ZERO LOCI OF ADMISSIBLE NORMAL FUNCTIONS WITH
TORSION SINGULARITIES

PATRICK BROSNAN AND GREGORY PEARLSTEIN

ABSTRACT. We show that the zero locus of a normal function on a smooth
complex algebraic variety S is algebraic provided that the normal function ex-
tends to a admissible normal function on a smooth compactification S of S with
S\ S smooth. This result generalizes our previous result for admissible normal
functions on curves [4]. It has also been obtained by M. Saito using a different
method in a recent preprint [21].

1. INTRODUCTION

Let H be a pure Hodge structure of weight —1 with integral structure Hy.
Then, the intermediate Jacobian of H is the complex torus J(H) = Hc /(F° + Hz)
where F* is the Hodge filtration of H. If 27 is a variation of pure Hodge struc-
ture over a complex manifold S with integral structure .77, the above con-
struction produces a holomorphic bundle of complex tori J(7#) — S with fiber
J()s = J(5#) over s. A normal function v is a holomorphic section of J(J¢)
which satisfies a version of Griffiths horizontality. Therefore, as a holomorphic
section of J(.77), the locus of points & where v vanishes is a complex analytic
subvariety of S. Furthermore, we have the following conjecture of M. Green
and P. Griffiths :

Conjecture 1.1. Let v be an admissible normal function [20] on a smooth com-
plex algebraic variety S. Then, the zero locus % of v is an algebraic subvariety
of S.

In analogy with the work of Cattani, Deligne and Kaplan [5] on the alge-
braicity of the locus of a Hodge class, an unconditional proof of this conjecture
provides evidence in support of the standard conjectures on the existence of
filtrations on Chow groups [11]. In the case where S is a curve, we gave an un-
conditional proof of in [4]. In this paper, we prove the following extension
of [4]:

Theorem 1.2. Let v be an admissible normal function [20] on a smooth com-
plex algebraic variety S. Assume that S has a smooth compactification S such
that D =S —S is a smooth divisor. Then, the zero locus & of v is an algebraic
subvariety of S.

The first step in the proof of Theorem (1.2) is to replace v by an admis-
sible variation of mixed Hodge structure ¥ with torsion free integral struc-
ture 7, and weight graded quotients Gr}) = Z and Gr", = 7. This is possible
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by [20]. By a standard construction of Deligne, the mixed Hodge structure on
the fiber 7; defines a grading Y (s) of the weight filtration of #; which preserves
the Hodge filtration. The zero locus £ is then exactly the set of points where
Y (s) is defined over Z.

In analogy with [4], we reduce to the case where the monodromy about D is
given by T = ¢V for N nilpotent. The two key technical ingredients in the proof
of Theorem are then the local normal form of a variation of mixed Hodge
structure along a normal crossing divisor [19] and the existence of a grading
Y (p) which is essentially the limit of the gradings Y (s) as s — p for p € D. The
existence of this limit grading, proved in Theorem requires the the full
strength of the 1-variable SL;-orbit theorem [18]. Moreover, from the explicit
description we give of ¥'(p) in terms of N and the sl,-splitting of the limit mixed
Hodge structure of 7 at p, it follows that ¥ (p) is contained in the kernel of adN.
Note that the limit mixed Hodge structure of ¥ at p depends upon the choice
of local coordinates of S at p. However, because the limit ¥(p) belongs to the
kernel of adN, it well defined independent of the choice of local coordinates.

Alternatively, instead of taking the limit of Y (s) as s accumulates to p € D
along a sequence of points in S, one can twist Y (s) by e~ 026N jn analogy with
the construction of the limit mixed Hodge structure. This gives a correspond-
ing grading Y (p) which also belongs to the kernel of adN and has an explicit
description in terms of the limit mixed Hodge structure of ¥ at p. This is stated
explicitly in Theorem (4.15) of [18].

In terms of the grading Y (s), the normal function v is constructed as follows:
Let Yz be an integral grading of some reference fiber of 7. Then, ¥z extends to
a multivalued, integral grading of the weight filtration of ¥ over S. Therefore,
the difference Y (s) — Yz is a well defined map from Z(0) into J(.7%) for each
point s € S. The normal function v is the image of 1 € Z(0) under this map. This
suggests setting

J(A)p = Extyys (Z(0), K)
where K is the induced mixed Hodge structure on ker(N : Hc — Hc) and defining
(1.3) v(p) = (Y (p) —Yz)(1) € J(J),

where F is the limit Hodge filtration of J# at p, and ¥ is an integral grading
of the weight filtration which is invariant under 7.

The existence of such a grading Y7 is obstructed by the class o7 ,(v) of v in
the finite group
_ HzN (T —1)(Hg)

(T —1)(Hz)

In analogy with [13]], this allows one to construct a “Néron model” which graphs
admissible normal functions on a neighborhood of p: In general, the fibers
of J() can not patch together to form a complex analytic space, since the
dimension of J(¢), can be less than the dimension of J(J¢), for s € S. For
recent work in this direction see [21]] which uses the Néron model of [13] to
give a proof of Theorem independent of ours.

(1.4) G

Remark 1.5. In recent joint work with Morihiko Saito [3], we generalize the
construction of [13]] to higher dimensional parameter spaces using the theory
of mixed Hodge modules.
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Our original interest in the construction of the limits of normal functions
is rooted in the work of Green and Griffiths [12]] on singularities of normal
functions and the Hodge conjecture. Very briefly, the idea of [12] is to start
with a smooth projective variety X of complex dimension 2»n and a very ample
line bundle L on X. Let |L| = PH°(X,L) and S be the complement of the dual
variety X C |L| of X. Then (cf. [1]]), a primitive Deligne cohomology class { €
H2'(X,Z(n)) determines an admissible normal function v on S with cohomology
class clz(v) € H'(S,.74). We then say that v is singular on |L| if there is a point
p € X such that

(1.6) 07,p(v) = colim clz(V)|yns € colim H' (SNU, #3)
’ peU peU

is non-torsion, where the colimit is taken over all complex analytic neighbor-
hoods U of p in |L|.

Definition 1.7. We call the element o7, ,(v) of (1.6) the singularity of v at p.
Remark 1.8. In M. Saito’s terminology, 07, , is the local invariant of v.
The Hodge conjecture is then equivalent to the following statement [12, [1]

Conjecture 1.9. For each primitive, non-torsion Hodge class { € H""(X,Z)
there exists a positive integer k such that v is singular on |L¥|.

Remark 1.10. The definition of 07, ,(v) is valid for any admissible normal func-
tion defined on the complement of a divisor D C S. In the case where D is a
smooth divisor, admissibility forces oz ,(v) to be torsion. Moreover the finite
group is exactly the torsion part of the cohomology group appearing in
(1.6D.

Simple examples show that, in general, unless o7 ,(v) = 0 the limit of Y (s)
along a holomorphic arc y through p depends upon the multiplicities (assumed
finite) of the intersection of y with the irreducible components of the (normal
crossing) boundary divisor at p. However, we will show that if oz, = 0, the
limit Y(s) is independent of y. Furthermore, modulo one step which we shall
defer to [2ll, we obtain the following result:

Theorem 1.11. Let v be an admissible normal function on a smooth complex
algebraic variety S C S. Assume that D = §— S is a normal crossing divisor and
that oz,,(v) is torsion for every point p € D. Then, the zero locus of v is an
algebraic subvariety of S.

Remark 1.12. In fact, the assumption that D is a normal crossing divisor is
not necessary. To see this, suppose that we know the result in the case that
D is a normal crossing divisor. Let v be an admissible normal function on §
which is smooth over S. By Hironaka, we can find a resolution p: T — S such
that p~'S — S is an isomorphism and p~!(5\ S) is a normal crossing divisor. It
is easy to see that, if the singularity of v is zero at every point in S, then the
singularity of the pullback of v to T is zero on T as well. Thus, by the theorem,
the zero locus of v on S =T \ p~!'S is algebraic.

Notation. If G is a group acting on a set S via the action map G xS — S, we
sometimes write the action as (g,s) — g.s. For example, if V is a vector space,
we write the action of GL(V) on the set of filtrations of V by (g,F) — g.F.
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Organization. Section [2| of this paper collects several general results about
admissible variations. Section [3| proves the existence of limiting gradings of
the weight filtration in the case needed for Theorem i.e, when the bound-
ary divisor D is smooth. Section [4] proves Theorem and section [5] proves
Theorem [1.11| modulo Conjecture |5.5| which, as indicated above, we will leave
to a the work in progress [2].

Acknowledgments. P. Brosnan acknowledges partial supported by the NSERC
(Canada) and G. Pearlstein by the NSF (USA). We both gratefully acknowledge
helpful correspondence with P. Griffiths.

2. PRELIMINARY RESULTS

2.1. Gradings and Splittings. Let V be a finite dimensional vector space
over a field k of characteristic zero, and

0=L,C---CLCLn1 C---CL,=V

be an increasing filtration of V indexed by Z. Then, a grading of L is a semisim-
ple endomorphism Y of V such that

Li=E(Y)®Li
for each index i, where E;(Y) is the i-eigenspace of Y. Elements of GL(V) which

preserve L act on gradings of L by the adjoint action:

gY =g¥g L.

Let (F,W) be a mixed Hodge structure with Hodge filtration F and weight
filtration W. Then [9] there exists a unique, functorial bigrading

V(C:@]p’q
P4

of the underlying vector space V¢ such that

(@) FP =@, I

(b) YVk = Drys<i I

(c) I =19 mod Bregs<p I™.
The associated Deligne grading Yy of W is the semisimple endomorphism
of V¢ which acts as multiplication by p+ ¢ on /7. In particular, by properties
(a)—(c), if g is an element of GL(Vg) which preserves W then

P9 _ P9
ligrwy = 81wy

with respect to the linear action of GL(V) on filtrations and subspaces. Like-
wise, for g as above Y, rw) = 8.Yrw)-

The mixed Hodge structure (F,W) induces a mixed Hodge structure on the
Lie algebra gl(V¢) with associated bigrading

@.1.1) al(Ve) = P al(v)Pe.
Pq

Let A be an element of the subalgebra
A= @ al(v)®b.

a,b<0
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Then, by properties (a)—(c),

D.q _ A P4
(2.1.2) I(gl.F,W) = igw)

and hence Yir pwy = e}”.Y(EW).

Definition 2.1.3. A mixed Hodge structure (F,W) is split over R if [/ = [9F.

Lemma 2.1.4. Let (F,W) be a mixed Hodge structure. Then, the following are
equivalent:
(a) (F,W) is split over R;
(b) Iy = FPNFINWpiy;
(c) There exists a grading Y of W which preserves F and is defined over R,
in which case Y =Yg y).

If (F,W) is not split over R we can construct an associated split mixed Hodge
structure (e~"0.F,W) as follows:

Theorem 2.1.5 (Prop (2.20) [7]). There exists a unique real element § in A~1~!
such that Y(gy) = e’zia.Y(F7W). Moreover, 6 commutes with all (r,r)-morphism of
(F,W) and

(2.1.6) (e O FW)
is split over R.

Let W be an increasing filtration of V and N be a nilpotent endomorphism
of V which preserves W. Assume that the relative weight filtration [22] M of N
and W exists, and suppose that there exists a grading ¥y, of M which preserves
W and satisfies the condition

(2.1.7) [Yy,N] = —2N.
Let Y be a grading of W which preserves M, and
N=Ny+N_1+---
be the decomposition of N with respect to adY (i.e. [Y,N_;] = —jN_;).

Lemma 2.1.8. (Deligne [8, [14]) Under the hypothesis of the previous para-
graph, there exists a unique, functorial grading Y =Y (N,Yy) of W which com-
mutes with Yy such that:

(a) (No,H) is an sly-pair where H =Yy —Y;

(b) If (No,H,Ny ) is the associated sh-triple then [N —Ny,N; | = 0.

Corollary 2.1.9. For k >0, N_; is either zero or a highest weight vector of weight
k — 2 with respect the representation of sl, constructed in the previous lemma.
In particular, N_; = 0.

2.2. Admissible nilpotent orbits. Let ¥ — S be a variation of mixed Hodge
structure over a complex manifold. Then [19,[23]], in analogy with a variation of
pure Hodge structure, a choice of reference fiber V for ¥ allows us to represent
¥ by a period map

Q:S—>T\.A
where ./ is a suitable classifying space of graded-polarized mixed Hodge struc-
tures and I' is the image of the monodromy representation. As in the pure case,
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the classifying space .# is a submanifold of a suitable flag variety, and the pe-
riod map ¢ is holomorphic, horizontal and locally liftable. If F : S — .# is a
lifting of ¢ to the universal cover of S, then

P P
E C FP1, i CFP
aZ‘,‘ dz7 j
where (z1,...,z,) are local holomorphic coordinates on S.

More precisely, let Q. be the graded-polarizations of Gr" and GL(V)" denote
the subgroup of GL(V) consisting of elements which preserve W. Define

G={geGL(V)" | Gr(g) € Autz(Q.)}

to be the subgroup of GL(V)V consisting of elements which act by real isome-
tries of Q on Gr¥. Then, in analogy with the pure case, G acts transitively
on .#Z by biholomorphisms. Likewise, we have an embedding of .# into its
“compact dual”
M =G|G" — Gc/GE =4

where Gc = {g € GL(V)¥ | Gr(g) € Autc(Q.) }, and G, GE are the corresponding
isotopy groups of some point F € .#Z. The set of points F € .# for which the
corresponding mixed Hodge structure (F,W) is split over R is a homogeneous
space for the Lie group Gg = GNGL(Vgr). Define gr and g¢ to be the respective
Lie algebras of Gg and G¢.

Let A C C be the unit disk and ¥ be a variation of mixed Hodge structure on
the complement A* of the origin with unipotent monodromy 7 = ¢”. Then, we
have a commutative diagram

F

U —— A
| |
A2\

where U denote the upper half-plane. Therefore, y(z) = ¢ N .F(z) : A* — A
descends to a well defined holomorphic map v : A* into ./Z. If ¥ is admissible
then [22]

(2) F.=lims_o y(s) € A exists;

(b) The relative weight filtration M of N and W exists.

In this case [22],

(1) (F.,M) is a mixed Hodge structure relative to which N is a (—1,—1)-
morphism,;
(i) (e*N.F.,W) is an admissible nilpotent orbit.

For variations of mixed Hodge structure over a higher dimensional base,
Kashiwara defined admissibility via a curve test [15]. In particular, if ¥ is an
admissible variation of mixed Hodge structure defined on the complement of
a normal crossing divisor with unipotent monodromy transformations 7; = "/,
then the relative weight filtration M(N;,W) of W and N; exists for each ;.

The remainder of this section is devoted to the discussion of the 1-variable
SL,-orbit theorem [[18] which allows us to approximate the nilpotent orbit 0(z)
by an associated SL,-orbit 6(z) arising from a representation p : SL,(R) — Gg.
We start by returning to Lemma (2.1.8):
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Lemma 2.2.1. (Deligne [8,[14]) Let (F,N,W) define an admissible nilpotent or-
bit with relative weight filtration M. Let Yy = Yy and Y =Y (N,Yy) be the
associated grading of Lemma (2.1.8). Then, Y preserves F. If (F,M) is split over
R then ¥ =Y.

Proof. This follows from the functoriality of Deligne’s grading together with an
explicit computation in the case where (F,M) is split over R. O

Definition 2.2.2. A mixed Hodge structure (F,W) is of type (/) if there exists an
index i such that Gr} =0 unless k=1, i+1.

Lemma 2.2.3. Every mixed Hodge structure of type (I) is split over R.

Proof. This follows directly from the short length of the weight filtration and
property (c) of Deligne’s bigrading. |

Combining the above result, we now obtain a formula for Y v fy along an

admissible nilpotent orbit of type (1), i.e. (¢?¥.F,W) is mixed Hodge structure of
type (I) for Im(z) > 0, when the associated limit mixed Hodge structure (F,M)
is split over R:

Theorem 2.2.4. Let (eN.F,W) be an admissible nilpotent orbit of type (I). Let
Y =Y (N,Yy) be the associated grading of W of Lemma (2.2.1), and suppose that
(F,M) is split over R. Then, for Im(z) > 0:

(2.2.5) Y =Y~ pw)-

Proof. The fact that (eV.F,W) is a mixed Hodge structure for Im(z) > 0 follows
from the fact that (F,M) is split over R and [7, Lemma 3.12]. By Corollary
(2.1.9) and the short length of W, Ny = N. Therefore, Y preserves ¢?".F since

[Y,N] =0 and Y preserves F by Lemma (2.2.1). As Y is defined over R, (2.2.5)
now follows from part (¢) of Lemma (2.1.4). O

The next result allows us to compute the asymptotic behavior of ¥, fy)
along an arbitrary admissible nilpotent orbit of type (7).

Theorem 2.2.6. (SL,-orbit theorem [18|) Let (¢¥N.F,W) be an admissible nilpo-
tent orbit of type (I) with relative weight filtration M. Let (F,M) = (¢ "*.F,M)
denote Deligne’s §-splitting (2.1.6) of (F,M). Then, there exists an element

—1,-1
§ € grNker(adN)N A(F,M)
and a distinguished real analytic function g : (a,~) — Gg such that
(@) e™.F = g(y)e"N.F fory > a;
() &(y) and §'(y) have convergent series expansions about « of the form
g0) = E+ay ! +ay+),
) = e S(U+fy  H Ay i)
with g, fi € ker(adN)<+!;
(c) 6, § and the coefficients g are related by the formula

5 _ ¢ (—i)f K~
=e (1+Y)] i (adN)*gy | .

k>0
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Let (No,H,Ny ) be the sly-triple determined by the sh-pair of Lemma @2.2.1) and
the nilpotent orbit ¢N.F. The constant { can be expressed as a universal Lie
polynomial in the Hodge components 8" of § with respect to (F,M). Likewise
the coefficients g, and fi can be expressed as universal Lie polynomials in the
Hodge components 6™ and adN{.

Remark 2.2.7. As noted in the proof of Theorem (2.2.4), for orbits of type (1),
N =Ny.

For the purpose of computing the asymptotic behavior of the limit grading
in §3, it is useful to renormalize the SL,-orbit theorem as follows: Let

gy)=g()et,  F=eéF.
Then, ™ .F = g(y)e™ .F since [N,{] = 0. The mixed Hodge structure (F,M) is
split over R since (F,M) is split over R and { € gg. Moreover,

e t=ebe e exp(A(;’;/ll))

commutes with N and is a universal polynomial in the Hodge components of §.
Likewise, the coefficients

g = Ad (e°)g
of the series expansion

g =1+Y g™
k>0

are universal polynomials in the Hodge components of § and adN{, and satisfy
the identity g € ker(adNy)**!.
Definition 2.2.8. Let (¢N.F,W) be a nilpotent orbit of type (7). Then,

F=c¢tF
is the sl,-splitting of (F,M).
Remark 2.2.9. By virtue of the fact that { is given by a universal polyno-
mial in the Hodge components of 8, the sl,-splitting is defined for any mixed

Hodge structure. The formula is as follows [17]: Write the Campbell-Baker—
Hausdorff formula as e%ef = ¢//(*B) Then, § and & are related by the formula

§=H(,-&)/2v/-1.

2.3. Local normal form. Let A" be a polydisk with local coordinates (sy,...,s,)
and ¥ be an admissible variation of mixed Hodge structure on the complement
of the divisor s; - - -5, = 0 with unipotent monodromy 7; = ¢"/ about s; = 0. Then,
the I7?’s of the limit mixed Hodge structure (F..,M) define a vector space com-

plement
1=

a<0

to the isotopy algebra gé’“, and hence by admissibility, near p we can write the
Hodge filtration of ¥ as

(2.3.1) F(Z) = ez.i Z./N_ier(s)_Fw
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where I'(s) is a g-valued function which vanishes at s = 0 and s; = ¢*™%/. By
horizontality,

J 4 —1
(2.3.2) 3D EF@),

Let g, = @) g** and note that:
(1) 9= Ba<o s
(i) [Wau@h] C Putb;
(iii) Nj € 1.
Inserting (2.3.1) into (2.3.2) it then follows that

d
(2.3.3) Ad (e TO)N; +2misie 1) geF<S> € o 1.
j
Taking the limit as s; — 0 in (2.3.3) it then follows by (i)—(iii) that
(2.3.4) TV N]=0

where I'V) denotes the restriction of I'(s) to the slice s; = 0.
Remark 2.3.5. In the pure case, this result is due to Cattani and Kaplan [6]].

Remark 2.3.6. The results of this subsection remains valid in the case where
¥ is a variation over A** x A? upon setting Nj=0for j=a+1,...,b.

2.4. Intersection Cohomology. Let .oy be a local system of Q-vector spaces
over a product of punctured disks A" with unipotent monodromy. Let Ag be a
reference fiber of <7y and N; € Hom(Ag,Ag) denote the monodromy logarithm of
</ about the j’th disk. Then, because the N;’s commute, the vector spaces
(2.4.1) BP(Ny,...,N;Aq) = @ lesz---ij(AQ)

1<j; <-~-<jp§r
form a complex with respect to the differential d which acts on the summands
of (2.4.1) by the rule

N (=1)7'N;
(2.4.2) d:Nj N, --Nj,(Ag)  — " Nj;---Nj,(Aq).

Let j: A* — A" be a holomorphic embedding (the open inclusion) of A*" in a
product of disks A" and define
IH? (A, o) = HP (A, jr ).
Then, by [8,[10] or [16, Corollary 3.4.4], H”(B*(Ni,...,Ny;Aq) = IH? (A", o).
The following result follows from Theorem [1, Lemma 2.1.8]. Here we give
a proof that is more in the spirit of the calculations done in this paper.

Theorem 2.4.3. Let ¥ — A* be an admissible variation of graded-polarizable
mixed Hodge structure with unipotent monodromy which is an extension of Q(0)
by a variation of Hodge structure 5 of pure weight —1. Then, the associated
short exact sequence

(2.4.4) 0— % 5 2 Qo) -0
induces a long exact sequence

- — THP~1(A",Q(0)) 9, IHP (A", ) % IH? (A", 7g) B, IH”(A",Q(0)) — ---
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in intersection cohomology.

Proof. Let 7 underlie an admissible extension of Q(0) by a variation of pure
Hodge structure s# of weight —1 and B*(Hg), B*(Vg), B*(Q(0)) denote the asso-
ciated complexes defined by the local monodromy. By abuse of notation,
let TH”(Hg), etc. denote the cohomology of the the corresponding complex. In
particular, since each N; acts trivially on Q(0),

IH(Q(0)) =Q(0),  IH”(Q(0)) =0, p>0.

Furthermore, since N; acts trivially on Q(0) and G}/ (V) 2 Q(0) it then follows
that

N;(Vg) C W_1(Vg) = Hg
By the existence of the relative weight filtration M; = M(N;,W) and the short
length of W it then follows[22] that
N;(Vg) = Nj(Hg)
and hence B?(Vy) = BP(Hgp) for p > 0. Consequently,
IH? (Vo) = IH”(Hg), p>1.

Combining the above results, we therefore obtain the exactness of

e THPH(Q(0) 2 IHP () % IHP (1) B P ((0) — - -

for p > 1.
Thus, in order to complete the proof, it remains to prove the exactness of the
sequence

(2.4.5) 0 — IH"(Hg) — TH"(Vg) — TH(Q(0)) 2 IH! (Hg) — IH! (Vg) — 0.

By definition,
IH’(Hg) = Njker(N;| ) IH (V) = N ker(N;)
and hence the map IH’(Hg) — IH (V) is injective.
To see that (2.4.5) is exact at TH(Vy) observe that since Hg = W_;(Vg) and

Q(0) = Grlf (Vg), the image of IH(Hp) in TH’(Vg) is exactly the kernel of the
map

(2.4.6) Gr :TH (V) — TH°(Q(0)).
For any class [v] € ITH°(Q(0)),
(2.4.7) ] = (Ni(v),....N,(v)) mod dB°(Hg)

where v € Vg is any element which projects onto [v] € Q(0) = Gry (Vg). In par-
ticular, d[v] = 0 if and only if there exists h € Hy = W_; (V) such that

Nj(v) = N;(h)

for all j. In this case, v, = v —h defines an element of IHO(VQ) which projects

onto of [v] € IHO(Q(O)) under (2.4.6). As such, (2.4.5) is exact at IHO((@(O)).
To see that (2.4.5) is exact at IH! (Hg) suppose that

(Nl(hl)a"'er(hr))’ hJGHQ
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represents a class n € IH! (Hg) which maps to zero under inclusion in IH!(Vg).
Then, there exists a vector v € Vg such that
Nj(hj) = N;j(v)
for all j, If v € Hp then n = 0. Otherwise, [v] defines a non-zero class in TH(Q(0))
such that n = d[v]. Finally, to verify the surjectivity of the map
H' (Hp) — TH' (V)
note that B?(Hg) = B? (V) for p > 0 and dB°(Hg) C dB°(Vp). O

Definition 2.4.8. Let [1] be the class of 1 in TH(Q(0)) and 9 : IH°(Q(0)) — IH! (%)
be the connecting homomorphism. Then, sing,(v) = d1.

Remark 2.4.9. The results of this section remain valid upon replacing Q by R.

Remark 2.4.10. There is a natural inclusion IH' (/%) — H' (A*r, ##). The image
of sing,(v) under this inclusion is oz70v ® Q. (See [1l).

Proposition 2.4.11. If r = 1, then TH' (/) = 0. Thus sing, v = 0.
Proof. This is obvious from (2.4.1). O

2.5. Invariant Grading. Let v be an admissible normal function over a prod-
uct of punctured disks A* C A" with associated variation of mixed Hodge struc-
ture ¥, reference fiber V and nilpotent orbit 6(z) = eXi%iNi F.,. Let Hg = Gr‘i"1 Vr
and 0= (0,...,0) € A”. Let 6(z) = ¢Xi %V .F be the split (sl, or Deligne’s §) orbit
attached to 0(z). Let ¥); denote the corresponding grading of (F,M) where M is
the relative weight filtration of W and the monodromy cone

%:{Zaij\aj>0}.
J

Let ¥ = Y, v #w), Where N =Y ; N; Then, by Lemma (2.2.1), Y is real, preserves
F and commutes with N.

Suppose that sing,(v) = 0 and let ¢, be the element of Ey(¥) which projects
to 1 € R(0). Define ¢; = Nj(eg). Then, by (2.4.7),

(e],.--7€r) EBl(HR)

is a representative of sing,(v). Therefore, since sing,(v) = 0 there is an element
f € Hr = B°(Hg) such that e; = N;(f). Furthermore, since ¢; = N;(ep) and ¢ €
F° we have ¢; € F~!. Therefore, by strictness of morphisms of MHS, we can
assume f € FO. Then,

eo—f=eN.(eg—f)ceN.FO

Consequently, ¢g — f belongs to Iz)eg\, Pw) since ¢y — f is real. On the other hand,
by theorem of Deligne ¢y belongs to 1&,&_ Fw) Since Gr)/ has rank 1, it then

follows that f =0.
Corollary 2.5.1. If sing,(v) =0, then e € ker(N;) for all j.
Corollary 2.5.2. If sing,(v) =0 then
Y (i pwy T Yiew w)
for Im(z;),...,Im(z,) > 0.
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Proof. Since ey € ker(N;) for all j, the grading ¥ = Y v p ) commutes with
Ni,...,N,. Therefore, ¥ is real and preserves eXi %Vi F' since ¥ preserves F, and
hence is the Deligne grading of (eXi Vi £, W). O

Let Yy = Y(ru). Then, Yy = ¢® ¥y and Y = Y(N,Yy) = ¢®.¥. Therefore, since
[6,N;] =0 for all j, we have:

Corollary 2.5.3. [Y,N;] =0 for all j.

Definition 2.5.4. If sing,(v) = 0 we define Y.. to be the grading Y of Corollary
(2.5.3). In particular, since Y., commutes with Nj,...,N,, it is independent of
the choice of local coordinates used in its construction.

Remark 2.5.5. If sing; ,(v) = 0, then there is a Z-grading Y7 which is invariant
under the N;. Therefore, we can use (1.3) to define the limit value of v in J(.57),.

3. LIMIT GRADINGS

Let D C S be a smooth divisor, p € D and A" be an analytic polydisk in S
containing p. Pick local coordinates (si,...,s,) on A" such that DNA" is given
by s1 = 0. Represent v by an admissible variation of mixed Hodge structure ¥
over A* x A"~ ! with weight graded quotients Gr}Y =Z(0) and Gr", = 7. Assume
that the local monodromy of ¥" about D is given by a unipotent transformation
T =eV. Let

F(z50,...,8) :UXA ' —
be a lifting of the local period map of ¥ where U is the upper half-plane.
Let

F(Z;SL- .- 7Sr) = EZNEF(S),FOQ

be the local normal form of the period map of ¥ at p. Let I'o(s) =T(0,s2,...,5,)
and
Fo(s2,...,8/) = PRIQN

Let W be the weight filtration of ¥/, M be the relative weight filtration of N and
W. Then,

0(z:52,...,5,) = e .Fu(s2,...,5,)
is an admissible nilpotent orbit in 1-variable which depends complex analyti-
cally upon the parameters (s,...,s,) € A", Let

(Fu(s2y...,8,),M) = (675(52,...;,.)_1;00@27 ceesSp),M)
denote the sl,-splitting of (F..(s2,...,s,),M). Then, £ is real analytic in (s2,...,s,)
since it is given by universal Lie polynomials in the Hodge components of

Deligne’s 6-splitting of (Fwo(s2,...,5,),M).
By the SL,-orbit theorem

0(iy;s52,...,5:) =g(yisa,...,5,)e"N Fiu(s2,....5,)

where
gly;sa,...,sr)=(1+ Z gk(s2,. .. asr)y_k)
k>0

belongs to Ggr and the coefficients gi(s2,...,s,) are real analytic in (s;,...,s,)
since they are given by universal Lie polynomials.
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We now derive an asymptotic formula for Yz (., ., )w). Write z=x+iy.
Then,

Y(Fzsys) W) = Y(e"N N L) Fp W)
_ XN
= e 'Y(einer(S)g*r()(f)er()(“) Fo W)

XN
€ 'Y(e"VNer(S)efro(J) Foo(52,0-087), W) "

Let el1(5) = ¢I'®)¢~T0(s) and note that s;|['; in &(A"). Then,

_ AN
Yir(zsy, s W) = e 'Y(einerl(s).Fw(Sz,...,Sr),W)
_ N
= €Y g (@N) 1) iy, 50, W)
&Ny

((Ad(eWN) (el 16)))g(yisn,....50) €N Fa (52,..,80), W) °

Let F,(s2,...,s,) = N .Fi(s2,...,s,) and

N =Ye W)y 25 Y s )
Then, by Theorem (2.2.4)),

3.1) Yo fon(syonesyw) = 11-

Likewise, since N and H =Y, —Y; is an sl,-pair,
N F(sy,...,s) =y 12 Fy(sa,....5.).
Note that ¥; and H depend real analytically on (s3,...,s,).

Lemma 3.2. Let y(y) = Ad(e ™M)g(y;sa,...,s:). Then, limy_.. y(y) exists, and is
real analytic in (sa,...,s,).

Proof. This follows directly from the fact that g;(s2,...,s,) is real analytic in
(s2,...,5,) and g, € ker(adN)¥+1, O

Returning to the calculation of Y(z(..,,, . ;) w), and abbreviating g(y;s2,...,s,)
to g(y), we have

_ XN
YF(zss)w) = €Y, (Ad (eN) (el 1)) g(y)eiN Fi (s7,....,5¢), W)

_ xN
= € Y )Ny 1 ()1 Oy () P53, 50). W)

Let !2 = Ad(y!(y))e!" and recall that s;|T';. Therefore,

_ xN
YF@sss) W) = € Yig()aN ) fi(sy50). W)

N o(oyo—H/2
(3.3) = g g (12 ) ) W)
where |Ad (y"/?)I;| can be uniformly bounded by a constant times y‘e 2™ as
y — oo for some constant ¢, independent of (sy,...,s,).

We now prove existence of the limit grading ¥ of the introduction, which
we shall use in the next section to prove the algebraicity of the zero locus 2.
Modulo our discussion of dependence on parameters, this essentially the same
calculation use to prove the existence of the limit grading in [4]].
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Theorem 3.4. Let (s (m) s,(m)) be any sequence of points in A* x A"~ which
converges to (0,5,,.. ) € A’ as m — oo, Let (z(m),s2(m),...,s,(m)) be a lifting of
this sequence to U X Ar with the real part of z restricted to an interval of finite
length. Then,

K Y5 (z(m)iss (), (m) W) = V(N o (53,.005) W)

m-—oo

Proof. Suppress the dependence of (z(m);s2(m),...,s,(m)) on m. By
(3.5) Y(F(zsps) W) = €XNg(y)y7H/2-Y<ewAd( H/2)(eD2) B (5,000050), W)

and |Ad(y"/2)(e™20)| is uniformly bounded by some constant times y‘e 2%,
Therefore,

(3.6) Yo Ad (¢1/2) (€F200) o (531 50) W) = VeV (5300 W) T O

where |a| is uniformly bounded by y‘e >™ as y — . Since H = H(sy,...,s,)
commutes with Y| (s2,...,s,), the result now follows by inserting (3.6) into (3.5)
and taking the limit as m — oo, O

In order to construct the limit normal function we need the following analog
of Theorem where we twist the grading ¥ 7 ) by e~ 192N Again, mod-
ulo dependence on parameters, this is really just a glorified version of Theorem
(4.15) in [18].

Theorem 3.7. Let (si(m),...,s.(m)) be a sequence of points in A* x A™! which
converges to (0,s2,...,5,) € A" as m — oo. Let (z(m),s2(m),...,s,(m)) be a lifting of
this sequence to U x A'~! with the real part of z restricted to an interval of finite
length. Then,

lim e~V

m-—oo

where Y(N,Y(g_(s,....5,)m)) 1S the grading of Lemma (2.2.1).

YiEmyssm)srm) W) =Y (N Y (B (53,5)0))

Proof. We repeat the argument of the proof of Theorem to obtain

¢ N Y F (s, ) e_ing(y)y_H/z'(Y(eiN.ﬁm(sz,...,sr),W) +a)
(3.8) = NN e Ny IRV i sy T ).
By part (c) of the SL;-orbit theorem (cf. equation (4.19) in [18]), we have

k, (adN)¥g ) —eld.

lim Ad (e V)3 1+
lim Ad (e™%)g(y) ( Z

k>0
Therefore, as in the proof of Theorem (3.4) it follows that
3.9 ”lllilzo 67ZN-Y(F(Z;32,...,SV),W) = ei667§'Y(eiNﬁm(sz,m,s,),W)

where § and § are real-analytic in (s2,...,s,). By (2.2.1), (2.2.4) and the functo-
riality of Deligne’s construction;

Y p(sysyw)y = YW Yipi, oym)
(3.10) = Y(N,ebe ® Yr .0 mm)

ege_ia.Y(N,Y(FM(S27.“7Sr)7M)).
Inserting (3.10) into (3.9) completes the proof. O
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Remark 3.11. By virtue of the functoriality of the grading Y (N,Y),) with respect
to the pair (N, Yy ) and the fact that Y (N,Yy) € ker(adN) due to the short length
of W, it follows that Y(N,Y(s,s,...s)m)) 1S independent of the choice of local
coordinates.

4. ALGEBRAICITY OF THE ZERO LOCUS IN THE CASE OF SMOOTH
BOUNDARY DIVISOR

We now prove Theorem (1.2). Let 2 be the zero locus of an admissible
normal function v on a smooth complex algebraic variety S which admits a
smooth compactification S such that D = §— S is a smooth divisor. Let p € D be
an accumulation point of 2, and (sy,...,s,) be local coordinates on a polydisk
A" C S containing p, relative to which D is given by the equation s; = 0. Let
¥ — A* x A~! be an admissible variation of mixed Hodge structure which rep-
resents v on SNA". Without loss of generality, assume that ¥ has unipotent
monodromy.

Let (si(m),...,s,(m)) be a sequence of points in 2 which converge to p, and

F(z80,...,8,):U x ANV #
be a lifting of the period map of ¥, where U is the upper half-plane. Let

(z(m),s2(m),...,s,(m)) be a lifting of (sy(m),...,s.(m)) to U x A”~! with the real
part of z restricted to an interval of finite length. Then, by Theorem (3.4),

(4.1) UM Y7 (;(m)sy(m).....s0 (m)) ) = Y1(0,...,0).

In particular, since the set of integral gradings is discrete, equation (4.1) forces
Yz =1(0,...,0).

to be an integral grading of W. By Lemma (2.2.1) and Theorem (2.2.4), it then
follows that

(a) Yz € ker(adN);

(b) Yz preserves the Hodge filtration £, = e %.F,, of the sl-splitting the

limit mixed Hodge structure (F..,M);
(¢) & eker(adN)NA

1,1
(ﬁva) ’

Let Y.. = ¢5.Y;. Then, Y., preserves F., and belongs to ker(adN). Therefore,
due to the short length of the weight filtration, there exists a unique gé’" -valued
function f(z;s2,...,s,) such that

Y(F (i) = €€ 0. (Yoo 4 ).
The local defining equation for 2 near p is therefore
(4.2) Yz = eNe'® (Y. + f).

[Note: Here we use the fact that Theorem (3.4) asserts that we get the same
limit for every sequence through p, in order to conclude that, after shrinking

A" as necessary, Y7 is the only integral value assumed by Yz (., . s,)w)]l- Trans-

posing the ¢?Vel'®) factor over to the other side, we then obtain,
(4.3) e 'O Y, =Y.+ f.
The subalgebra q is closed under the action of adY... Consequently,

(4.4) Yy=e Y=Y+
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for some element A € q. More properly, by equation (2.1.2), A(_ﬁl’_1 =A T

M) (F.M)
wherefrom (4.4) follows since A(;l_l";)l is closed under ad Y...

Accordingly, reduces to
(4.5) e 1O (Yot 1) =Y+ f.
Again, because Y., grades W and ad Y., preserves ¢, we have
e TO) Y, =Y+ a(s)

for some holomorphic function o(s) with values in qNW_;gc. Recalling that
W_1gc acts simply transitively on the gradings of W, it then follows that equa-
tion (4.5) simplifies to

e TO) (Yo + 1) =Y.

since gc = q & gé“" and f takes values in gé“. Clearly, this equation is complex
analytic on A”. It also forces A = 0.

To finish the argument, let Z denote the union of the irreducible components
of the analytic subvariety of A” defined by the equation ¢ ') Y., = Y., which are
not contained in DNA’. Then,

ZNA =ZNS
and hence Z is the closure of 2 NA’.

Remark 4.6. The above arguments also show that if v is an admissible normal
function on S = §— D and p is a smooth point of D such that oy, ,(Vv) is non-zero
torsion then p can not be an accumulation point of .%.

5. ALGEBRAICITY IN THE CASE OF TORSION SINGULARITY

In connection with the proof of Theorem (IL.11), we now consider the case
where v is an admissible normal function, on A* C A" with unipotent mon-
odromy, and sing,(v) = 0. Let (s;(m),...,s,(m)) be a sequence of points in A*
which converge to 0= (0,...,0). Let (z;(m),...,z-(m)) be a lifting of this sequence
to the product of upper half-planes, with the real parts of each z;(m) restricted
to an interval of finite length. Then, we want to compute

WM Y(r 2y on).....er(m) W)

m—oo

where F(zi,...,z) is a lifting of the local period map to U”. Suppose that (after
passage to a subsequence)

5.1) tim 210 ¢ (0 o)
m—eoyi(m)
for j=1,...,r— 1. Then, exactly the same arguments as above show that

im Y(p ) (m)....p(m)w) =Y (N Yz a)

m-—oo

where N is any element in the monodromy cone ¥ = {¥; a;N;|a; > 0}. The key
point is that:

(a) By Corollary @5.2), ¥ =Y (N,Y,z_ ) is independent of N.
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(b) Under the hypothesis of condition (5.1), the element
N(ylv"wyr) :N1+)£N2—|—+&Nr
Y1 Y1

remains within a compact subset of ¢ as m — oo. Therefore,

where all the coefficients of g depend real-analytically upon N(yy,...,y,),
since Deligne’s construction (2.1.8) is algebraic in the pair (N, Yy).

Corollary 5.2. Let v be an admissible normal function on A*" C A" with unipo-
tent monodromy, and suppose that singy(v) = 0. Let y: (A,0) — (A",0) be a
holomorphically embedded disk which intersects each irreducible component of
D = A" — A" with finite multiplicity. Then, y*(v) is an admissible normal func-
tion on A* with limiting value at 0 € A equal the common value of Y(N7Y<ﬁw7M))
forany N € %.

In general, by reordering the variables if necessary, one can always pass to
some subsequence such that

. )’j+1(m) o
(5.3) lim WE[O’ )

Yj+1 (m)

for j=1,...,r—1. Suppose for simplicity that lim,, .. L= 0. Then, the main
J

theorem of [17] asserts that

(5.4) li

Am Yienirsivehr )

exists (independent of any assumptions about sing(v) = 0).

Conjecture 5.5. [2] Assume that sing(v) = 0 and that (z1(m),...,z,(m)) is a
sequence of points in U” which satisfies condition (5.3). Then,
Im Yip(, m)...ocr(m)) ) = Y(Z NiYip )
J

Granting Conjecture (5.5), the proof of Theorem (1.11) is identical to that of
Theorem 1.2} A sequence of points (sy,...,s,) converging to a point p € D where
sing,,(v) = 0 forces

YZ == Yv(Fw,M) .

to be an integral grading which in the kernel of adN; for each ;. Repeating the
argument given in it then follows that the local defining equation for the
zero locus is e 10 Y., = Y.
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