STEENROD OPERATIONS IN CHOW THEORY

PATRICK BROSNAN

ABSTRACT. An action of the Steenrod algebra is constructed on the mod p
Chow theory of varieties over a field of characteristic different from p answering
a question posed in Fulton’s Intersection Theory. The action agrees with the
action of the Steenrod algebra used by Voevodsky in his proof of the Milnor
conjecture. However, the construction uses only basic functorial properties of
equivariant intersection theory.

1. INTRODUCTION

Let X be a complete complex algebraic variety, let HZM (X) denote its Borel-
Moore homology with coefficients in the field F,,, and let S, : HZM (X)) — HEM (X))
be the total Steenrod p-th power operation in Borel-Moore homology. In [4] (Ex-
ample 19.1.8), Fulton gives a short proof of a theorem of Kawai [6] which says that
Se preserves algebraic classes.

Fulton’s argument is as follows: Consider a subvariety V of X. By Hironaka,
there is a resolution of singularities 7 : M — V. If ups is the orientation class of
M, then the cycle class cl(V) is equal to mpps. Let o : H*M — H*(TM,TM —0)
be the Thom isomorphism, and let S® be the total Steenrod operation in singular
cohomology. Let w(Th) = ¢»~15%(1). Fulton gives a formula

(1) Sa(Cl(V)) = m.Su (a) = o (w(Tar) ™ 1 ping)-

As w can be expressed in terms of the Chern classes of T'M [7], it is tempting to
use (1) as a definition of S, in the mod p Chow groups A.X @ F,. The problem,
as Fulton notes, is whether 7, (w(Tas) = N uar) is independent of the resolution M.

In this paper, S, is defined for quasi-projective varieties over a field k of char-
acteristic not equal to p using the equivariant extension of Fulton-MacPherson
intersection theory developed by Edidin and Graham [3]. (The definition actually
works for any algebraic space over k£ with an injective morphism into a smooth
algebraic space, and we extend it to all varieties over k by using a Chow envelope
argument.) The construction loosely follows the construction of cohomology oper-
ations given by Steenrod and Epstein [8]. The definition is then shown to agree
with (1) proving that m.(w(Th)™ N par) is indeed independent of M. The paper
ends with a demonstration of the Adem relations in the “algebraic Steenrod alge-
bra” generated by the graded components of S,. One aspect of our method that
may be interesting is that, while Fulton’s question definitely involves resolutions of
singularities, our construction of S, does not.

It should be noted that Voevodsky has defined similar operations in the context of
motivic cohomology [11, 10]. To the extent that motivic cohomology is an extension
of the Chow groups, Voevodsky’s operations are more general than the ones defined
here. However, the construction in this paper fits into the Fulton-MacPherson
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framework for intersection theory, and, thus, avoids the technicalities inherent in
any discussion of motivic cohomology.

1.1. Outline. I now describe the organization of this paper. Sections 2 and 3 col-
lect some generalities concerning equivariant intersection theory. Unfortunately, to
discuss some of the functorial properties of equivariant intersection theory that are
needed in the construction of Steenrod operations, it is convenient (if not necessary)
to reformulate the definition of the equivariant Chow groups given in [3]. Given this
more transparently functorial definition, the properties we need are straightforward
but tedious to prove. The reader willing to take these properties for granted may
want to skip or skim these two sections.

In section 4, the notion of the equivariant cycle class of an equivariant cycle is
defined. In section 5 this notion is applied to the class Z*P € Af,ip ) XP where Z

is a dimension k cycle in a variety X and Ag,gp ) xP represents the dimension pk
equivariant Chow group of XP with the symmetric group S(p) acting on XP? by
permutations. This equivariant cycle class and its restriction to the equivariant
Chow group Agk(p ) x» (where C(p) is the cyclic group of order p) determine the
action of the Steenrod operations on the class of Z.

If X were smooth, we would proceed by pulling back the class Z*? € Agk(p ) XP to

AT x (where here C(p) acts trivially on X) via the diagonal map A : X — XP.
This is essentially the step that was taken by Steenrod and Epstein [8]. However,
when X is not smooth, we can not generally pull back via the diagonal map on X.
Fulton-MacPherson intersection theory allows us to remedy the problem using the
following trick: Embed X in a smooth space W and form the diagram:

X—X7

]

W —— WP,

We can then pull back from Agk(p ) XP to A*C(p )X via the refined Gysin map A!W.
In section 6 this construction is described in detail.

To analyze the resulting pull-back class A!WZ XP e A*C(p )X , we need to under-
stand the equivariant Chow group A*C(p )X, Fortunately, these are very simple. For
k=C, ASPWX =4, X ® F,[l]. In section 7 we state this result (which is given in
[9]) and make the appropriate modification for arbitrary fields k.

In section 8, we decompose A!WZ *P as a polynomial in F[l] with coefficients
in A,X. Reindexing the coefficients, we arrive at a total Steenrod power SV [Z].
The one defect of this power operation is that it depends on the smooth space W.
Fortunately, this dependence can be explicitly described in terms of Chern classes
of W. Thus, we can factor it out and obtain the class So[Z] — the total Steenrod
operation in Chow theory.

In section 9, we study S, and show that it agrees with the topological S, on Borel-
Moore homology. Section 10 extends the definition of S, to varieties X which do
not admit an embedding X — W with W smooth. The Chow envelope argument
that allows us to do this is almost identical to an argument used by Fulton in [4]
in connection with the Grothendiek-Riemann-Roch. Finally, section 11 proves the
Adem relations.
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1.2. Conventions. If A is a commutative ring, the Chow group (resp. the Chow
ring) with coefficients in A is simply A, X ® A (resp. A*X ® A). Until section 8,
all work will be over an arbitrary ring A. Mention of A will however be suppressed
from the notation with A,X written instead of A, X ® A. In section 8, a prime p
will be chosen and A will then be set to F,,.

All schemes (or algebraic spaces) will be assumed to be over a field k& whose
spectrum will be written pt. We will use the notation | X| to denote the maximum
of the dimensions of the connected components of an algebraic space X.

1.3. Acknowledgments. Most of the work described in this paper was done at the
University of Chicago as part of my 1998 thesis. I would like to thank S. Bloch and
B. Totaro for guidance and encouragement there. I would also like to apologize for
the long delay in publishing the final version of this paper and to thank A. Merkurev
for catching an error in a previous version of this paper.

2. EQUIVARIANT INTERSECTION THEORY I

The goal of this section is to review the equivariant intersection theory of Totaro-
Edidin-Graham [9, 3] and to rephrase it slightly in a form more convenient for
studying issues of functoriality which arise in the construction of Steenrod powers.
Recall that the Borel construction defines the equivariant cohomology of a topolog-
ical space X with G-action as H*(FG x X/G) where EG is a null-homotopic space
on which G acts freely and EG x X/G is the quotient of the diagonal G action on
EG x X.

The idea of Totaro [9] is to replace the the topologist’s EG by a suitable algebraic
analogue. Let GG now denote a linear algebraic group over a field k and suppose that
V is a linear representation of GG defined over k. Let U C V be a G-equivariant open
subset of V also defined over k on which G acts freely, and let S =V — U. Then,
as long as the codimension r of S in V is sufficiently large, U is an appropriate
replacement for EG. In fact, we have the following theorem which is Definition-
Proposition 1 of [3].

Theorem 2.1. Let X be an algebraic space with G action, and let G act diagonally
on the product U x X. Then the groups

Apru-16/(U x X)/G

are independent of U up to isomorphism as long as r >> 0.

Edidin and Graham define the equivariant Chow group AEX to be the group
Aptu)-1¢)(U x X)/G of the theorem provided that the codimension of S in V'
is sufficiently large. The inconvenient aspect of this definition for our purposes
is that it only defines the group A{X as a group up to isomorphism. This is
not a serious mathematical problem, but it makes the discussion of maps between
equivariant cohomology groups somewhat awkward. Therefore, we intend to replace
this definition up to isomorphism with an equivalent definition of A% X as a limit
along the lines of Totaro’s definition of A*BG (see Theorem 1.3 of [9]). This new
definition will specify the set AY X uniquely.

2.1. Algebraic Spaces. We need to recall a few results from [3] concerning alge-
braic spaces. Suppose that G is a linear algebraic group over a field k£ and X is an
algebraic space with a free G action. Let [X/G] be the functor whose sections over
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an algebraic space B are the principle G-bundles p : E — B together with an equi-
variant map f : E — X. By theorems of Artin, Deligne and Mumford [2, 1], there
is an algebraic space Y representing the functor [X/G]. Moreover the canonical
map 7 : X — Y is a principle G-bundle. (As a natural transformation of functors,
7 sends a morphism h : B — X to the principle G-bundle p : G x B — B given by
projection on the second factor along with the G-equivariant map f: G x B — X
given by f(g,b) = gh(b).) The proof of the existence of Y and the fact that X — Y
is a principle G-bundle is sketched in [3].

We will use the notation Xg to denote the algebraic space space Y. Note,
however, that this notation conflicts with that of [3] where X is used to denote
the space [U x X/G] for U as in Theorem 2.1.

2.2. Intersection Theory. In [3], Edidin and Graham also show how the intersec-
tion theory of Fulton [4] extends to the category of algebraic spaces. In particular,
they show that refined Gysin homomorphisms are defined for l.c.i. morphisms of
algebraic spaces.

Suppose that f: X — Y is a map between algebraic spaces with free G actions.
Let fa¢ : X¢ — Yg denote the map induced by f on the quotient spaces. Let P
be any one of the following properties: proper, flat, smooth, regular embedding, or
l.c.i. morphism. Then, if f has property P, so does fg. The proof is essentially the
same as the one used to establish Proposition 2.3.2 of [3]. Namely, note that the
morphism 7y : Y — Y is faithfully flat and X = X Xy, Y. Thus by descent fg
has property P whenever f does.

Similarly, suppose X is an algebraic space with free G action and p : £ — X
is a G-equivariant vector bundle morphism. (That is, E is the total space of a
G-equivariant vector bundle). Then pg : Eq¢ — X is also a G-equivariant vector
bundle morphism. Again, the proof is identical to that of the analogous result
from [3], in this case Lemma 2.4.1: The map pg : Eq — X¢ is an affine bundle
which is locally trivial in the étale topology because its smooth base change to
X is trivial. Since the transition functions are trivial when pulled back to X,
pa : Eq — X¢g is a vector bundle.

2.3. Categorical Substitutes for EG. Let Univ = kN, a vector space on count-
ably many generators. For any linear algebraic group G over k, let Rep G denote the
category of finite dimensional subspaces V C Univ together with homomorphisms
G — GI(V). Morphisms are G-equivariant linear maps.

Let EG be the category whose objects are non-empty open subsets U C V for
V' a representation in Rep G such that G acts freely on U. The morphisms of EG
are (G-equivariant maps of schemes. Let EG, denote the full subcategory of EG
consisting of all U such that the complement S = V — U has codimension > r in
V. Remark 1.4 of [9] shows that EG, is never empty; that is, for any r we can find
a U C V such that V — U has codimension > r in V.

Let FSE/x G denote the category of all algebraic spaces E with free G-actions
equipped with a smooth morphism pg : E — X of fixed relative dimension ng. In
other words, we assume that the map pg : F — X is equidimensional. Morphisms
in FSE/x G are G-equivariant maps f : E — F such that pg = pp o f.

Now let ix : EG — FSE/x G be the functor sending U to U x X with the diagonal
G-action and with pyx x given by projection on the second factor. Clearly, if f is
a morphism having property P for P any of the properties in subsection 2.2, then
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ix(f) = f xid also has property P. Moreover, note that any morphism f: £ — F
in FSE/x G is an l.c.i. morphism of codimension ngp — ng. This is because the
graph morphism Gy : E — E x x F is a regular embedding of codimension np and
the projection ps : E X x F' — F is smooth of relative dimension ng. It follows then
from the results of subsection 2.2 that, for any morphism f : E — F in FSE/x G,
fc is an l.c.i. morphism, also of relative dimension ng — np.

Since fg is an l.c.i. morphism, there is a pull-back morphism fé; : ApFg —
Aking—npEa. To simplify the indices that we have to consider, we make the
following convention: For E an algebraic space in FSE/x G,

(2) CHSE = Ak+n37\G|EG

where |G| is the dimension of G. Then for any morphism f : F — F in FSE/x G,
there is a corresponding Gysin morphism

(3) f&:CHY F — CHY E.

In other words, CHkG is a contravariant functor from FSE/x G to the category of
abelian groups.

We intend to use the categories EG and FSE/x G as substitutes for the topol-
ogist’s space EG. The advantage of EG is that it is a small category and, thus,
limits over EG are well-defined sets. The advantage of FSE/x G is that it is large
enough to conveniently hold several important constructions.

If £ and F are two spaces in FSE/x G, then E x x F is naturally a space in
FSE/x G if we agree to let G act on the product diagonally. If U is in EG and FE is
in FSE/x G, then U x E = ix(U) xx E with the diagonal action is also naturally
a space in FSE/x G.

Recall the convention that, if X is an algebraic space, then |X| denotes the
maximum of the dimensions of the irreducible components of X. We have the
following lemma.

Lemma 2.2. Let U be a scheme in EG,. and let E be an algebraic space in FSE/x G.
Let m: U x E — FE be the projection. Then

m :CHY E — CHY U x E
is an isomorphism as long as r > |X| — k.

Proof. Let U C V with V a representation in RepG, and let ¢ : V x E — F be the
projection. This projection induces a vector bundle morphism ¢¢ : (VX E)g — Eg,
and it follows that ¢f : A;Eg — Aj v|(V x E)g is an isomorphism for all j.
Therefore q!G : CHS E— CHf V x E is an isomorphism.

Leti: UXxE — V x FE be the inclusion. By our assumption on U, the complement
S of U in V has codimension > r. Therefore |S x E| < |V| —r +ng + |X| and,
since G acts freely on |S x E|,

(S X E)g| <|V|—=r+ng+]|X|-]G|.
It follows from the short exact sequence in Chow groups that
(4) i Aj(VxE)g— A;(U x E)g
is an isomorphism as long as

i>|\V]l—-r+ng+|X|-|G|
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Therefore, by (2) and the fact that nyxg = |V| + ng,
(5) i, :CH{ VX E - CHY U x E
is an isomorphism whenever
kE+|V]|+ng— |G| >|V]|—r+ng+|X|—|G|

After cancellation, we see that i, : CH{V x E — CHY U x E is an isomorphism
whenever r > | X| — k.
Now, since CHkG is a contravariant functor and @ = ¢ o i, 7T!G : CHkGE —
CHY U x E is an isomorphism as long as r > | X| — k. O
For U and E as above, consider the diagram
(6) UxX"UxE™E
where hg = id X pg. By Lemma 2.2, as long as r > | X| — k, it makes sense to
define a map
(7) tup:CHSU x X — CHY E
by setting ty. pa = ((7r)) " (he)ma. In fact, as we will now see, ty g is natural
in E.
Lemma 2.3. Suppose U is in EG, withr > |X|—k and f: E — F is a morphism
in FSE/x G. Then, for any o € CH, U x X,

(8) fotur =tus.
Proof. The diagram

(he)s TE)a

(
CH{Ux X —3CHSUx E<~—CHYE

idT (idxf)’GT fé;T

(hr); (7r);
CHSU x X —S% CHS U x F<"2—~ CHS F
is commutative by the functoriality of CH,?. It is then a simple diagram chase to

verify the lemma.
O

We now state the main theorem of the section.
Theorem 2.4. Suppose U is in EG,.. Let C be any subcategory of FSE/x G such
that
(i) U x X is an object in C.
(ii) For any object E in C, U x E is an object in C.
(i) The maps hg : UXE — U x X and 7g : U X E — E are morphisms in C.
Then, for k > |X|—r,

(9) lim CHf F = CHJ U x X.
EeCep
Moreover, the isomorphism R : lim CHkGE — CHkG U x X can be taken to be
EcCep

the restriction morphism sending an assignment E ~~ ag € CHE FE to the element
AU x X OfCHgU x X.
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Proof. By Lemma 2.3, the first statement of the theorem will be proved once we
show that for each assignment F ~» ap satisfying the condition that
(10) fé;ap =ap for f: E— F a morphism in C

there is a unique a € CHkG U x X such that ag = ty,ga. To prove the second
statement it then suffices to show that this unique « is in fact ayxp. We will prove
both statements simultaneously.

Let E ~» ag be an assignment satisfying condition (10). Then from the diagram

(11) CHS U x X 26 CHS U x E ¢ CHS E
we see that h!GozUXx = 7T!GaE; thus,
(12) ap =ty EQUuxXx-

A particular case of (12) is that ayxx = ty,uxxuxx. Suppose then that 3 is
any element of CHY U x X such that ty; 8 = ag for all E in C. Then

truxx(auxx —06) =0.

However, ty,ux x is easily seen to be an isomorphism. Thus 8 = ayxx. O

Definition 2.5. If X is a G-equivariant algebraic space, then set
(13) ASX = lim CHYU x X.
U€EEGo®
These groups are the G-equivariant Chow groups. By Theorem 2.4, they agree up
to isomorphism with the groups defined in [3].
Note that another consequence of Theorem 2.4 is a natural isomorphism
(14) AJX=  lim CHJE.
EEFSE/x Gop
It will be useful to introduce another category which can be thought of as lying
between EG and FSE/ x G. For an algebraic group G, let CE G denote the category
of all smooth G-equivariant spaces with free G-actions. Morphisms in CEG are
G-equivariant morphisms. There is an inclusion of categories j : EG — CEG, and
for any G-space X, a functor tx : CEG — FSE/x G sending U in CEG to U x X
with G acting diagonally. Moreover the composition ¢, o j = ix, thus, we have a
chain of inclusions

(15) EG L CEG X FSE/x G.
By Theorem 2.4, (15) induces a chain of isomorphisms
(16) lim CHYE= lim CH{U x X = A{X.
EEFSE/ x Gop UECEC

We will use the isomorphism freely to identify the three groups.

3. FUNCTORIAL PROPERTIES OF EQUIVARIANT INTERSECTION THEORY

Following Edidin and Graham ([3] Proposition 2.3.3), we can now show that equi-
variant intersection theory enjoys essentially the same properties with respect to
pushforward and pullback as ordinary non-equivariant intersection theory. We will
also show that equivariant intersection has two “change-of-group” maps, restric-
tion and transfer, which are analogous to restriction and transfer in equivariant
cohomology.
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3.1. Pushforward and Pullback. Suppose that f : X — Y is a proper morphism
of G equivariant spaces. Then f induces a proper morphism

(17) (idu x flg: (U x X)g — (U xY)q

for any U € EG. Thus, from proper pushforward, we obtain morphisms
[(idy x f)g]*: CHLU x X — CH, U x Y,

and, in the limit over all U in EG, these morphisms induce a map

(18) fou: ATX — ATY,

the equivariant proper pushforward.

3.1.1. The Refined Gysin Homomorphism. Suppose that f : X — Y is a G-
equivariant l.c.i. morphism and that

(19) X/ fﬁ Y/

is a pullback diagram with all morphisms G-equivariant. Then, given any U in EG,

the diagram

id !
(20) (U x X)X G0 x v

l iduxf)a l

(U x X)o7 v

is also a pullback diagram and (idy X f)¢ is an lLc.i. morphism by the results of
Edidin-Graham quoted in section 2.2. Thus, from Fulton’s intersection theory, we
obtain a morphism

(21) (idy x f)g : CHyU x Y’ — CHy,_. U x X'

where c¢ is the codimension of f as an l.c.i. morphism. Taking the limit over all U
in EG, we obtain a morphism

(22) fo AZY — AT X,

the equivariant Gysin homomorphism.

Suppose that o € AZY’, and E is in FSE/x X’. Using the identification (16),
we obtain a class (fa)r € CHy_. E. Unfortunately we do not have a description
of this class except through the identification 16. However, if F = U x X’ for
U € CEG, then we obtain a diagram as in (20), and

(23) (fs)uxx = (idy x f)zausy:

where oy is the class in CHY U x Y7 induced via from a via (16).
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3.2. Chern Classes. If 7 : V — X is a G-equivariant vector bundle and F is a
space in FSE/x G then p : V xx E — FE is also a G-equivariant vector bundle
with G acting diagonally on the factors. As noted in section 2.2, this implies
that pg : (V xx F)¢ — FEg is a vector bundle. We thus obtain Chern classes,
¢i(V xx E)qg operating on A,(Fg). If f: E — F is a morphism in FSE/x G, then
VxxE = f*(VxxF). Thus, (V xx E)g = f&(V xx F)g. Therefore, if a € A X,
then

¢i(Vxx ElgNar = ¢(Vxx E)gnN foap

= f'G(Cl(V X x F)G M aF).
G

%

We can therefore define the equivariant Chern class ¢
A% X that takes the assignment

(V) to be the operation on

E ~ ap
to the assignment
E ~ Ci(V xx E)gNag.
It is easy to see that this agrees with the definition made by Edidin and Graham
in [3].

3.3. Change of Groups. Suppose that p: H — G is a morphism of linear alge-
braic groups over k. By analogy with equivariant cohomology, we expect a mor-
phism p* : A,?X — AP X where X is a G-equivariant space and H acts on X
through the morphism p. To define this morphism, we use the categories FSE/x H
and FSE/x G.

For a space F in FSE/x H, let G x® E denote the quotient of the space G x E
by the action of H given by

(24) h(g,e) = (gh™", he)

where here h € H(S),g € G(S) and e € E(S) for an arbitrary scheme S over
k. Then G acts on G x E on the left by the action: g1(g2,e) — (g192,¢), and
it is easy to see that this action is free. We equip G x E with a morphism
paxup @ G xH E — X given on points g € G(S),e € E(S) by (g,¢€) — gpr(e).
This morphism is well-defined because, for h € H(S),

pexnp(gh™" he) = gh 'pp(he) = gh™ " hpg(e)
= QPE(6)~

The morphism pgy = g is clearly G-equivariant, and it is not difficult to check that
it is a smooth morphism of relative dimension ng + |G| — |H| where ng is the
relative dimension of pg. Thus G x* E is an algebraic space in FSE/¢ X. In fact,
the association E ~ G x E is the map on objects of a functor p; : FSE/ig X —
FSE/¢ X defined by setting p4(f), for f : E — F a morphism in FSE/y X, equal
to the map induced by idg x f.

Now note that (G x# E)g =2 Ey. To see this, let pry : (G xI E) — Ey be the
map induced by the projection on the second factor. If g € G(S),e € E(S) and
h € H(S) for some base scheme S, then pry(gh~!, he) = he. Thus it is easy to see
that pr, induces a map ps : (G xH E)g — Epy. To define an inverse morphism,
let incy : E — (G x® E)g be the map induced by the inclusion on the second
factor. Then incy(he) = (1,he) = (h~1,e) = (1,e). Thus incy induces a morphism
io: By — (G x H E)¢. Tt is easy then easy to check that po and is are inverses.
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3.3.1. Restriction. It is also easy to check that the maps py and iy are natural in
E. Thus the functors E ~~ CHkH F and E ~~ CHE p+E are naturally isomorphic.
Explicitly p5 : CH ,fl E— CHkG p+E is an isomorphism with inverse 5. Keeping in
mind the natural isomorphism (14), we can thus define the restriction homomor-
phism p* 1 AYX — AH X via the composition

(25) lim  CHYE— lim CH{p,E> lim CHYE
E€FSE/ g Xop Ec€FSE/ g XoP E€FSE/ g Xc©P

where the first morphism is restriction.

3.3.2. Functoriality of restriction. To show that restriction is functorial, we need
to show (a) that id* = id when id : G — G is the identity morphism and (b) that
(poo)*=0*op* wheno: L — H and p: H — G are two group homomorphisms
and X is a G-space. Before verifying (a) and (b) we prove a lemma.

Lemma 3.1. Let X be a G-space, p: H — G a homomorphism and E a space in
FSE/x G. Then then multiplication morphism m : G x E — E given on points
g € G(9),e € E(S) by m(g,e) = ge is a morphism in FSE/x G.
Proof. The morphism m is well-defined because
(26) m(gh™", he) = ge = m(g. ).
It is clearly G-equivariant, and it commutes with the maps to X because

peom(g,e) =pe(ge) = gpe(e)

= pGXHE(g7 6).

O

To prove statement (a), let X be a G-space, a € AYX, and E a space in
FSE/x G. Then, according to (25), (id*a)r = isagxep. Let m: G x¢ E — E be
the morphism of Lemma 3.1. Since it is a morphism in FSE/x G, agyep = m!GaE.
Therefore,

(27) (id*a)g = ismgar = (mg ois)'ag.
Now, let e € E(S) for a scheme S. Then
(28) mg oiz(e) =ma(l,e) = e

thus, mg o4y = id. It follows that (id*a)g = ag. Thus id"a = a.
(b). To check that (poo)* = o* o p* , the important point to note is that the
functors p4 o o4 and (po o)y are naturally isomorphic.
Explicitly, let
’L'a:E’L—>(}I><LE’)H7 ib:ELH(GXLE)G,
and i.: (H x* E)y — (G x" (H x E))g

be the isomorphisms induced by inclusion on the second factor. Let

iHClglGXLEHGXH(HXLE)
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be the inclusion on the first and third factors, an isomorphism in FSE/¢ X; and let

i13 = (inc13)g : (G x¥ B)g — (G x® (H x' E))g be the induced isomorphism on
quotient spaces. Then we have a commutative diagram

(29) Er u (H x* E)p

(G xFE)g —.(G x" (H xI B))g.

Let a € AYX be an equivariant cycle and let E € FSE/f, X. Then, by (25),

(30) (0" p*a)p = iZiZaGXH(HXLE)y
and
(31) ((poo)a)e =iyagxrLp.

However, since inc;3 is a G-space morphism,

- x
(32) AoxLlE = V130GxH(HXLE)"
Therefore,
* sk ek
(poo)'a)p = Wp1130GxH(HXLE)
v x
= ZalcaGXH(HXLE)
= (o"p"a)p

by commutativity of diagram (29).

3.4. Transfer. Suppose now that p : H — G is an inclusion of linear algebraic
groups such that the quotient space G/H is proper of dimension d. Then, if X is a
G-space, there is a homomorphism tr$ : AHFX — AkGerX (or ps : AHX — Af+dX)
called the transfer.

To define the transfer, first note that, since p is an inclusion, there is a restriction
functor pt : FSE/g X — FSE/y X given by viewing a space E € FSE/g X as an
H-equivariant space via p. If E € FSE/g X, then the quotient map ¢ : Ey — Eg
is proper of relative dimension d. Thus proper pushforward induces a map g, :
ApEy — AgEq. Taking into account the re-indexing of the Chow groups of (2),
we see that the same proper pushforward induces a map

(33) t% :CH B — CHY , E.

We can thus define the transfer through the composite

G
(34) lim  CHfE— lm CHIp"EZ  lim CHS,,E.
EEFSE/ g Xop EEFSE/ ¢ Xop EEFSE/g XoP

It is an easy exercise to show that the transfer is functorial. Thatis,if L C H C G
is a sequence of inclusions of groups such that H/L and G/H are both proper, then
tr¢ = trG o trl!

L = Wwgotry.
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3.5. Relations between Functors. There are several relations between the func-
tors of proper pushforward, l.c.i. pullback, the restriction homomorphism and trans-
fer. The most important for our purposes is the relation between restriction and
transfer when H C G is a subgroup of finite index. To deduce this relation, we first
prove a more general lemma.

Lemma 3.2. Suppose p : H — G is an injection, and let o € AkGX be given by
the assignment E ~~ ag for E € FSE/x G. Then, for each E, the quotient map
qr : Eg — Eg is flat, and the restriction map is given in terms of qg by the
equation

(35) (p*a) v = qpop.

Proof. The map qg : Fyg — FEg is flat because its pullback to F through the

faithfully flat morphism pg : E — F¢ is a product. That is, Fy xp, E =2 G/H X E.

The map pg is faithfully flat because it is locally a product in the étale topology.
Consider the commutative diagram

(36) Eg —2 (G x" E)g

E¢<—0p— FEn

where i5 is the isomorphism given by inclusion of the second factor, and p is its
inverse, the projection on the second factor.

By definition (25), (p*a),+ g = iIQO[GXHp+E. On the other hand, the multiplica-
tion map m : G x¥ E — E of Lemma 3.1 is a morphism in FSE/x G. Thus, since
Gx"E=Gx"ptE, agyn,+p =m'ap. It thus follows that
(37) (p*a),rp = iym'ap.

We now claim that mg = gg o p2. To see this, we compute: qg o p2(g,e) =
e (modulo G) while mg(g,e) = ge (module G); thus, qg o p2(g,e) = mea(g,e).
Therefore
(38) (p*@)pr B = 13P345OE = dpar
by the commutativity of (36). O

Proposition 3.3. Suppose X is a G-space and p : H — G is the inclusion mor-
phism of a subgroup of index N. Then, for a € AfX, p* tr%’} a= Na.

Proof. Let a € A X be a class given be the assignment F ~» ap with F €
FSE/i X. Then tr$ a is given by the assignment F ~~ g« for Ein FSE/q X.
It follows then from Lemma 3.2 that, for E in FSE/g X,
(39) (p* 015 @)yt 5 = 4p(015 ) B = dpaEeytb-

Since H has index N in G, qg is a degree N morphism. Thus
(40) IpqE+Cptp = Nayip.

Therefore (p* try )+ p = Na,+p for all E in FSE/¢ X.
Now take £ = U x X where U € EG, for r > |X| — k. After restriction of the
G-action to H, U is in EH,.. Thus

Afx = CHI U x X = CHf p*E.
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Thus, by (40), p* tr% ap = Nap for all F in FSE/ g X, and the proposition follows.
O

3.5.1. Restriction and Pull-back. Suppose that f : X — Y is an l.c.i. morphism
equivariant for the action of a linear algebraic group G, and let p : H — G be a
homomorphism of algebraic groups. Then, if

(41) X/ fﬁyl

L,

X—Y
is a G-equivariant pullback diagram, the diagram

(42) AGy’ 19, 4ex

A

ARY' s AHY
H
commutes.
To see this, let & € AYY’ and let U be a space in CEG.

(43) (P fa)uxx: = i5(fa0)axi s x)-
Now there is an isomorphism
(44) s(X):GxT (U xX')— (GxHU)x X'

of spaces in FSE/x: G given on the points g € G(S),u € U(S),x € X'(S) for S a
k-scheme by

(45) (g,u,x) — (g,u, gz).
Thus
(P fa)uxx: = i38(X)a(fo0) @xnuyxx:
(46) = 35(X)(d X [ga@xar <y

where for the last equation we have used the fact that G x¥ U is a space in CEG
and thus (23) holds.
On the other hand,

(fup*@)uxx: = (dx fg(p*a)uxy:
= (id x f)!bri;acxH(UxY/)

(47) = (id x f)iss(Y)ga@xmo)xy:-

Using the functoriality of the refined Gysin homomorphism ([4] Theorem 6.5),
we can commute the terms in (46) and (47) to show that (42) commutes.

The commutativity of (42) leads us to define a category of pairs (G,Y) consisting
of a linear algebraic group acting on a space Y. A morphism ¢ : (H,X) — (G,Y)
in the category of pairs is a pair (p, f) consisting of a homomorphism p : H — G
and a map f: X — Y such that, for any space S and points h € H(S),z € X (5),
(48) flgz) = p(9)f ().
We say that ¢ is an l.c.i. morphism if f is.
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If ¢ is Lc.i., we define ¢' : AZ(Y) — AH(X) by setting
(49) ¢' = firop*=p"o [
If ¢ = (0,9) : (G,Y) — (K, Z) is another l.c.i. morphism of pairs, then, using (42),
it is easy to see that (¢ 0 ¢)' = ¢' o4p'. In fact,
(o) = (goflgoloop)
— fyodyor o
= fmop oggoo

= ¢ oy

Thus (G, X) ~ AY(X) is a contravariant functor from the category of pairs with
l.c.i. morphisms to the category of abelian groups.

3.6. Transfer and Pullback. If p : H — G is an inclusion of linear algebraic
groups such that G/H is proper of dimension d and f : X — Y is an l.c.i.morphism,
then it is easy to see that

(50) fi o trfy =t ofy.

This follows from the fact that pullback through an l.c.i.morphism commutes with
pushforward through a proper morphism ([4] Theorem 6.2 (a) and Proposition 1.7).

3.6.1. Restriction and Chern Classes. Let p: H — G be a homomorphism of linear
algebraic groups, and let V' be a G-equivariant vector bundle over X. Let p*(V)
denote V viewed as an H-equivariant bundle through the homomorphism p. Then,
for o € ACX,

(51) P (VIna) =c(p"(V)Na).
The proof of this is similar to the proof of the commutativity of (42).

3.7. Automorphisms. An automorphism of a pair (G,X) is a morphism ¢ =
(p, f): (G,X) — (G, X) which has an inverse. We say that ¢ is inner if there is an
h € G(k) such that, for any k-space S and any two S-valued points g € G(S) and
x € X(S5),

(52) p(g) = hsghg', f(z) = hsw.

Note that inner automorphisms are always l.c.i. morphisms.

Proposition 3.4. If ¢ : (G,X) — (G, X) is an inner automorphism of a pair
(G,X), then ¢' : A X — AGX s the identity.

Proof. Tt suffices to show that (¢'a)y = ap for any a € AFX and any U € EG.
Let ¢ = (p, f) and let h € G(k) be the group element such that f is multiplication

by h. Let G x% U denote the quotient of G x U by the diagonal action given on
S-points by

(53) 91(g2,u) = (92hs97 'hs', g1u)
for g1,go € G(S). Let iy : Ug — (G x% U)g denote the isomorphism induced
by inclusion on the second factor. Then, since ¢' = p* o f', we have (¢'a)y =

i5((f'@)gxoy). Pulling out the f, we have
(54) (¢'a)u = fGis(agxeu).
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To prove the proposition, we want to compute agycey in terms of ay. To do
this, we define a G-equivariant morphism [ : G x%U — U given on scheme-theoretic
points g € G(5),u € U(S) by

(55) I(g,u) = ghsu.

Since G acts on the right on G x& U, it is obvious that [ is G-equivariant provided
that it is well-defined. That this is so can be easily checked using (53).
Since [ is G-equivariant, agy ey = lpay. We thus have

(¢'0)y = feislgou.
Now consider the composition r in the diagram

(56) Ux X W Uuxx™6G@xCu)x x U xx,
For uw € U(S),z € X(S) two S-valued points, r is given by (u,z) — (hsu, hsz).
Thus rg = id. It follows that

[ ! .
fatslgay = rgay =id.

4. EQUIVARIANT CYCLE CLASS

In this section, a few general results on Chow groups necessary for the construc-
tion of S, are collected. There are two main goals: (i) to explain why equivariant
cycles give classes in equivariant Chow groups (this fact is mentioned in the proof
of [3] Proposition 1), and (ii) to show that two equivariant cycles are equivalent if
they belong to the same equivariant rational family.

Definition 4.1. The group Z(X|P!;A) is the subgroup of (k+1)-dimensional
cycles >, Ai[V;] in X x P! such that all V; map dominantly to P*.

Following the Conventions of (1.2), the ring A will be suppressed in the notation,
and the group of A- cycles Zy(X;A) = Z X ® A will be written as Z;X.

Following the notation in [4], for P € P! and V a variety mapping dominantly
to P!, let V(P) denote the fiber above P. The definition is extended to Z,(X|P!)
by linearity.

Both Zp(_) and Zj(_|P') can be viewed as presheaves in the étale topology.
That Z(-) is actually a sheaf in the étale topology is proved in [5] (page 211) for
A = Z. The argument is easily extended to the case of arbitrary ring A. It is also
easily extended to show that Zj(_|P!) is sheaf.

Proposition 4.2. Two cycles ag and a in Zi X are rationally equivalent < there
is a cycle B € Z,(X|PY) with B(0) = g and B(00) = oo

Proof. First consider the case A = Z. By [4] Example 1.6.2, ag and . are
equivalent if and only if there is a positive cycle Z € Z,(X|P!) and a positive
cycle v on X with
Z0)=ap+v Z(0) = +"7-
To prove (=), set 3 = Z — v x [P!]. To prove (<), write 8 as S+ — 3~ where
each term either positive or 0. Then, setting Z = 37, shows that ag + 37(0) ~
Qoo + 87 (00). This shows that ap and a are equivalent.
For arbitrary A, the proposition is equivalent to the statement that the sequence

Z(X|PY) — 21X — A, X — 0
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is exact with the first map given by 8 — ((c0) — 3(0). Thus, since the proposition
holds for A = Z, it holds for arbitrary A by the right exactness of ®. O

Suppose a linear algebraic group G acts on X with action map a : G x X — X.
Let p2 : G x X — X be the projection. Note that both ps and the action map are
automatically flat morphisms.

4.3. If F' is a G-equivariant presheaf of abelian groups in the étale topology, then
a*F = p3 F and the fixed sections of F' are defined as

FC = ker(F(X) “ % F(G x X)).

In particular, we can consider the groups Z,(X)¢ and Z,(X|P')%. Now assume
that G acts freely on X. Then there is a quotient Y. Moreover, the quotient
morphism 7 : X — Y is flat. Thus we have flat pullback maps 7* : Z;(Y) —
Zi(X)¢ and 7 : Z,(Y|P') — Z.(X|PHC.

Now assume that G is finite and étale as a group scheme over the base field. It
follows then that the quotient 7w : X — Y is an étale morphism. This implies that
7 ZpY — Z,(X) and 7 : Z,(Y|PY) — Zp(X|P')Y are in fact isomorphisms.
When A = Z, we can easily give the inverse map. Note that if G is finite and étale,
m.m* is multiplication by the order #G. Thus #ﬂ'* restricted to (Z,X)% (resp.
to Z,(X|PH)%) is inverse to 7*.

Proposition 4.4. Let G be a finite, étale group scheme acting freely on X. Two
cycles g and oo in (Z,X)C determine the same class in A.(X/G) if there is a
cycle B € Z.(X|PY)E such that 3(0) = ag and B(00) = s

Proof. This is simply a matter of noticing that the diagram
Zi(Y|P') —= Z4(X[P1)C

Lk

*

ZyY ——— (Z;,X)¢

commutes where o is either § — £(0) or § — B(c0). O

4.5. Now assume that G acts properly, but not necessarily freely, on X. Let a be a
cycle in (Z;,X)Y (resp. Zx(X|P1)). For any U € EG of dimension d, a — [U] x «
gives a map (Zx X)® — Zp1qa(U x X)C (resp. Zp(X|PYC — Z1q(U x X|PH)E).
But, since the action of G on U x X is free, (Z,U x X)¢ = Z,((U x X)¢g) (resp.
(Z.U x X|PY)¢ = Z,((U x X)g|P')). Thus, to every a € Z,(X)%, we have a
class (m*) "} ([U] X @) € Zj4+4(U x X)g. In the limit, these classes give a cycle class
d®(a) € ASX.

4.6. Tt follows from Proposition 4.4, that if 3 € Zx(X|P")%, then [U] x 5(0) and
[U]x B(0c0) represent the same class in A4q(X xU)g and thus in AG X. This implies
that two equivariant cycles ag and a in (Z, X )¢ have the same G-equivariant cycle
class if there is a cycle 8 € Zp(X|P1)¢ with 3(0) = ap and $(00) = @ In other
words, equivariant rational equivalences induce equivalences in AZ X.

We will need the following basic proposition to prove that Steenrod operations
are additive.
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Proposition 4.7. Let G be a finite, constant group scheme over k. If Z € Z; X,
then

(57) trf o' (Z) = (> [eZ).

geG

Here we write 1 for the trivial group.

Proof. Let U be any object in EG. Since G is finite and constant, it is étale. Thus
the map 7 : U x X — (U x X)¢ is étale and induces an isomorphism

™ Z, (U x X)a — (Z.(U x X))°.
By definition (tr§ cl' (Z))yxx is the class in CHY (U x X) of

(58) W*[U X Z] S Zk+\U|(U X X)G

The right-hand side of (57) is the class in CHY (U x X) of

(59) (7)Y (U x 92] € Ziyuy (U x X)g.
geG

The proposition follows by applying 7* to (58) and (59) and noting the equality of
the results. 0

Remark 4.8. The proof above uses the fact that the result of applying 7* to (58)
is equal to the result of applying 7 to (59) before passing to rational equivalence.
In fact, the proof makes essential use of the fact that 7* : Z,Y — (Z,X)% is an
isomorphism when Y = X/G for G a finite, étale group scheme acting freely on X.
However, it is not in general true that 7 : AyY — (A, X)% is an isomorphism in
this situation. For example, if E is an elliptic curve over C and G is the group of
2-torsion points, then E/G = E with 7 : E — E represented by the multiplication-
by-two map. If we take A = Z/2, then 7" : AgE — (AgE)® is trivial.

We also remark that, by the obvious identification of ALX with A, X, cl'(Z) is
simply the cycle class [Z] € A X.

5. THE FUNDAMENTAL OPERATION

Let S(n) denote the symmetric group on n letters and C(n) denote the cyclic
group with n elements viewed as a subgroup in the obvious way. Let R denote
the standard S(n)-representations on k™ and let R denote the reduced regular
representation, i.e., the cokernel of the map 1 — R from the trivial representation.
One can view these representations as bundles over BS(n).

For a cycle a € Z; X let a*™ € Z,;, X™ denote its n-fold exterior product with

itself ([4] 1.10). As a*™ is S(n) invariant, it defines a class [a*"] € (Zx X™)€ for
any G < S(n).
5.1. If [V] € Z;(X|P!) and [W] € Z;(Y|P!) are two classes corresponding to
subvarieties V' and W, then V and W are both flat over P'. This implies that
V xp1 W is flat over P'. Thus every component of V xp1 W maps dominantly to
P!. Consequently [V xp1 W] € Z;;(X x Y|P!). And linearity gives a product

Zi(X|PY) ® Z;(Y[P') — Zij (X x Y[P)

written 3 ® v +— (3 xp1 7. In particular, any 3 € Z,(X|P!) can be crossed with
itself to obtain a class Opl' € Zn,(X™|P).
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Proposition 5.2. The map o — o*™ factors through rational equivalence to give
a map PE: A X — AG. X" for any G < S(n).

Proof. Two cycles ap and ae, are equivalent iff there a cycle 3 € Zy(X|P!) with
B(0) = ap and B = aoo. In this case, B51" is a cycle in Z,,(X"[P'), with
Bpi'(0) = o™ and Bp1'(c0) = a . O

Proposition 5.3. Consider a morphism f: X — Y and a cycle o € ALY . Let

f&" denote the obvious G-equivariant morphism from X to Y.
Xn

(i) For f proper, f&" is also proper, and (f&").Pa(a) = PA(fec).
(ii) For f is flat, f&" is also flat, and (f5")*P&(o) = PA(f*a).
(iii) For f a reqular embedding (resp. l.c.i. morphism), fE" is also a regular
embedding (resp. lci. morphism), and (f3") P&(a) = PE(f'a). (Here f'
is Fulton’s refined Gysin homomorphism [4].)

Proof. (i) is easy as it is true on the level of cycles, that is, in Z,,(X™). (ii): If f is
flat then it is easy to see that f*" is also. Thus f5" is also flat by the results of [3]
recalled in section 2.2. It is easy to see that the required commutativity actually
holds on the level of cycles.

Once (iii) is proved for regular embeddings, the statement for l.c.i. morphisms
will be a consequence of (ii). So assume f is a regular embedding of codimension
d. Let N be the normal bundle, and let

X —Y

.y

X—Y

be a pull-back diagram. Let N’ = N|x.

The refined Gysin homomorphism of [4], f' : AyY’ — Ap_4X', is constructed as
the composition of the specialization homomorphism o : A,Y’ — A, N’ with the
isomorphism (7*)71 : AN’ — Ap_4X'.

The map o is defined on the level of cycles by the rule o[V] = [CynxV]. (Here
[CvnxV] is the normal cone of VN X in V — a subscheme of N’.) One then sees
that o commutes with P75 on the level of cycles, i.e., the diagram

ZkY/ —— nkYm

L

ZyN' —— Z, . N'"

commutes.
On the other hand, the isomorphism 7* : A,_4X’' — A,N’ is simply a flat
pull-back. Thus the diagram

Ap_aX' — Ay X"

| |

AkN/ —_—> AnkN/n

also commutes by (ii). The result then follows by splicing the two diagrams together.
O
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If V. — X is a vector bundle of rank r, let P%(V) denote the product of n-copies
of V over n copies of X as a G-equivariant bundle.

Corollary 5.4. Let o € A.X and let ciop (V) denote the top Chern class class ¢, (V')
of V, that is, the top Chern class of V.. Then PZ(aNciop(V)) = PE(a)Negop(PEV).

Proof. Let i : X — V be the inclusion of the 0-section. Then a N ¢yop(V) = i*iLau.
The corollary then follows from the successive application of (ii) and (iii) of the
previous proposition. O

6. CONSTRUCTION

Consider a pair (W, X) where X — W is an embedding of X into a smooth
connected algebraic space W of dimension d. Set m = (n — 1)d, and form the
S(n)-equivariant pull-back diagram

X —X"

L

W —S=wn
where S(n) is acting on W™ and on X™ by permuting the factors. We let S(n) act
trivially on W and on X, and we take A to be the diagonal embedding.
Definition 6.1. For G < S(n), d¥ : AYX™ — AY | X is the map given by
d¥ (o) = A, We will write DY for di¥ o PZ.
Remark 6.2. One way to keep track of the degrees in the definition is to reindex
the groups. For a pair (W, X), define AL [W, X] = A , X. Then the re-indexed
map dfy : AL [Wn, X" — AL [W, X] preserves the degree, and DY maps A*[W, X|
to AZF[W, X]. This is useful for proving the Adem relations but for most of this
paper we prefer to keep the usual grading.

The next proposition allows us to control the dependence of dg’ on the smooth
space W. Eventually, we will be able to use it to “factor out” the W dependence
from our definition of the Steenrod operation S,.

Proposition 6.3. Let j; : X — W; be two embeddings of X into two smooth spaces
W;. Then

(60) Crop(R @ TWa|x) Ndl" = crop(R@ TWi|x) NdQ>2.

Proof. For i = 1,2, we have diagrams

(61) X 2% xn

jzl ljf"

Wi — Win .
AWi

Since R ®@ TW;|x = j¥ Nw, W ", we need to show that
(62) Cropdt N, Wi N Ay, = Cropis N, Wo™ 0 Ay,

This equality is a special case of the following lemma. O
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Lemma 6.4. Let X and Y be two G-equivariant spaces and, for i =1,2, let

X*f>Y

Xi T> Y;
be G-equivariant pullback diagrams with the maps f; : X; — Y; reqular embeddings.
Let N; = g Nx,Y;, and let n; =1k N;. Then
(63) ey, N1 0 fyor = ¢, No N flax
for any class a € ACY .

Proof. The proof uses the notion of an excess normal bundle and Fulton’s Excess
Intersection formula ([4] Theorem 6.3).
Form the diagram

(64) X x Ty

(91792)1 (gl’fzogz)l l(hhhz)

X1 X XzidﬁxleQXl X Yv2f*>1><idy2 Yl X }/2

X1 Tyl
1

The squares in (64) are pullbacks. For the two squares on the right side, this is
automatic. For the one on the left, we need to use the fact that f is an embedding
and this follows from the assumption that the f; are embeddings.

Now let a be a class in ASY. Since f; xidy, and f; are both regular embeddings
of the same codimension (namely nq), the excess intersection bundle for the right
two squares is trivial. Thus

(65) (fi xidy,)'a = fia.

On the other hand, note that the left hand side of (64) fits into a larger couple
of pullback diagrams

(66) x— o x
(91:92)l l(gl,fwgz)
XixXo—= X1 xYs

idx, X f2
pr2l lprg

Xo—p "1

where again the excess intersection bundle for the bottom square is trivial. More-
over, the top horizontal arrow of (66), idx, is a regular embedding. Thus, for

(67) (idx, x f2)'8 = fo = ¢, N2 N B.
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The last equality follows from the excess intersection formula applied to the top
and bottom rows of the diagram.
Finally consider the diagram

(68) x— 71 .y

(glygz)l l(hh}w)

X1XXQW}/1XY2.

This is the composition of the top two squares of (64); thus,

(fix f2)le = (idx, x f2)'(f1 ¥ idy,)'x
(69) = ¢, NoN fla.

The first equality follows from the functoriality theorem for the refined Gysin
(Theorem 6.5 of [4]), and the second follows by combining equations (65) and (67).

Now we can interchange the roles of f; and f in the proof of equation (69), and,
when we do, we see that

(70) (f1 X fg)!Oé = CnlNl n fQ'CY
Thus we obtain the desired result, equation (63), by equating the right hand sides
of equations (69) and (70). O

Proposition 6.5. Let

Iy

U
-
be a commutative diagram of injective maps with the horizontal maps open embed-
dings and with W (and thus V') smooth.
(1) For a € AZX", %™ (d% a) = di (5™ a).
(ii) For a € A,X, j*(D¥ ) = D& (5% ).

Proof. (i) implies (ii) by Proposition 5.3. In the case V = W, (i) follows from
Theorem 6.2 (a) of [4] — the commutativity of flat pull-back with the refined Gysin.
The general case then follows from Theorem 6.3 of [4] (the Excess Intersection
Formula). O

7. CHOW THEORY OF CycLIiC GROUPS

Let n be an integer not divisible by char (k), and let p, be the linear algebraic
group of n-th roots of unity. (As an algebraic variety, this is Speck[t]/(t" — 1).)
The canonical one-dimensional representation of p,, gives rise to an equivariant line
bundle L over pt,. Set | = ¢1(L) € A Bu,. The following result is given in [9] for
k = C. Here we give a proof of the (certainly well-known) general case.

Theorem 7.1. (i) A* Bu,, = All]/(nl). (it) If X is an algebraic space with trivial
tn action, then AA™ X = A, X @ A*Bp,.
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Proof. Let E = A™! — {0} with the diagonal action of y,. Write B = E/u,,, and
note that P" = E/G.,,. Now let G,, act on A x E on the right by the formula:
(a,2)\ = (A"a, A\x). The resulting quotient (A' x E)/G,, is then the total space
of the line bundle O(n) on P". The space B embeds as an open subset of O(n)
via the map j : e — (1,e). The complement of j(B) is the 0-section which we will
simply write as P”. For any X we then have an exact sequence of groups

Ai(P" x X) — A4;,(0O(n) x X) —» A;(Bx X)— 0.

For X = pt the theorem follows from the elementary computation of the map
on the left hand side: Both of the groups are A for ¢ € [0,7] and the maps are
multiplication by n. The generating class h € A, O(n) is the first Chern class of
the pull-back of the canonical line bundle from P”. Since the representation of G,
restricts to the canonical representation of p,, h restricted to B is [. This proves
(1).

For X arbitrary, there are Kunneth formulas A,(P" x X) = A,P" ® A, X and
A.(O(n) x X)=A.0(n) ® A.X. (ii) follows from (i) and the application of these
formulas. O

7.2. We now make two assumptions that will be in force for the rest of the pa-
per. Pick a prime p not equal to the characteristic of £, and set A = F,. Chow
groups written without explicit coefficients will thus be taken modulo p. Now, if
k> contains the group p, (k) then C(p) = p,. But of course the two groups are not
naturally isomorphic. The isomorphisms themselves are in correspondence with the
primitive p-th roots of unity. Therefore let us assume that such a primitive root ¢
as been chosen in k. We can then write A*BC(p);; = F[l].

Remark 7.3. Note that even without choosing ( there is a natural correspondence
between one-dimensional representations of C'(p) and p,. The first Chern class
then gives a correspondence between p, and A'BC(p). In other words, over a
field containing the p-th roots of unity, A'BC(p) = Z/p(1). This implies that
A*BC(p) = Z/p(k).

Proposition 7.4. Let r = [k(u,) : k] be the index of the extension obtained by
adjoining the p-th roots of unity to k. Then A*BC(p) = F,le] where € is the top
Chern class of an r-dimensional C(p) representation.

Proof. Let M = k(p,) and set G = Gal(M/k). The action of G on p, gives an
identification of G with a subgroup of (Z/p)*.

The representation R splits over M into a direct sum &P~ L% — here L is the
one-dimensional representation associated to (. Under the natural identification of
A'BC(p)m with pp, c1(L®%) = ¢'. Let S be a coset of (Z/p)* modulo G. The
r-dimensional representation V = ®;cgL®" is defined over k as it is fixed by G. All
of the Chern classes of Vg vanish except for the top class which is nontrivial and
thus a generator of A"BC(p). We claim that € = cop(V') generates A* BC(p).

Let p : A*BC(p)r — A*BC(p)pm be the pull-back, and let N : A*BC(p)yr —
A*BC(p)i be the norm map. Then N o p is simply multiplication by r. As r
is relatively prime to p, p is a split injection. We use this injection to consider
A*BC(p) as a subgroup of A*BC(p)ys. Clearly € maps to some non-zero multiple
of {". Thus to prove the proposition it is enough to show that A*BC(p) C F,[I"].
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Now, under the identification of G with an order r subgroup of (Z/p)*, the
action of an element o on [* € A*BC(p),y is simply multiplication by a'. It follows
that (A*BC(p))¥ = Fp[l"]. Thus A*BC(p) C F,[I"]. O

Remark 7.5. If X is a space on which C(p) acts trivially, ASP X s a direct sum-

mand of Af(p )X a- This follows from the same norm argument used in the proof
of the proposition.

Let V' be a vector bundle on X and assume that both V' and X have trivial C(p)
actions. Let A1, -+, Aq be the Chern roots of V, and let ¢, (V) = [[(1 + A;). (We

will employ the standard abuses of the splitting principle here and in the sequel.)
d

Set w(V) = H(l + AP71). This corresponds to the class w of the introduction.
i=1

In order to keep track of the degrees, we also consider the polynomial w(V,t) =

T (14X,

It is convenient to localize the Chow ring A*BC(p) by inverting the element e.
Note that, as € is a non-zero divisor, A*BC(p) injects into (A*Bpuy,).. Under the
assumption that X has trivial C(p) action, e is also a non-zero divisor on A*C(p )X,
Let n denote the top Chern class ciop(R). By Wilson’s Theorem, it follows that
n = —IP~1. Note that localizing by 7 always has the same effect as localizing by
€. As it is generally harmless, we will sometimes write a formula in the localized
groups without mentioning explicitly which group we are working in.

Proposition 7.6. With V and X be as above,
Crop(R @ V) = 11%w(V, 1/1).

Proof. The Chern roots of R are simply [,2[,...,(p — 1)l. Therefore,
d p—1

cop(R@V) = ][ +aD)
d

O

In the sequel, let ciop(R® V')(t) be the (unique) polynomial in ¢ with coefficients
in A*X such that ciop(R® V)(1) = crop(RQ V).

8. DEFINITION AND BASIC PROPERTIES

In what follows, we will write C' for C(p) considered as a subgroup of S = S(p)
in the obvious way. We will also write DV for D{'. Note that, if C < G < S(p),
the restriction map ASX — AY X is a split injection. (The splitting is given up to
a factor of [G : C] by the transfer). Thus to compute D¢ for all such G it suffices
to compute D"
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We first show that D" is a group homomorphism, beginning with the Chow
group analogue of a lemma of Steenrod. Here and for the remainder of the paper,
X will be a space with trivial C' action and S(p) will act on X? via permutations.

Lemma 8.1. Let T : ACXP — A, XP be the transfer. Then ALT = 0.

Proof. By (50), there is a commutative diagram

Axr —Ls ACxw

ACx 2 s A x T ACx

It follows from the computation of A X that p* is surjective. However Tp* = 0
(because it is multiplication by p). Therefore the T' on the bottom row is 0. The
result then follows from the commutativity of the diagram. O

Theorem 8.2. DV is a group homomorphism.

Proof. Let Zy and Z; be two cycles.
(Zo+ Z1)P =Z{P + Z]P +T
where I lies in the image of T (by Proposition 4.7). Therefore
AL((Zo + 21)7) = Ap(Z4") + A (Z;7)
by the lemma. The theorem then follows from the definition of DW. O

Now we can view D" («) as a polynomial 3" b;I? in the variable [ with coefficients
in A, X. We can do this even if k does not contain all of the p-th roots of unity
because A X C AEXE- Following Steenrod, we have the following

Theorem 8.3. All terms of b;l* of DV («) with i not divisible by p — 1 are 0.

Proof. Let G be the normalizer of C' in S. Then G = C(p — 1) x C with C(p — 1)
acting through the identification C(p —1) = (Z/p)*. Thus C(p —1) acts on A*BC.
Under the above identification, with k € (Z/p)*, k.l = kl. Thus k.l* = k'l*. This
gives the action of C'(p — 1) on A*BC. Note that the action is only trivial if i is a
multiple of p — 1.

Now recall that dff = ALa*P is the restriction of Aa*?. Therefore C(p — 1)
must act trivially on DY («) (by Proposition 3.4). Hence, all terms b;l* with i not
a multiple of p — 1 must be 0. O

8.4. Now D" (a) can be viewed as a polynomial in the top Chern class class
7 = ctop(R). To better keep track of degrees, we let D («,t) be the polynomial in
A X ® Fy[t] such that DV (a,n) = DY («).

Definition 8.5. The total Steenrod operation series of the pair (W, X) is the
Laurent series (with finitely many terms)

SYWa(t) =tk DWa(1/t).

with d = dim W and a € Ay X. We simply write SV« for S a(1). This is the
total Steenrod operation. We define individual operations S}V by setting S a(t) =
> S (a)tt. Note that S}V lowers the degree of a by (p — 1)i.
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Remark 8.6. To agree with the topological notation, we define PV a = SV« for
p # 2. For p = 2, we define ng‘i/ a = SY. The odd order operations obviously do
not exist in the context of Chow groups (although they definitely do exist in the
context of motivic cohomology) because the cycle class map sends Chow groups to
even dimensional cohomology.
Remark 8.7. Since DV« is a polynomial in t, SV a = 0 for i > d — k.
Remark 8.8. We can also formulate the definition for a € A*[W, X] by follow-
ing through the reindexing. We write Spya(t) = t*DWa(1/t) and set Sy a(t) =
Z Siyt'. Then, of course, Siya € AFP=Vi[y X,

From Proposition 6.5, we have
Proposition 8.9. If j : U — X is an inclusion of a Zariski open set, then
7 (S a) =SV (j*a).
Proposition 8.10. If Wy and Wy are two smooth spaces containing X, then

SVia N w(TWy) = SV2anw(TWh)

Proof. The proposition follows by applying successively Proposition 6.3, Proposi-
tion 7.6, and the definitions. O

Definition 8.11. If X is smooth, let S®a denote S¥«. It is natural to consider
this as an operation on A*X so that S raises degrees by (p — 1)i.

Remark 8.12. Suppose f : X — Y is a morphism of smooth varieties. Then
from Proposition 5.3 and the functoriality of the Gysin it follows that f'DY (o) =
DX(f'a) for a € A,Y. Therefore,

(71) f'S*a=5"fa

Definition 8.13. For any X embedded in any smooth W, define
Sea(t) =S¥ a(t) Nw(TW, ).

It follows from Proposition 8.10 that Se« is independent of W.

9. FUNCTORIALITIES

Let ¢ : X — Y be a closed embedding with ¥ embedded in a smooth variety
W. Then D¥ (i.(a)) = i.(D¥ (). This follows from [4], Theorem 6.2. Thus
SW(ia) = i.(S¥ a). From the projection formula, it follows easily that S, (i.a) =
ix(Sex).

Lemma 9.1. If X — U and Y — V are embeddings of X and Y into smooth
varieties, then
DY*V(a x 8) = DY x DV 3.

Proof. This follows directly from Example 6.5.2 of [4]. O

Theorem 9.2 (Cartan Formula). If « € A, X and § € A.Y then
STV (axp) = SlaxS!p,
Se(ax ) = Seax Sef.

Proof. The first equation follows directly from the lemma. The second is a conse-
quence of the multiplicative property of w: w(T(U x V)) = w(TU)Uw(TV). O
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Applying Remark 8.12 to the embedding X — X x X, we have the following
theorem as a corollary.
Theorem 9.3 (Cartan Formula). For X smooth, DX (a U 3) = DX (a) U DX (),
and S*(aUB) = S*a U S*S.
Proposition 9.4. Let X be a smooth space contained in a smooth space W with
normal bundle N = (TW)x)/TX. Let a € A*X.

(i) DX[X] [X] for any group G < S(n).

(i) S°[X] = [X].
(iii) SV [X]= [f]r?w(_)kand Se[X] = [X]Nw(TX)?
(iv) Sza_{ 0« ik

Proof. (i) is a direct consequence of the following fact: If j : A — B is a regular
embedding of smooth varieties, then j'[B] = A. (i)=(ii) by the definition of S*
and (ii)= (iii) by Proposition 8.10.

The second line of (iv) follows from Remark 8.7. For the first line, note that
Skq is simply the constant coefficient in DX (a, t), that is, S*a = D& (a, 0) where
C is the cyclic group with p elements. From the functoriality of D as a functor
of the group G under the restriction map, it follows that D& (, 0) = Dﬁ}(a). But

Dﬁ}(a) = aP. O

Remark 9.5. A consequence of (iv) of the above is that, if « € A'X and X is
smooth, S*(a) = a + aP. This implies that DX (a) = a(n + aP~1).

Corollary 9.6. For any X embedded in a smooth space W of dimension d and
a€ AX, SWa =0 forig[0,d—k| and SY¥ is the identity.

Proof. That S}V o vanishes for i > d — k is Remark 8.7. To prove the rest of the
corollary, first note that by linearity it suffices to consider the case a = [V] for V an
irreducible subspace. Let Viing be the singular locus of V' and let Wy, = W — Viing
(I‘G‘Sp. ‘/sm =V - ‘/sing7 Xsm =X - ‘/sing)~
The smoothness of Vi, and Proposition 9.4 together imply that the corollary
holds for S}V*" V] considered as an element of A,Viy,. Then the covariant func-
toriality of S¥sm shows that the corollary holds for S} ==
A Xom-
Let j : Xqn — X be the inclusion. Then by Proposition 6.5, S}V [Vim] =
7*(SY[V]). The result then follows from the fact that, for r > k, A, X = A, Xqn.
O

Lemma 9.7. Let V' be a vector bundle on X of rank r and let « € A, X. Then
SV (N ciop(V)) = SV (@) N ciop(VIw(V).

Proof. Let P = PZ. By Corollary 5.4, P(a N ¢iop(V)) = Pla) N crop(P(V)). Tt
follows from the compatibility of the refined Gysin with pull-back of vector bundles
([4] Proposition 6.3) that DY (a N ciop(V)) = DV (a) N cop(V ® R). But, now,
Coop(V ® R) = crop(V)cop(V @ R), and this is just cop(V)n"w(V,1/n). By the
definition of S}V, we thus have SJ¥(a N cuop(V)) () = SV () N crop(V)w(V,t) as
desired. (]

Vim] considered to be in

Remark 9.8. For a line bundle L with ¢ = ¢;(L), this reduces to the statement that
SV(ane) =S¥ (a)N (c+cP).
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In the next lemma and what follows, we use the usual convention that

(Z) :n(n—l)--l;:!(n—k—&-l)

forn € Z and k > 0.
—1—-(p—-1k
k

Proof. (1 - (]f* I)k) - (—1)k<p:). O

For a cycle a € A, X, we write [a]y for the component in degree k.
Lemma 9.10. (S.[P"])o =0 for n # 0.
Proof. Se[P"](t) = [P"]Nw(TP" t)~t. And w(TP",t) = (1 + th?~1)"TL Thus,
clearly, (Se[P"])o = 0 unless n = (p — 1)k for some integer k. And, in this case,
(Se[P™])o = (7""). The result then follows from Lemma 9.9. O

Lemma 9.9. ( > = 0 modulo p unless k = 0.

Proposition 9.11. Suppose f : X — Y factors as a closed embedding g : X —
P x Y followed by the projection pa : P* XY — Y. Then Se(fict) = fi(Sect).

Proof. Since we know that S, is covariantly functorial for closed embeddings, we
need only show that S, commutes with po.. Let a € Ag(Y x P™). We can write
=3 Bi® [P7]. Then po.(a) = B. Using the Lemma and the Cartan
formula, it is easy to see that po.(Set) = Se k. O

Corollary 9.12. When k = C, the definition of Se agrees with the topological
definition given in the introduction.

Proof. Let m: M — X be a resolution of singularities, in particular, a projective
map with M smooth. Then the functoriality of S, for projective morphisms and
the computation of Proposition 9.4 shows that Se[X] = m.([M] Nw(TM)~ ). O

Of course, the proof also shows that m.([M] N w(TM)~!) is independent of M.

10. CHOwW ENVELOPES

We now have S, defined for any scheme X which can be embedded in a smooth
scheme. In particular, it is defined for any quasi-projective scheme. Moreover, by
Proposition 9.11, S, is covariant for projective morphisms. To extend the definition
of S, to all schemes and show that the extension is covariant for proper morphisms,
we use a Chow envelope argument essentially identical to the one used by Fulton [4]
to extend the Grothendiek-Riemann-Roch theorem from quasi-projective varieties
to arbitrary schemes.

We begin by reviewing the facts of Chow envelopes referring the reader to section
18.3 of [4] for details. If X is a scheme, an envelope of X is a proper morphism
p: X’ — X such that, for any irreducible subscheme V of X, there is an irreducible
subscheme V' of X’ such that p maps V' birationally onto V. It follows that
py 2 A X' — A, X is surjective. An envelope X’ is a Chow envelope if X' is quasi-
projective. By Lemma 18.3 of [4], for any scheme X there is a Chow envelope
p: X' — X and a closed subscheme Y such that X — Y is dense and p maps
X' — p~ 'Y isomorphically onto X — Y.
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Suppose that p : X’ — X is a Chow envelope and that a € A X is a cycle class.
Since we can find an o € A X’ such that p,a’ = «, the natural inclination is to
simply define
(72) Seax = p,.Sec’.

However, we must first prove that this definition is independent of the choice of o
and the choice of X’. Following Fulton, we will says that a map S : A, X — A, X
is compatible with p if

(73) Sp.a = p.Sea’

for any o/ € A, X’. Since p: X’ — X is an envelope, there can be at most one map
S compatible with a given p.

Lemma 10.1. If S : A, X — A.X is compatible with a Chow envelope p then, for
any proper morphism f:Y — X with Y quasi-projective, the diagram

AY 2> ALY

| |

AX > AX
commutes. In particular, S is compatible with any other Chow envelope.

Proof. By Lemma 18.3 (4) of [4], we can find a Chow envelope ¢ : Y/ — Y and
a proper morphism f’' : Y’ — X’ such that pf’ = fq. Let a € AyY. Since Y’ is
an envelope, we have a = g,a’ for some o’ € ALY’. Then f.Sea = fiSeq.a’ =
f+q+Sea’ since q is projective. The fact that S is compatible with p then implies
that fiqeSex = piflSecd = Sp.fla/ = Sf.a. O

Proposition 10.2. For any scheme X, there is an S : A, X — A, X compatible
with all Chow envelopes.

Proof. We prove the proposition by Noetherian induction on X. When the dimen-
sion of X is 0, the proposition is trivial. Therefore, assume the proposition holds
for all schemes of dimension less than that of X. By Lemma 10.1, it suffices to find
a specific envelope p and construct an S compatible with p. We can thus assume
that p : X’ — X is a Chow envelope equipped with a closed subscheme Y such that
X — Y is dense and p maps X’ — p~ 'Y isomorphically onto X — Y.

We then have a fiber square

Y/ 4 X/
Lk
Yy —=X.
Note that ¢ : Y/ — Y is also a Chow envelope by Lemma 18.3 (2) of [4].
By [4] Example 1.8.1, the sequence
(74) ALY 5 ALY @ A4 X S A X -0

is exact, where a(y) = (g+7, —j+7y) and b(a, §) = i + pi .

From the induction hypothesis, there is a map S : A,Y — A,Y compatible
with g. We can now define S(i,a + p.f) = i.5(c) + p.Se(B). This is well-defined
because, for 7 € ArY”, i.5(qxY) — PsSe(Js¥) = 14GxSey — DxjsSey = 0. O
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We can thus define S, : A, X — A.X to be given by the (necessarily unique)
S compatible with all Chow envelopes. By the Lemma 10.1, we know that S,
commutes with proper push-forward from projective schemes. If f : Y — X is an
arbitrary proper morphism, we can (as in the proof of the proposition) find a Chow
envelopes ¢ : Y/ — Y and p : X’ — X, and a proper map f’ : Y’ — X’ such
that pf’ = fq. Then, if « € A,Y is a class, we can find an o/ € A,Y’ such that
g« = a. It follows then that fiSeat = fuSequa’ = puflSe = Sepsfia’ = S, frar.
We thus have the following

Proposition 10.3. If f : Y — X is a proper morphism, then f.Se = Se [+-

Note that the above proposition together with Proposition 9.4 (iii) characterizes
the action of S, on any variety X which admits an envelope f : Y — X with
Y smooth. In particular, in characteristic 0 where resolution of singularities is
available, S, is characterized by commutativity with proper morphisms and the
fact that Se[Y] = [Y]Nw(TY)~! for smooth Y.

Proposition 10.4. Let X and Y be schemes.

(i) For o, € AxX, Se(a+ ) = Seax + S f3.
(i) For a € ApX and B € A;Y, Se(a x ) = Seax X Sof5.

Proof. To verify (i) chose a Chow envelope p : X' — X and let o/, 3" € A X’ be
classes such that p,o’ = o and p,3’ = 3. Then

So(a“‘ﬁ) ZP*S.(O/‘Fﬁ/) - p*Soa/ +p*Soﬁ/
= Sea+ S.0.

For (ii), let p : X’ — X and q : Y/ — Y be two Chow envelopes and let
o € AyX' and ' € A;Y’ be chosen such that p.o/ = a and ¢,/ = 3. Then
pXq: X' xY' — X XY is a proper morphism and (p X ¢).a’ X 8’ = a x 3. Thus,
by proposition 10.3 and Theorem 9.2,

Se(ax fB) = Se(pea’ X q.f) = (px q)uSe(a’ x ')
= (P X q)xSe@’ X Soff' = piSe’ X puSeff’ = Secx X Sof5.

11. ADEM RELATIONS

In the topological setting, the Steenrod powers along with the Bockstein ele-
ment 3 generate an Fp-algebra A(p) known as the Steenrod algebra. This highly
non-commutative algebra is the free non-commutative algebra on the Steenrod op-
erations (along with the Bockstein element) modulo the two-sided ideal generated
by certain (somewhat complicated) relations known as the Adem relations. The
fact that the cohomology H*(X,F,) of a topological space X is a module over the
Steenrod algebra A(p) has profound consequences for algebraic topology.

In our algebraic setting, we will not have an analogue of the Bockstein element
acting on Chow theory because 3 increases topological degree by 1. (Note however
that, in the setting of motivic cohomology, 3 exists and plays essentially the same
role as the Bockstein element in algebraic topology.) Thus we should expect that
A(p) modulo the two-sided ideal generated by 8 will act on the Chow groups. To
prove this we must check the Adem relations.
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In this section, we verify that the Adem relations (given in equation (76)) hold
both for the SV and for the S;. Most of the proof is formal and some of it is
tedious. In general, the proof is very similar to the one given by Steenrod in [§].
I have; therefore, sketched certain arguments referring the reader to Steenrod for
the details.

In order to unify the presentation, we use the reindexing of Remarks 6.2 and
8.8. Therefore, we will be considering throughout the groups A*[W, X| and the
operations S§, = t*DWa(1/t). We will also use the symbol oo to stand for an
“infinite” W. In practice, this means that we will write A¥[oco, X] = A_;X and
S3. («) for the reindexed Se(ar). We will say that W is “finite” if it is not co. When
X is smooth, D written without a superscript will mean DX.

For W finite and a € A*[W, X], we have DY (a) = n*Sp,a(1/n). We gener-
alize this formula by defining D> (o) = 7*S3,a(1/n). Note that, while DV (a) €
AL[W, X] for W finite, D*°(a) may only live in the localized module A:[W, X],,.

Now let C and Cs be two copies of the group C(p) and suppose that E; € EC;
for ¢ = 1,2 over an algebraically closed field k. (In proving the Adem relations,
we can work over an algebraically closed field without loss of generality.) Let
B; = E;/C; for i = 1,2. We suppose that a large integer N has been chosen and
that A*B; = A*BC; for k < N. Let us write A*BC; = F[l;]. We will also write
N = flffl. Let R, be the subalgebra of A*BC; generated by 7;. In general, we
write R’ for the subalgebra of A* BC(p) generated by 7.

We want to compute the map D : A*B; — A*B; ® A*BC5. By Remark 9.5,
D(l) = Li(ne + ") = Iy(ne — m). As D is an algebra homomorphism, this
computes D completely. In particular, D(n1) = 11 (2 —n1)P~!. These two formulas
hold for the varieties B;. There is then an induced algebra map D : A*BC —
A*BC ® A*BC given by D(I) = 1@ 1(IP"'®@1 - 1®P71).

Now for any space X embedded in a smooth (finite) space W there is a sequence

AR[W, X] — APF[W x By, X x By] — AP’F[W x By x Ba, X x By x Ba]

obtained by applying D" and then D" %P1 in succession. By taking N > p?k, this
defines a map D? : A*[W, X] — A*[W, X|®F[l1]®F[lz]. Let s be the automorphism
of R’ ® R’ which switches the factors, i.e., s(l1) = la, s(l2) = I;.

Theorem 11.1. For W finite, D?* = s(D?).

Sketch. Let C? be the product of C; and C5 and let sw be the automorphism of C?
which switches the factors. Then D? can be thought of as a map D? : A*[W, X] —
A.[W, X]. Then sw*(D?) = D?. This is shown in the topological context on pages
116 and 117 of [8]. The proof in the context of equivariant intersection theory uses
the same reasoning and the same commutative diagrams. (All of the necessary
functorial properties of equivariant intersection theory are at our disposal.) I will
omit it.

What is left is to show that sw* = s. But this is clear from the way sw acts on
one-dimensional representations. O

Let m: R'® R’ — R’ be the multiplication map. Let R = R]. Then R inherits
a grading from A*BC(p) so that n has degree p — 1. Extend D, m, and s to R.
Then since D(n1) = m1(n2 — n1)P~ !, the extension of D to R takes values in the
ring (R® R)y,—n,. (Here we write n; for n®1, 1 for 1®@n.) Write M = A*[W, X]
and DM = DW. The Cartan formula shows us that D? can be computed as the
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composition

M M
(75) M2 MeoR "E°MeoR®R®R

28 MR R oR 2" MeR R.
We can then extend this to a map D? : M — (M ® R® R),,_n, by extending D
to R.
11.2. Let ¢ be the involution on R taking i to 1/n. Let M be any graded Abelian
group with a map D™ : M — M ® R multiplying degrees by p. We write
DM (a)(1/n) for (id ® 1) o DM(a). Define Sy;(a) = n*DM(a)(1/n) and write
Su(a) =3, Si;(a)n’. Note that this implies that DM (a) = n¥Sp(a)(1/n). De-
fine D*: M — M ® (R® R)(;,—p,) as in (75).
The Adem relations will follow from the following

Theorem 11.3. With the M as above, suppose that

(i) For any o, Si,(a) =0 fori <0,

(i) s(D?) = D2.
Then the S%; satisfy the Adem relations. That is, for 0 < b < pc,

[b/p]

(76) stisie = 3 (070 sty

Proof. We will write u for the generator of the first factor of R and v for the other
so that R® R = F[u,v,u~!,v7!]. In other words, we write u for n; and v for 7.
We will simply write S for Sy;. Note that S raises degrees by (p — 1)i.
We then compute
D*(a) D(u*S(a)(1/u))
= D" S(a)u)

i>0

— 3" D(S(a) Dt

i>0
= ka"’(”_l)iZSjSi(a)v_jD(uk_i)
i>0 §>0
_ Z SjSi(a),Uk—O—(p—l)i—juk—i(v _ u)(p—l)(k—i).
3,j>0
Note that the sums here are finite by the assumption that D: M — M ® R.
By assumption (ii), we have that
Z SjSi(a)(v _ u)(p—l)(k:—i) [Uk+(p—1)i—juk—i _ uk—&-(p—l)i—jvk—i} —0.
i,§>0

We reduce this by dividing through by (v — u)®~D*y*4* to obtain the equation
Z SIS () (v — u) " P[P D=y =t g (Pmimiy =i —
,j20

We then change variables, writing the equation in terms of a = u/v and v, to obtain

> SIS ap T (1= a)” P e — aP ] = 0.
,j>0
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Thus, with m = b+ ¢,
Z 575 (a)(1 — a)~PVi[g™0 — gPm™] = (.
i+j=m
Multiplying through by a™, we have
> 878 @)1 —a)” P Vil — a”'] = 0.
i+j=m
In other words,

3 SIS a) (1l -a) P Vel = 3 SIS (a)(1 - a)" P Diar,

1+j=m i+j=m

Now, multiply both sides through by (1 — a)P=1¢"1=? to get

Z SIS (@)(1 — a)PDle=D=1gi=b —
i+j=m
Z 578 (a)(1 — a)P~Dle=D-1gpi=b,
i+j=m
The Adem relations follow from considering the constant coefficient of each side
of the equation expanded out as a formal power series in a.
On the left side, the coefficient is simply S?S¢. This follows from Lemma 9.9.

Note that on the right the coefficient will be 0 unless pi < b. Since 0 < b < pe, this
implies that ¢ < c. At any rate, the coefficient is

St U0)

]

The Theorem directly implies the Adem relations for finite W. For W = oo, one
needs to know the following

Proposition 11.4. If DV satisfies the conditions of Theorem 11.3 for any finite
W, then D*° does also.

Proof. Hypothesis (i) of Theorem 11.3 holds automatically since S;« vanishes for
i < 0. (This is implied by the vanishing of S}¥« for i < 0.) The proof of (ii) is a
combinatorial game with the Chern roots of TW. Writing them as \;, we have

d

(77) w(TM) =]+ 7.

i=1

Now, DWa = nkSy,a(1/n) for a € AF[W, X]. If X is the first Chern class of a
line bundle L, it follows that from Remark 9.8 that

DY (an\) =DV (a)ND(N)
with D(A) = A(n + AP~ 1).
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Now suppose that o € A¥[W, X] = Ay X = A* |00, X]. From the definition
of S, (taking into account the gradings), it follows that

d
D*a = o Sya(t/mn [ +nA7H !
1=1
d
(78) = DYan[[m+x"H""
i=1

From the fact that D" is a homomorphism, we then have

d d
p=p*a = DV(DVan [m+N") )0 Joe+ )
i=1 =1
d d
(79) = pYpYar D([Jom+ ") [+ X

i=1 i=1

Assuming that (ii) holds for W, we know that DY D"« is symmetric in 71, 75.
Therefore it will suffice to show that the expression

d d

D(Jm+X"H ][+ X717

i=1 i=1

is symmetric in 11,7. Moreover, since DV is an algebra homomorphism, we can
assume that d = 1 so that there is only one A = A1 and we can remove the inverses.
That is, we only need to show that

D(m 4+ N1 (2 + AP

is symmetric for A a first Chern class.
We compute

(80) D(m + NN (n2 + A1)
= [m(n2 —m)P "+ AP )P g + AP
=2 —m)P (2 + N1 + AP 4 )P
m(ng — b)) (nz + AP~1) + AW~ (mgg — ) WP 4 )

M2 — M

1 1 — 2_

oy =) + T =i AT - (=) AP
2 —m

Since both the numerator and the denominator of the last expression are both
odd functions of 7z — 11, (80) is symmetric. O

As a corollary, we obtain

Theorem 11.5. Let A(p) be the Steenrod Algebra at the prime p, and let 3 be the
Bockstein element. Then A(p) modulo the two-sided ideal generated by B acts on
A*[W, X] for W either a smooth algebraic space in which X is embedded or W = oo.
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