presented for the spheri-
cal conduction problem with heated flow. This composite solution
combines the steady state solution to the above problem near the
ellipsoid with the far field transient solution.

The steady state equation follows from Eq. (37):

do
2
& [Pece (& +1)d§} 0 (38)
Eq. (38) can be readily integrated to obtain,
do
Pe.f — (‘52“)(15 (39)

Here, E is a constant of integration. Eq. (39) is integrated by
rearranging the terms and applying the boundary condition that
6 =0 at £ — oo. This gives,

6 do & de
I ped—E - LE2 s

The above integral can be simplified to the following form:

re " [r=rem] =
P E — Pe 0

The value of the constant E can be obtained by enforcing the
boundary condition for the temperature on the ellipsoid surface,
ie,0=1até& =&,

-1
E = Pec{l — exp [Pec (arctan &) — %)]} (42)
Thus, the final form of the steady state solution reduces to:

1 — exp [Pec(arctan (£) — 3]
11— expPec(arctan (§,) — )]

where Pe; = M/(4wcpD) is the Peclet number for the ellipsoidal
conduction problem. Note that the steady state solution behaves
as 1/&.

The far field transient solution is developed from Eq. (36). The
effect of the surface fluid flow is negligible because Pe is a much
lower order compared to &. Also, since £ — oo in the far-field
and —1 <7 <1, it is reasonable to assume that £2+ 1~ &2 and
&2 4 1% ~ £2. Hence, the transient energy Eq. (36) in the far field
reduces to the form as shown below.

89

This form of partial differential equation has already been
solved (Eq. (15)) and the analytical solution is given as:

§-&
0= gerfc( Zf) (45)

The above expression is the transient solution for the dimen-
sionless temperature 6 in the far-field. If the steady-state for
Eq. (45) is considered, i.e., T — oo, O varies with 1/£. This shows
that the error-function part of the solution is the transient compo-
nent whereas the 1/¢ indicates the steady component. Hence, to
get the composite solution in the entire domain, 1/£ in Eq. (45) is
replaced with the exact steady state solution derived in Eq. (43).
The final solution for the dimensionless temperature can be writ-
ten as,

0 1 —exp [Pec(arctan () — 3 )] orfe <,§ go)
1 — exp [Pec(arctan (&) — 3 )] 2JT
M
Pe. = W (46)

(40)

— arctan (§) (41)

(43)

% PDE Error for different & and times (Pe 0.39)
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Fig. 9. PDE Error for the composite solution to the ellipsoidal conduction problem.

4.4. Error analysis

The composite transient solution to the ellipsoidal conduction
problem with blowing is exact in the near field and the far field.
The objective of the error analysis is to assess the accuracy of the
solution in the entire domain. The accuracy of the transient ellip-
soidal solution is tested by substituting the dimensionless temper-
ature, as derived in Eq. (46), in the energy equation as given by
Eq. (36). The error in the PDE, as previously defined in Section 3.3,
is determined with time for different values of &£. Since n does not
appear in the final solution, an average value of n%=1/3 is used.

The aspect ratio € =0 is chosen here as the burner in the com-
bustion problem will ultimately be approximated by a flat disk,
A disk of diameter 25mm is considered that has a fluid flow-
ing through it at a surface mass flux of m} =3.582g/m?—s cor-
responding to a Peclet number of 0.39, again representative of the
combustion problem. The error in the energy equation is shown in
Fig. 9. It can be seen that the error peaks at less than 4% for dif-
ferent values of £ and at all times, rapidly decreasing as time in-
creases. Thus, the accuracy of the approximate composite thermal
solution has been tested here by the ‘substitution’ method, verified
as sound by the full numerical solution in Section 3.

5. Ellipsoidal combustion model

The model used to study the combustion induced by the BRE
burners in a microgravity environment can now be considered. The
burner is replaced by a circular disk in an unbounded medium.
A circular disk is the limiting form (¢ = 0) of an oblate ellipsoid
of revolution. The introduction of oblate ellipsoidal coordinates to-
gether with the approximate composite solution approach devel-
oped in Sections 2-4 permits the construction of an analytical so-
lution for the burner with a fixed flow rate of fuel in microgravity.
Sections 2-4 justify the solution approach, and offer an explicit for-
mula for parameters over the alternative numerical modeling. Of
course, the real proof of the solution is how well it predicts the
experimental data. The experimental data available is the transient
behavior of the flame shape and the heat transfer to the surface of
the burner for about 5s in microgravity combustion.
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Fig. 10. Schematic and geometry of the ellipsoidal body.

The burning of fuel leaving the surface of an axially symmetric
oblate ellipsoidal body is studied in a microgravity environment.
The model considers fuel injected through the surface at a constant
mass flow rate M. The schematic and geometry of the ellipsoidal
body is as shown in Fig. 10.

The ellipsoid surface is at a constant temperature Ts that is the
vaporization temperature of the fuel. This temperature T; corre-
sponds to the density ps and diffusivity Ds. Initially at time t = 0,
the environment surrounding the particle is at a constant temper-
ature T, density p~ and diffusivity D... The flame that is initially
at the surface starts spreading outwards while the density p, ve-
locity u and temperature T vary in space and time.

5.1. Conservation laws

The temperature T and oxygen mass fraction Yy are combined
into a mixture fraction variable Z [39] which can be written as

_ (T =Tw) + Ahe(Yo = Yo.00)/S

(T, — To) — AhYon/S “7)

or in alternate forms involving the species as will be shown later.
Here, Yy o, is the ambient oxygen mass fraction, Ah¢ is the heat
of combustion per mass of fuel, ¢, is the specific heat of the gas
and S is the stoichiometric ratio which denotes the mass of oxy-
gen consumed per unit mass of fuel. The mixture fraction model
requires that the Lewis number Le = k/pc,D = 1. Then the energy
and species conservation equations can be combined into a single
mixture fraction equation. As in Section 4.2 the velocity is assumed
to be represented by a potential function. The mass conservation
and mixture fraction equations in ellipsoidal coordinates [40] now
take the form with density variable (and following the Equation of
State pT = poTw):

ap 1 3 A
i+ e 6 V5| -0 o
3(02) 1 3 3¢
9t +c2($2+n2){35['02(§2+1)8§}
~ % |:,0D(§2+1)g§:|} 0 (48Db)

Here, ¢ is the velocity potential such that f = V¢. The velocity
potential ¢ is only a function of £ as per the no-slip condition and
the derivative of mixture fraction Z with respect to 7 is ignored as
it is anticipated that the solution to be constructed is a function
only of £ and time so that (dZ/dn = 0). The boundary conditions
for this problem following its definition (47) are that the mixture
fraction Z =1 on the surface of the burner which is defined by
& =&, and Z =0 in the far field where £ — cc. Also, the velocity
potential ¢ takes a constant value along the burner due to no-slip

condition, and in the far field takes the form,
M

P~

4m ply|
where M is the total mass flow rate leaving the particle surface
and |y] is the distance from the burner center. For the BRE burner
taken as the upper half of the ellipsoidal general surface, the ve-
locity potential ¢ in the far field becomes,
M
21 p|yl

(49a)

¢~ — (49b)

5.2. Composite solution: steady

A composite solution is presented for the ellipsoidal combus-
tion problem similar to the thermal solution Section 4. The steady
state continuity and energy equations follow from Eqs. (48a) and
(48b):

dé[ (Ez+1)‘;‘ﬂ -0 (50a)
{ddg |:pZ(§2 + 1)3?} ddg |:,0D(§2 + 1)3?]} =0 (50b)

Here p and pD are assumed to be functions of Z. Eqs. (50a) and
(50b) can be readily integrated, similar to the derivation in Section
4.3, and the boundary conditions can be applied to get the final
form of the steady state solution. Eq. (50a) is integrated with the
constant of integration evaluated for the mass flow rate through
the upper surface of the ellipsoid or burner disc in the limit:

P67 +1) 5 = 5

Similarly, a first 1ntegral of Eq. (50b) can be found in the form:

(51a)

= constant

d§

In this scenario, for the sake of simplicity, pD is taken as a con-
stant, psDeo, as that is a common assumption for gases. This is in
effect a statement about the temperature dependence of the diffu-
sivity. Then Eq. (51b) takes the form of Eq. (39), and operating as
before in Eqs. (40)-(42), the steady solution follows for Z.

1 exp[Pec(arctan §) ~ 3)]
T1_ exp [Pec(al"Ctan (60) — %)]

Here, Pe; = m% is the effective Peclet number for the up-
per ellipsoidal combustion problem. Note that & = —~— and c =

Jie
RV/1—€2. ‘

5.3. Composite solution: transient

ZM Z() —pD($2+1) (51b)

(52)

To get the far field transient solution, as in 4.3, the velocity
is small (7 — 0) and the density now approaches a constant, p...
Also since £ — oo in the far-field and —1 <5 <1, it is reasonable
to take £2 + 1~ &2 and £2 + n? ~ £2. Hence, the mixture fraction
transient Eq. (48b) in the far field reduces to

d9Z 1
pooat_poo ooczé.z 85 (szag) (53)

This partial differential equation has a solution as shown in
Sections 3.1 and 4.3, and it is given as:

Z:lerfc<§_€o), T:% (54)
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The above expression is the transient solution for the ellip-
soidal combustion problem in the far-field. If the steady-state for
Eq. (54) is considered, i.e., T — oo, Z varies with 1/£. This shows
that the error function part of the solution is the transient com-
ponent whereas the 1/£ indicates the steady component. Hence, to
get the composite solution in the entire domain, 1/£ in Eq. (54) is
replaced with the exact steady state solution derived in Eq. (52).
Hence, the final solution for the mixture fraction can be written
as,

5 1 — exp [Pec(arctan () — 3 )] (56

| 1 —exp[Pec(arctan (&) — )] 2Vt )
M
T 270D

(55)

€c
5.4. Variation of temperature and species mass fractions

A piecewise linear state relation given by Eq. (55) expresses
the mixture fraction in terms of the temperature and oxygen mass
fraction. Further state relations are chosen to connect the fuel
mass fraction and products mass fraction to the mixture fraction
as shown below.

SYr — (Yo — Yo..0)

SYFb + Y000

(A4S +Y
A+ )Y+ Yy

The quantities Yg, and Yp, denote the fuel and product mass
fractions at the burner surface respectively. The state relations
emerge from the assumptions of Fick’s Law of diffusion and equal
diffusivity for all species, a plausible approximation if nitrogen
is the dominant molecular species as in the experiments. These
relations satisfy the mixture fraction equation and the boundary
conditions.

The combustion reaction assumed to be infinitely fast such that
the oxidizer and fuel cannot coexist. This is the classical thin flame
assumption to circumvent the need for explicit chemical kinetics.
The fuel and oxygen are separated by the infinitesimally thin flame
sheet that is located by,

7= (56a)

(56b)

yO,oo
Z=27p= Vit Yoo (57)

The above value of the mixture fraction at the flame sheet can
be substituted in the composite solution given by Eq. (55) to obtain
the flame position &p.

Since the thin flame sheet separates the fuel and the oxygen,
the reaction zone can be divided into two domains, i.e., the oxi-
dizer side and the fuel side. On the fuel side of the flame where
&0<& <&y and Z>Zp, the species mass fractions can be expressed
as:

Yo=0,
Yr = ZYpp — (1 = 2)Y0 /S,
Yp = ZYpy + (1 = 2)(1 +5)Y0,00/S,

AhCYO.oo )

Scp (58)

T=Te+Z(T - To) + (1 _2)<

Similarly, on the oxidizer side of the flame where §7<& < oo
and Z < Zy, the species mass fractions are given as shown below.

Yr =0,
Yo = (1 - 2)¥o0 — SZVep.
YP = Z[(l + S)YFb + Ypb]v

T=Tw+2<rsrw>+z<A’fY”7)v (59)
p

In the expressions for the temperature and the species mass
fractions, Yp., is the ambient oxygen mass fraction which is
known whereas the fuel and product mass fractions at the surface,
Y, and Ypy, respectively, are not known. In order to determine Y,
it is required that the fuel mass flux crossing the ellipse surface at
steady-state is equal to that carried away by advection and diffu-
sion. This can be expressed as:

Yn(ﬁ%?) —pD@?) =<pg(§) (60)
£=t, £=£, £=t,

In the above equation, pD is a constant and the steady mass
flux of fuel supplied through the upper surface is given by Eq. (51)
as,

) B M B Pe,
m o= ('0 8§>§50 B 2nc(§oz+1) _pDSOZ—H (61)

Hence, to determine Y, it is necessary to compute the value
of (0Yr/0&)g_g, at steady-state. The steady-state solution for the
mixture fraction Z given by Eq. (52) can be differentiated and its
value at the surface of the particle is given as:

<dz> __( Pe, ) exp [Pe(arctan (£,) — %) ]
% )ie o \&Te1) | T e Pec(orcian & - 5]

(62)

The expression for the fuel mass fraction given in Eq. (58) can
be differentiated to obtain the following relation.

oYr . SYrp + Yo0.00 %
<8§)E=50_ ( S )<85>E=So (63)

Thus, combining Eqs. (62) and (63) provides the value for
(0Yp/08 )g_g, which is substituted in Eq. (60) along with Eq. (61) to
obtain the fuel mass fraction at the surface Y.

Yep=1- (%) exp [Pec<arctan &) — %)] (64)

The product mass fraction at the surface Yp, requires that the
advection and diffusion of combustion products at the surface
counterbalance each other. Thus, in the same way as the derivation
of the fuel mass fraction, the product mass fraction at the surface
Yp, can be obtained.

%) exp [Pec (arctan (&) — %)] (65)

These values for Yg, and Yp, complete the solution for temper-
ature and mass fractions.

Ypp = YO.oo(

5.5. Surface heat flux distribution

The heat flux to the surface of the burner is measured during
the microgravity experiments. The analytical transient behavior of
the heat flux at the surface of the ellipsoidal burner can be derived.
The starting point is the coordinate independent representation of
the surface heat flux.

g7 = —k|VT|s (66)

Here, k is the thermal conductivity of the fluid and s represents
the burner surface. To simplify Eq. (66) in oblate ellipsoidal coor-
dinates, it is necessary to express the gradient of temperature T(§).

(82+1) a1

7($2 n r)z) @lé (67)

VIE) =1
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Fig. 11. Comparison of 5-s microgravity tests with the transient model for the 25 mm burner.

i} denotes the unit vector normal to the surface of ellipsoid de-
fined by &. The temperature gradient can be related to the differ-
ential of mixture fraction from Eq. (47).

oT AhYo o | [ 0Z
ag—[(Ts—Too)—scp](aé> (68)
The gradient of temperature T(£) can then be expressed as:
1/ (82+1) AhYo 02
VT(E)=—- | ——Z| (s = Ty) - ——= | =<1 69
(E) c (52 + ’72) ( ) SCP 85 3;' ( )

Since surface heat flux is the desired quantity, the temperature
gradient at the burner surface, defined by & = &,, can be written

' @)

(70)
The transient composite solution for the mixture fraction given
by Eq. (55) can be differentiated and its value at the surface of the

8z
&

P

(So2 + 1) -
Ig,

(éa2 + 772)

AhL‘YO,oc

1

|:(TS - Too) -
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Fig. 12. Comparison of 5-s microgravity tests with the transient model for the 50 mm burner.
ellipsoid body is given as: Also, the aspect ratio of the ellipsoid body € can be related
to the surface ellipse &, and the variable ¢ using the following

(82 ) 1 ( Pe, ) { exp [Pec(arctan (&) — 3 )] equations.
€ T Jmr \g2 1—exp [Pe.(arctan (§,)—Z € - _e2

5/ e, &' +1 p [Pec(arctan (&) 2(2) fo= s C=RV1-€ (73)

Thus, the analytical transient heat flux distribution at the sur-
The radial heat flux distribution is considered by introducing  face of the ellipsoid body (defined by § =&,) takes the final form:
the cylindrical variable r to replace the ellipsoidal variable 7.

-1 qg(r: 0)
qs (r) = . (74)
”=1- (%)2 (72) \/1 - (1-€2)(/R)?
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Fig. 13. Comparison of analytical and experimental flame height for the 25mm
burner microgravity tests.

where

@(r=0) =~ A (G- To) - s [,

exp [Pec (arctan (‘/ﬁ)f %)]
1—exp [Pec (arctan (‘/16,72)7 %)]
The BRE burner surface under study is a flat disk. The geometry
of a disk is the limiting configuration of the oblate ellipsoid. The

heat flux distribution at the surface of the burner with ellipsoidal
aspect ratio € = 0 can be expressed as follows:

g (r=0)

k
Ry/1-€2

Ac = J% +Pec(1-€?)

Q=22 (75)
V1= (r/R)
where
4/(r=0) = [ (T - T) - 2= A,
_ ex (-3 Pec)
Aeo = JrT + Pecl:l—exp (—Z%Pec) :I

The direction of the heat flux is normal to the flat burner disk.
It is interesting to note that the surface heat flux follows an inverse
square-root distribution with the least value at the center of the
disk. This dependence has been shown to accurately represent the
data by Markan et al. [4].

6. Prediction of 5-s microgravity tests

The BRE burner, as described in the Introduction and literature
[1-4], was tested at NASA Glenn’s 5.18-s Zero Gravity Research Fa-
cility and flame growth along with surface heat flux were recorded.
The flames were found to be nearly hemispherical within 5s, with
the flame height still increasing. The heat flux initially fell quickly
and then became steadier. The results of the BRE microgravity ex-
periments are utilized to investigate the accuracy of the transient
mathematical model. During these experiments, fuel at a constant
mass flux is passed through the burner surface. This is the condi-
tion of the transient model. The burner geometry can be idealized
as an axially symmetric flat porous disk with fuel flowing out from
one side so as to apply the ellipsoidal model. Several representative

Analytical and experimental flame height (50 mm BRE2 tests)
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Fig. 14. Comparison of analytical and experimental flame height for the 50 mm
burner microgravity tests.

Table 1

Microgravity tests to study the ellipsoidal combustion model.
Test no. D (mm)  Fuel Xo, p(atm) " (g/m2-s) Ts (°C)
1 25 CyHy 030 0.5 3.53 34.5
2 25 CyHy 026 0.81 3.46 329
3 25 CyHy 0.21 1.0 4.65 32.7
4 50 50% CoHy 0.3 0.7 6.14 80.7
5 50 CoHy 026 0.81 3.47 89.0
6 50 CyHy 0.21 1.0 3.41 135.3

25mm and 50 mm diameter burner tests are selected for compar-
ison with the model. The parameters for these tests are shown in
Table 1 and form the input to the mathematical model. The prod-
uct of density and diffusivity (oD) is taken as a constant and its
value is fixed at 6 x 107> kg/m-s. Also, the value of thermal con-
ductivity (k) is fixed at 0.07 W/m-K, specific heat at 1.167 kJ/kg-K
and Ah, S depend on the fuel used during the test. Since the BRE
burner is idealized as a flat disk, the ellipsoidal aspect ratio € is
taken as 0. The measurements during the test include the heat flux
and the temperature at two locations on the burner surface, one
at the center and the other at an offset radius R* (R* =8.25 mm for
the 25 mm burner, R* =16 mm for the 50 mm burner). The flame
shape is recorded using analog video. The surface temperature dur-
ing the 5 s test does not change by much and hence, it can be
taken as a constant input for the mathematical model.

It is important to account for the fact that the experiment runs
for only about 5s and a steady flame is not achieved during the
test. Hence, the transient model would provide a prediction of the
flame shape and heat flux beyond the duration of the test. The
composite transient solution presented in Section 5.2 is utilized to
provide a prediction of the flame shape and the heat flux for the
55 drop tests. The ellipsoidal flame location & is obtained by sub-
stituting the mixture fraction value Z; at the flame in the compos-
ite solution. The heat flux at the surface is obtained using the for-
mula derived in Section 5.4. Figures 11 and 12 show the predicted
heat flux and flame shape for the tests listed in Table 1. The pre-
dicted flame shape is denoted by dotted lines superimposed over
the flame images. The flame images are taken at each 1-second
interval. The graph shows the predicted heat flux at the surface
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along with the experimental heat flux at the two locations. There
is good agreement between the predicted heat flux and the exper-
imental heat flux after the initial two seconds. The initial differ-
ences are due to the transformation of the initial 1g flame to a
microgravity flame during the 5 s experiment. So the experiment
does not have the initial condition of the model. The flame height
Yy, L.e., the location of the flame above the center of the burner, is
derived from the ellipsoidal flame location &5 and compared with
the experimental values. This is done for the 25 mm BRE2 tests in
Fig. 13 and the 50 mm BRE2 tests in Fig. 14. Test 6 from Table 1 is
not plotted in Fig. 14 since it closely resembles the flame growth
of Test 5. It can be seen for 25 mm and 50 mm tests that the ellip-
soidal combustion model closely predicts the flame height. The 5-s
flame height reaches about 30 - 40% of the predicted steady-state
height.

The ISS tests are designed to examine if a steady state can be
achieved. Radiation loss from the flame and extinction are not in-
cluded in the current model so it is not clear how this can be ex-
trapolated to longer time durations. But the model accurately pre-
dicts the flame shape and heat flux for the microgravity BRE ex-
periments up to 5-s.

7. Conclusions

A transient approximate mathematical model for the BRE mi-
crogravity flame is presented. It is based on an axisymmetric
model that predicts the quasi-steady burning of small firebrands
that employs oblate ellipsoidal coordinates. This coordinate sys-
tem greatly simplifies the problem to one space dimension. The
approximate analytical transient solution is generated by multiply-
ing an exact steady-state solution with a far-field asymptotic tran-
sient solution. The combustion model is justified by analyses of
constant property heat transfer problems where comparison with
a numerical solution is very good and theoretical substitution er-
ror is very small. The combustion model accurately predicts the
flame shape and heat flux for the microgravity BRE experiments
up to the 5-second ground test durations. The model also correctly
demonstrated that the surface heat flux approaches steady state
faster than the flame length, and may be near steady state at the
5s experimental end point. Hence, the assumption of steady state
for the heat flux at 5s to derive an effective heat of gasification
for steady burning may be reasonable. However, longer ISS experi-
ments will be telling.

The five second ground duration was not sufficient to detect any
radiative extinguishment or cool flames. However, radiation might
become dominant in the ISS flames due to their extended burn
time and bigger flame shapes. Barring radiative extinguishment,
the ISS flames burning for 60s are estimated to reach about 90%
of their steady-state positions. Future work will include the effects
of radiation in the unsteady combustion model as a basis for anal-
ysis of the ISS tests.
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