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Control of Robotic Manipulators under Input/Output
Communication Delays: Theory and Experiments

Yen-Chen Liu and Nikhil Chopra

Abstract—Input/output delays in a control system can pose significantly
impediments to the stabilization problem and potentially degrade the
performance of the closed loop system. In this paper, we study the
classical set-point control problem for rigid robots with input-output
communication delays in the closed loop system. We demonstrate that
if there are transmission delays between the robotic system and the
controller, then the use of the scattering variables can stabilize an
otherwise unstable system for arbitrary unknown constant delays. It
is also demonstrated that the proposed algorithm results in guaranteed
set-point tracking. In the case of time-varying delays, scattering variables
together with additional gains can be utilized to stabilize the closed
loop system composed of the robotic manipulator and the controller.
Furthermore, a scattering representation based design with position
feedback is proposed to improve closed loop performance under time-
varying delays. The proposed algorithms are validated via experiments
in this paper.

Index Terms—Passivity-based control, Time delays, Networked robotic
systems.

I. INTRODUCTION

The use of communication networks for interconnecting robotic
systems and controllers can lead to significant advantages, such as
the increased flexibility and modularity as compared to traditional
wired connections. Several results in the field of closed-loop con-
trol systems over networks have been studied in [1]–[4]. A wide
variety of applications have been discussed [5]–[7]. However, the
communication channels are subjected to various time delays that
can not only degrade the performance of the closed loop system but
also render the system unstable. Therefore, in this paper, we study
the problem of motion control of rigid robots in the presence of
input/output communication delays, as shown in Figure 1.

Delays in a control system can pose significantly impediments to
the stabilization problem and potentially degrade the performance of
the closed loop system. It is well known that guaranteeing stability
of a control system with time delays is a challenging problem [8].
The Smith predictor [9], an useful delay-dependent method, can be
applied to stabilize the closed loop system with high performance but
requires exact knowledge of time delays and is sensitive to modeling
errors. The classical Smith predictor has been developed for nonlinear
systems in [10], [11] and for time-varying delays in [12].

Starting with the work of [13], [14], passivity-based control [15]
has emerged a fruitful methodology for control design of robotic
systems. Several control design have been presented in the litera-
ture [16], [17] where the controller and the mechanical system can
be represented as a negative feedback interconnection of passive
systems. Invoking the fundamental passivity theorem [18], it is
then possible to guarantee passivity of the closed loop system.
The property that a feedback interconnection of passive systems is
also passive has been utilized in the study of bilateral teleoperation
system with communication delays. Under the assumption that the
environment and the human operator are passive, scattering or the
wave-variable representation, which was studied in [19], [20], has
been proposed to ensure the passivity of the communication block.
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Recently, the scattering representation has emerged as a novel
tool for studying network control systems [21]–[25]. The basic idea
in these results is to use the scattering variables for guaranteeing
passivity of the communication block, thereby creating a passive
two-port network between a passive plant and a passive controller.
The use of scattering representation for networked control systems
with constant delays was proposed in [25] where the results were
developed for linear time-invariant (LTI) systems. This paper demon-
strated that it was possible to stabilize the closed-loop LTI system
using the scattering transformation independent of the constant delay.
This approach was extended in [26] for nonlinear systems with non-
passive plants or controllers by using the excess of passivity from
passive system to compensate the shortage of passivity in the non-
passive system. A coordinated compliance control of a robot system
with distributed control architecture utilized wave variables to handle
the constant delays in [24]. In [23], the scattering representation
was employed for the energy shaping control methodology over a
constant delays communication network. It is to be noted that the
aforementioned results either do not address the problem of set-point
control of nonlinear robotic manipulators [21], [22], [24]–[26] in the
presence of constant input-output communication delays, or the set-
point convergence has not been formally demonstrated [23]. In [27],
the use of scattering representation for control of robotic manipulators
with constant input/output delays was studied. However, [27] only
demonstrated that the state of the controller converged to the desired
configuration, while the set-point control of the robotic system was
not guaranteed.

As the communication delays are rarely constant in practice, the
scattering representation methodology has been extended to address
time-varying delays. For the problem of bilateral teleoperation, the
scattering or wave variables were modified in [28]–[30] to address
time-varying delays in communication channels. By sending wave
variables with stamped time, [31] proposed a method to compen-
sate the distorted wave variables with the integration of waveform
errors. An energy based input/output balance monitoring method
was presented in [28] to improve the drawback in [31] that the
system may generate infinite energy from integration. Without the
needs of integrating waveform errors or the wave variables for the
sum of energy, gains dependent on the maximum rate of change
of delays were utilized to scale wave variables in [30] to ensure
the passivity of the communication block under time-varying delays.
Although the time-varying delay problem in bilateral teleoperation
was studied by [28], [30], [31] using the scattering representation,
these algorithms cannot be directly utilized for studying the set-point
control problem with time-varying input-output delays. The time-
varying gain formalism proposed in [30] has been utilized in [32]
for stabilizing the networked set-point control system. However, the
proposed architecture only ensures stability of the closed loop system
and does not guarantee set-point tracking in the presence of time-
varying delays.

In this paper, we study the problem of set-point control in rigid
robots (with revolute joints) for both constant and time-varying
input/output communication delays. In the absence of precise knowl-
edge of the time delays and the robot dynamics, the stability and
performance of the closed loop system is studied. In Theorem 1, we
demonstrate using Lyapunov analysis that if the scattering transfor-
mation is used to encode the input/output variables for the nonlinear
robotic system and the controller, then under appropriate assumptions,
stability of the closed loop is recovered independent of unknown
constant time delays. Furthermore, the theorem also justifies the
intuitive claim that if the initial state of the controller is equal to
the initial configuration of the robotic system, then the tracking
error asymptotically approaches the origin. The control architecture
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Fig. 1: The sketch of using communication networks to interconnect
a robotic system with a controller.

is further validated via experiments in this paper.
The control system is extended for handling time-varying delays

in Theorem 2, where in conjunction with the scattering variables,
gains dependent on the maximum rate of change of delays [30] are
utilized to guarantee stability of the closed loop system. However,
this theorem can only ensure stability of the closed loop system
and cannot guarantee set-point control in the presence of time-
varying delays. Hence, in Theorem 3 delayed position feedback in
conjunction with the scattering representation is proposed so as to
achieve the regulation objective. The proposed control algorithm
guarantees stability of the closed loop system and tracking perfor-
mance under input/output time-varying delays even in the absence of
innate dissipation in the robotic system [32]. Experimental results
are presented to validate the efficiency for the proposed control
architecture.

The rest of this paper is organized as follows. In Section II
background on fundamental properties of robotic systems and passive
systems is presented. This is followed by the stability result for
constant input/output delays problem in Section III. Subsequently,
the time-varying input/output delay problem is studied in Section IV.
The proposed control algorithms are validated through experiments in
Section V. The results and future work are summarized in Section VI.

II. PRELIMINARIES

The concept of passivity is one of the most physically appealing
concepts of system theory [33] and, as it is based on the input-
output behavior of a system, it is equally applicable to both linear and
nonlinear systems. The theorems proposed in this paper are developed
based on the passivity property.

Consider a dynamical system represented by the state space model

ẋ = f(x, u)
y = h(x)

(1)

where f : Rn × Rp → Rn is locally Lipschitz, h:→ Rn → Rp is
continuous, f(0, 0) = 0, h(0) = 0 and the system has the same
number of inputs and outputs.

Definition [34] The dynamical system (1) is said to be passive if
there exists a continuously differentiable non-negative definite scalar
function S(x): Rn → R (called the storage function) such that

uT y ≥ Ṡ(x), ∀(x, u) ∈ Rn ×Rp.

The robotic manipulator in the input/output delays system is
modeled as a Lagrangian system. Following [35], in the absence of
friction and disturbances, and assuming gravity compensation, the
equations of motion for an n-degree-of-freedom robotic system are
given as

M(q)q̈ + C(q, q̇)q̇ = −τs + τe = τt, (2)

where q ∈ Rn is the vector of generalized configuration coordinates,
τs ∈ Rn is motor torque acting on the system, τe ∈ Rn is the external

τtτe +

−
Σrobot

Σc

τs

ucyc

Communication Channel

q̇

Fig. 2: A negative feedback interconnection of the robot dynamics
and the controller.

torque acting on the system, M(q) ∈ Rn×n is the positive definite
inertia matrix and C(q, q̇)q̇ ∈ Rn is the vector of Coriolis/Centrifugal
forces. The above equations exhibit certain fundamental properties
due to their Lagrangian dynamic structure [35].
• Property 1: The matrix M(q) is symmetric positive definite

and there exists a positive constant m such that mI ≤M(q).
• Property 2: Under an appropriate definition of the matrix C,

the matrix Ṁ - 2C is skew-symmetric
Moreover, it is well known that the robot dynamics are passive [35]

with (τt, q̇) as the input-output pair. The passivity property of the
robot dynamics has led to constructive control designs for robot
manipulators. Specifically, several robot control algorithms can be
reformulated as a negative feedback interconnection of two passive
systems [17]. Observing Figure 2, the controller takes in the robot
velocity as the input, and the output of the controller block is fed
back to the robot as the desired control input. If the controller
and the communication channels are input-output passive, then by
the fundamental passivity theorem [18], the closed loop system
formed by the robot dynamics, the controller, and the communication
channels is passive.

In this paper, we study the control problem when the communica-
tion channels between the controller and the robot are subjected to
various delays. The controller dynamics are given as

Σc :

{
ẋc = uc = q̇
yc = K1uc +K2(xc − qd)

(3)

where K1,K2 > 0 are the controller gains, qd denotes the constant
vector for the desired configuration. For simplicity, the control gains
in this paper are assumed to be scalars. The stability analysis of the
controller (3) and manipulators with (τt, q̇) as the input-output pair
were discussed in [27].

In this paper, we assume signals are equal to zero for t < 0 and let
x(t) = [xc(t) q̇(t)]T . Denote by C = C([−h, 0], R2n), the Banach
space of continuous functions mapping the interval [−h, 0] into R2n,
with the topology of uniform convergence. Define xt = x(t+ φ) ∈
C,−h < φ < 0 as the state of the system [36]. We further assume
that x(φ) = η(φ), η ∈ C and that all signals belong to L2e, the
extended L2 space.

III. CONSTANT DELAYS PROBLEM

In this section, constant delays in the input/output channel are
addressed. The controller dynamics are then given as in (3) with
uc(t) = q̇(t − T1) and furthermore the control input to the robot
is given as τs(t) = yc(t − T2), where T1, T2 are the constant,
heterogeneous time delays between the robot and the controller. The
signal q̇(t−T1) (or yc(t−T2)) indicates that the output of the robotic
manipulator (or the controller) was transmitted T1 (or T2) units of
time earlier than the controller (or the robot) receives the signal at
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the current time instance t. It has been demonstrated via simulations
(see [27]) that the closed loop system easily destabilizes even with
small input/output constant delays.

With the aim of stabilizing the closed loop system, instead of trans-
mitting the joint velocities and input torques directly, the scattering
variables [19], [20] are transmitted across the communication channel

v1 = 1√
2b

(τs + bq̇) , z1 = 1√
2b

(τs − bq̇),
v2 = 1√

2b
(yc + buc) , z2 = 1√

2b
(yc − buc),

(4)

where the wave impedance, b, is a positive constant. The proposed
architecture is demonstrated in Figure 3.

The transmission equations between the robot and the controller
can be written as

z1(t) = z2(t− T2) , v2(t) = v1(t− T1). (5)

The controller dynamics for this system are described by (3), however
uc 6= q̇(t− T1) but is derived from the scattering representation (4)
and the transmission equations (5).

The first claim in the paper follows.

Theorem 1. Consider the closed loop system described
by (2), (3), (4) and (5). If all signals equal zero for t < 0,
then

1) The closed loop system is input-output passive with (τe, q̇) as
the input-output pair.

2) If τe ≡ 0 and K1 = b, then all signals in the closed loop system
are bounded and limt→∞ q̇(t) = 0, limt→∞(xc(t)− qd) = 0.

3) If xc(0) = q(0), then additionally limt→∞(q(t)− qd) = 0.

Proof: Consider a positive semi-definite storage functional for
the system as

S(xt) =
1

2

(
q̇TM(q)q̇ +K2(xc − qd)T (xc − qd)

)
+

1

2

( ∫ t

t−T1

||v1(τ)||2dτ +

∫ t

t−T2

||z2(τ)||2dτ
)
.

By substituting (2) and utilizing Property 2, Ṡ(xt) becomes

Ṡ(xt) = (−τs + τe)
T q̇ + yTc uc −K1u

T
c uc +

1

2

(
||v1||2

−||z1||2 + ||z2||2 − ||v2||2
)

= (−τs + τe)
T q̇ + yTc uc −K1u

T
c uc + τTs q̇ − uTc yc

= τTe q̇ −K1u
T
c uc. (6)

From the above calculations it is evident that the closed loop system
is passive with (τe, q̇) as the input-output pair.

To prove the second claim, note that with τe ≡ 0,

Ṡ(xt) = −K1u
T
c uc ≤ 0.

Therefore, the storage function is bounded which implies that signals
q̇, xc ∈ L∞. Using the scattering variables (4) and the transmission
equations (5), the relationship between the various power variables
can be written as

yc(t) + buc(t) = τs(t− T1) + bq̇(t− T1), (7)

yc(t− T2)− buc(t− T2) = τs(t)− bq̇(t). (8)

Using (3) in the above equation yields

(b+K1)uc(t) +K2(xc − qd) = τs(t− T1) + bq̇(t− T1),

(K1 − b)uc(t− T2) +K2(xc(t− T2)− qd) = τs(t)− bq̇(t).

Choosing K1 = b to avoid wave reflection [20], the above equations
can be rewritten as

2buc(t) +K2(xc(t)− qd) = τs(t− T1) + bq̇(t− T1), (9)

K2(xc(t− T2)− qd) = τs(t)− bq̇(t). (10)

τtτe ∑
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Fig. 3: A negative feedback interconnection of the robot dynamics
and the controller with scattering representation.

We get that τs ∈ L∞ from (10) and the fact that xc, q̇ are bounded
signals. Utilizing this result in (9) yields the boundedness of uc.
Observing the robot dynamics (2) with τe ≡ 0 and using Property 1
give us that q̈ ∈ L∞. Differentiating (10), we then get that τ̇s is
bounded and furthermore differentiating (9) we have that the signal
u̇c is bounded.

Integrating (6) (with τe ≡ 0) and letting t→∞ we get that uc ∈
L2[0,∞). It is well known [35] that a square integrable signal with a
bounded derivative approaches the origin, and thus limt→∞ uc(t) =
0. Delaying the transmission equation (10) by T1 and subtracting
from (9) we get that

2buc(t) +K2

(
xc(t)− xc(t− T1 − T2)

)
= 2bq̇(t− T1).

Taking the limit t → ∞ on both sides and using the result that
limt→∞ uc(t) = 0, we have

lim
t→∞

K2

(
xc(t)− xc(t− T1 − T2)

)
= lim
t→∞

2bq̇(t− T1),

lim
t→∞

K2

∫ t

t−T1−T2

ẋc(τ)dτ = lim
t→∞

2bq̇(t− T1),

lim
t→∞

K2

∫ t

t−T1−T2

uc(τ)dτ = lim
t→∞

2bq̇(t− T1).

The last equation gives us that limt→∞ q̇(t) = 0. Therefore, the robot
velocity approaches the origin independent of the time delay.

Differentiating the robot dynamics (2), it can be shown that...
q (t) ∈ L∞. This observation coupled with the fact that
limt→∞ q̇(t) = 0, and invoking Barbalat’s lemma [34] yields that
limt→∞ q̈(t) = 0. Therefore, from (2), limt→∞ τs(t) = 0. Taking
limits on both sides of the transmission equation (10) implies that
limt→∞ (xc(t− T2)− qd) = 0. As qd is a constant reference,
we have limt→∞ (xc(t)− qd) = 0, and hence the signal xc − qd
approaches the origin independent of the time delay.

To prove the third claim, it can be observed that as
limt→∞ (xc(t)− qd) = 0 and limt→∞ uc(t) = 0, from (3)
limt→∞ yc(t) = 0. Integrating (7) from 0 to time t, yields∫ t

0

yc(τ)dτ + b

∫ t

0

uc(τ)dτ

=

∫ t

0

τs(τ − T1)dτ + b

∫ t

0

q̇(τ − T1)dτ

=

∫ t−T1

0

τs(τ)dτ +

∫ 0

−T1

τs(τ)dτ + b

∫ t−T1

0

q̇(τ)dτ

+b

∫ 0

−T1

q̇(τ)dτ. (11)
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Based on the assumption that all signals are zero for t < 0, the
previous equation (11) can be rewritten as∫ t

0

(
yc(τ) + buc(τ)

)
dτ =

∫ t−T1

0

(
τs(τ) + bq̇(τ)

)
dτ. (12)

Similarly, the transmission equation (8) can be written as∫ t−T2

0

(
yc(τ)− buc(τ)

)
dτ =

∫ t

0

(
τs(τ)− bq̇(τ)

)
dτ. (13)

Subtracting (12) from (13) and letting t→∞, we get that

lim
t→∞

( ∫ t

t−T2

yc(τ)dτ + b

∫ t

0

uc(τ)dτ + b

∫ t−T2

0

uc(τ)dτ
)

= lim
t→∞

(
−
∫ t

t−T1

τs(τ)dτ + b

∫ t−T1

0

q̇(τ)dτ + b

∫ t

0

q̇(τ)dτ
)
.

Since T1 and T2 are constant, and limt→∞ yc(t) = limt→∞ τs(t) =
limt→∞ uc(t) = limt→∞ q̇(t) = 0, the above equation can be
written as

lim
t→∞

2b

∫ t

0

uc(τ)dτ = lim
t→∞

2b

∫ t

0

q̇(τ)dτ. (14)

As the controller dynamics in (3) ẋc = uc, the integral of uc becomes∫ t

0

uc(τ)dτ =

∫ t

0

ẋc(τ)dτ = xc(t)− xc(0). (15)

Letting t→∞ for the integral of uc and noting that limt→∞(xc(t)−
qd) = 0 (Claim 2), (15) becomes

lim
t→∞

∫ t

0

uc(τ)dτ = lim
t→∞

xc(t)− xc(0) = qd − xc(0). (16)

Letting t→∞ for the integral of q̇, we can get

lim
t→∞

∫ t

0

q̇(τ)dτ = lim
t→∞

q(t)− q(0). (17)

Substituting (16) and (17) into (14), we get that

2bqd − 2bxc(0) = 2b lim
t→∞

q(t)− 2bq(0). (18)

If xc(0) = q(0), then limt→∞(q(t)− qd) = 0.
Theorem 1 demonstrated that if configuration control of a robotic

manipulator is subjected to unknown and constant input/output de-
lays, then the closed loop system can be stabilized by utilizing
the scattering transformation. Even though the use of scattering
transformation can ensure robust stability of a class of delayed
systems, the performance issues of guaranteeing position tracking
have not been well studied. Theorem 1 fills this knowledge gap in
the current literature. In Theorem 1, we not only prove that the xc−qd
is asymptotically stable, but also demonstrate that if xc(0) = q(0),
the tracking error q − qd can eventually go to zero independent of
the constant delays.

In addition to the position drift, the phenomenon of wave reflec-
tions is another issue that needs to be dealt with while using scattering
transformation [20]. For the sake of avoiding wave reflections, the
impedance of the wave variables (4) has to be the same for both sites
of the robot and the controller. Since only the control gains on the
controller side can be adjusted, in the proposed control architecture,
we assume that the wave impedance is predetermined. Hence, we can
modify the gain K2 of the controller and the desired configuration
qd so as to fulfill various control demands.

τtτe ∑
robot

∑
c

uc

q̇

yc

+

Scattering Representation

z1

z2 v2

v1

T2(t)
T1(t)

τs

Scattering Representation

d1

d2

Fig. 2. The scattering transformation, together with the gains (dependent
on the rate of change of delay) are used to ensure stability of the closed
loop system

assumed to be bounded (0 < Ti(t) ≤ T ∗m < ∞, i = 1,2) and
continuously differentiable with

Ṫi(t)≤ T max
i < 1, i = 1,2 (6)

The above condition implies that the time delays cannot
grow faster than time itself, and hence is a statement about
the causality of the system. To passify the communication
block, scattering variables are used between the plant and
the controller and are given as

v1 =
1√
2b
(τs +bq̇) ; z1 =

1√
2b
(τs−bq̇)

v2 =
1√
2b
(yc +buc) ; z2 =

1√
2b
(yc−buc)

(7)

where b > 0 is a constant. Furthermore, to address time
varying delays [12], [5], gains dependent on the maximum
rate of change of delay are inserted in the communication
between the plant and the controller. The constant gains
d1,d2 are selected as

d2
1 < (1−T max

1 )
d2

2 < (1−T max
2 )

(8)

The proposed architecture is demonstrated in Figure 2. The
transmission equations between the robot and the controller
can be written as

z1(t) = d2z2(t−T2(t))
v2(t) = d1v1(t−T1(t))

(9)

The controller dynamics for this system are described by (5),
however note that uc 6= q̇(t − T1(t)) but is derived from
the scattering representation (7) and the transmission equa-
tions (9).

The first claim in the paper follows
Theorem 3.1: Consider the closed loop system described

by (3), (5), (7) and (9). Then the closed loop system is

input-output passive with (τe, q̇) as the input-output pair.
Additionally, if τe(t)≡ 0, then the signals q̇ and qc−qd are
Lyapunov stable.

Proof: Consider a positive definite storage functional
for the system as

S(xt) =
1
2
(q̇T M(q)q̇+KI(xc−qd)

T (xc−qd))

+
1
2
(
∫ t

t−T1(t)
||v1(τ)||2dτ +

∫ t

t−T2(t)
||z2(τ)||2dτ)

The derivative of the storage function yields

Ṡ(xt) = q̇T (−C(q, q̇)q̇− τs + τe)+
1
2

q̇T Ṁ(q)q̇

+KI(xc−qd)
T ẋc +

1
2
(||v1||2−||v1(t−T1(t))||2(1− Ṫ1(t))

+||z2||2−||z2(t−T2(t))||2(1− Ṫ2(t)))

≤ q̇T (−C(q, q̇)q̇− τs + τe)+
1
2

q̇T Ṁ(q)q̇

+KI(xc−qd)
T ẋc +

1
2
(||v1||2−||v1(t−T1(t))||2d2

1 + ||z2||2

−||z2(t−T2(t))||2d2
2

≤ (−τs + τe)
T q̇+ yT

c uc−KPuT
c uc +

1
2
(||v1||2−||z1||2

+||z2||2−||v2||2)
≤ (−τs + τe)

T q̇+ yT
c uc−KPuT

c uc + τT
s q̇−uT

c yc

≤ τT
e q̇−KPuT

c uc (10)

Hence the closed loop system is passive with (τe, q̇) as the
input-output pair. From (10) it is easy to observe that if
τe(t)≡ 0, then Ṡ(xt)≤ 0 and hence the signals q̇ and qc−qd
are Lyapunov stable.

The above result demonstrates that the closed loop system
constituted by the robotic system, coupled with the PI
controller can be made passive independent of the time-
varying delays. To observe the regulation capabilities of the
the above architecture, the proposed algorithm is simulated
using a two-link revolute joint arm [23]. The dynamics of
a two link robot, in the absence of gravitational forces, are
given as

d11q̈1 +d12q̈2 + c121q̇2q̇1 + c211q̇2q̇1 + c221q̇2
2 = τ1 (11)

d21q̈1 +d22q̈2 + c112q̇2
1 = τ2 (12)

where the entries of the inertia matrix are given as

d11 = m1l2c1+m2(l2
1 + l2

c2 +2l1lc2 cos(q2))+ I1 + I2

d12 = d21 = m2(l2
c2 + l1lc2 cos(q2))+ I2

d22 = m2l2
c2 + I2

On the other hand, the c121 =−m2l1lc2sin(q2)= p and c221 =
p,c112 =−p. In the simulations, m1 = 7.848,m2 = 4.49, I1 =
0.176, I2 = 0.0411, l1 = 0.3, l2 = 1, lc1 = 0.1554, lc2 = 0.0341.

The vector q̇= [q̇1 q̇2]
T is the output of the robotic system

and is transmitted to the controller described by (5). The
time-varying delay in the input-output path was selected to be
T1(t) = 0.6+0.5sin(t);T2(t) = 0.3+0.2sin(t) which satisfies

Fig. 4: The scattering transformation, together with the gains (depen-
dent on the rate of change of delay) are used to ensure stability of
the closed loop system.

IV. TIME-VARYING DELAYS PROBLEM

As discussed in Section I, the delays in the input-output channel
may be time-varying; in this section, the set point problem for robotic
systems with time-varying input/output delays is studied with the use
of scattering transformation.

In the first part of this section, the control of robotic manipulators
under input/output time-varying delays is studied by utilizing scatter-
ing variables with gains dependent on the maximum rate of change
of delays [30]. This control algorithm can guarantee the stability
of the closed loop system under time-varying delays. However, this
method is dependent on the maximum rate of change of delays,
and additionally the control algorithm is not able to regulate the
robotic system to the desired configuration. Hence, another control
framework, which combines the delayed position feedback with
scattering representation, is proposed in the second part of this section
to achieve position regulation. Furthermore, the position feedback
control algorithm can stabilize the delayed system and ensure position
tracking independent of the maximum rate of change of delays.

In this section, the time-varying delays are assumed to be contin-
uously differentiable and bounded (0 < Ti(t) ≤ TMi < ∞), where
TMi is the upper bound of Ti(t). The proposed control architecture in
this section does not require exact knowledge of time-varying delays.

A. Using Scattering Transformation

To passify the communication block, scattering variables, shown
in (4), are used between the robotic manipulator and the controller.
The time-varying delays are assumed to satisfy

Ṫi(t) ≤ T̄i < 1, i = 1, 2, (19)

where T̄i is the upper bound of Ṫi(t). The above condition implies
that the time delays cannot grow faster than time itself. Furthermore,
to address time-varying delays [30], [32], gains dependent on the
maximum rate of change of delay are inserted in the communication
between the robot and the controller, as shown in Figure 4. The
constant gains d1, d2 are selected as

d21 < (1− T̄1) , d22 < (1− T̄2), (20)

The transmission equations between the robot and the controller can
be written as

z1(t) = d2z2(t− T2(t)) , v2(t) = d1v1(t− T1(t)). (21)
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The controller dynamics for this system are described by (3),
however note that uc 6= q̇(t−T1(t)) but is derived from the scattering
representation (4) and the transmission equation (21).

Our next result for the time-varying input/output delay problem
follows.

Theorem 2. Consider the closed loop system described
by (2), (3), (4), and (21). Then the closed loop system is input-output
passive with (τe, q̇) as the input-output pair. Additionally, if τe ≡ 0,
then the signals q̇ and xc − qd are bounded.

Proof: Consider a positive semi-definite storage functional for
the system as

S(xt) =
1

2

(
q̇TM(q)q̇ +K2(xc − qd)T (xc − qd)

)
+

1

2

( ∫ t

t−T1(t)

||v1(τ)||2dτ +

∫ t

t−T2(t)

||z2(τ)||2dτ
)
.

The derivative of the storage function yields

Ṡ(xt) = q̇T (−C(q, q̇)q̇ − τs + τe) +
1

2
q̇T Ṁ(q)q̇

+K2(xc − qd)T ẋc +
1

2

(
||v1||2 − ||v1(t− T1(t))||2

(
1− Ṫ1(t)

)
+||z2||2 − ||z2(t− T2(t))||2

(
1− Ṫ2(t)

))
.

By applying the condition (20), the derivative of the storage function
becomes

Ṡ(xt) ≤ q̇T (−C(q, q̇)q̇ − τs + τe) +
1

2
q̇T Ṁ(q)q̇

+K2(xc − qd)T ẋc +
1

2

(
||v1||2 − ||v1(t− T1(t))||2d21

+||z2||2 − ||z2(t− T2(t))||2d22
)
. (22)

By utilizing Property 2, Ṡ(xt) becomes

Ṡ(xt) ≤ (−τs + τe)
T q̇ + yTc uc −K1u

T
c uc +

1

2

(
||v1||2

−||z1||2 + ||z2||2 − ||v2||2
)

≤ (−τs + τe)
T q̇ + yTc uc −K1u

T
c uc + τTs q̇ − uTc yc

≤ τTe q̇ −K1u
T
c uc. (23)

Hence the closed loop system is passive with (τe, q̇) as the input-
output pair. From (23) it is easy to observe that if τe ≡ 0, then
Ṡ(xt) ≤ 0 and hence the signals q̇ and xc − qd are bounded.

The above result demonstrates that the closed loop system consti-
tuted by the robotic system, coupled with the PI controller, can be
stabilized with the use of scattering transformation in the presence
of time-varying input/output delays. Without the exact knowledge of
time-varying delays, the passivity of communication channels can
be guaranteed by using gains dependent on the maximum rate of
change of delays. Theorem 2 provides a simple method to stabilize
the control of robotic system under time-varying delays. However, the
proposed control framework can only ensure that the signal xc − qd
is bounded, which implies that the robotic system is not guaranteed
to be regulated to the desired configuration. The inability to achieve
position tracking stems from the scaling introduced in (21), especially
for rapidly varying time-varying delays. This observation is validated
in the experimental results discussed in Section V.

B. Position Feedback with Scattering Transformation

In order to achieve the desired regulation goal in the presence of
time-varying delays, an alternative architecture is proposed as shown
in Figure 5. In contrast to the control algorithm in Section IV-A,
the proposed framework does not scale the scattering or wave

q

τtτe

τs
q̇

yc
uc

q(t − T1(t))

z2

z1 v1

v2

+

−
Σrobot

Σc

T2(t)

Scattering Representation

Scattering Representation

T1(t)

Fig. 5: A position feedback architecture with the use of scattering
transformation are proposed to ensure the tracking performance and
stability of the closed loop system.

variables for ensuring the passivity of the communication block.
In the proposed architecture, the velocity signal q̇ is encoded by
using scattering transformation and then transmitted to the controller,
and the configuration of the robotic manipulator q is communicated
directly to the controller. The signal uc, which is decoded from
scattering representation, and delayed position q(t − T1(t)) are
combined to generate a control action from the controller which is
given as

Σc : yc = K1uc +K2(q(t− T1(t))− qd). (24)

Then the output of the controller yc is communicated back to the
robot via the scattering transformation.

As there is no scaling in this framework, the transmission equations
between the robot and the controller can be written as

z1(t) = z2(t− T2(t)) , v2(t) = v1(t− T1(t)). (25)

Using the scattering variables z1 and z2 in (4) with the transmission
equation z1(t) = z2(t− T2(t)), we obtain that

τs − bq̇ = yc(t− T2(t))− buc(t− T2(t)). (26)

Then, the control torque to the robotic manipulator can be written as

τs = yc(t− T2(t))− buc(t− T2(t)) + bq̇, (27)

where bq̇ comes from the scattering transformation.
We next study the stability of the control system with position

feedback and scattering transformation. For the sake of completeness,
we provide a brief overview of a technical result developed in [37]
that is utilized to finish the proof of Theorem 3.

Lemma 1. Given signals x, y ∈ Rn, ∀T (t) such that 0 < T (t) ≤
TM <∞, and α > 0 the following inequality holds

−
∫ t

0

xT (σ)

∫ 0

−T (σ)

y(σ + θ)dθdσ ≤ α

2
||x||22 +

T 2
M

2α
||y||22

where || · ||2 denotes the L2 norm of the enclosed signal.

We refer the reader to [37] for a proof of the above result.

Theorem 3. Consider the closed loop system described
by (2), (4), (24), and (25) with τe ≡ 0. If the time-varying
delays satisfy 0 ≤ T1(t) + T2(t) ≤ TM < ∞, then for a range of
the gain 0 < K2 < K1/TM , the signals q̇ and q − qd are bounded
for all times and asymptotically approach the origin.
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Proof: Consider a positive semi-definite storage function for the
system as

S(q̇, q) =
1

2

(
q̇TM(q)q̇ +K2(q − qd)T (q − qd)

)
.

Taking the time derivative along the trajectories of the system yields

Ṡ = q̇T
(
− C(q, q̇)q̇ − τs

)
+

1

2
q̇T Ṁ(q)q̇ +K2q̇

T (q − qd).
(28)

By using Property 2, the controller (24), and the control torque (27),
the derivative of the storage function becomes

Ṡ = −q̇T
(
yc(t− T2(t))− buc(t− T2(t)) + bq̇

)
+K2q̇

T (q − qd)
= −q̇T

(
K1uc(t− T2(t)) +K2

(
q(t− T1(t)− T2(t))− qd

)
−buc(t− T2(t)) + bq̇

)
+K2q̇

T (q − qd).

Choosing b = K1 to avoid wave reflection [20], the above equation
can be rewritten as

Ṡ = −q̇TK2(q(t− T1(t)− T2(t))− qd) + q̇TK2(q − qd)
−q̇TK1q̇

T

= K2q̇
T (q − q(t− T1(t)− T2(t))−K1q̇

T q̇

≤ K2q̇
T

∫ 0

−T1(t)−T2(t)

q̇(t+ θ)dθ −K1q̇
T q̇. (29)

Note that as we try to upper bound the first term, the sign of the first
term does not affect the subsequent calculations.

Integrating (29) from 0 to t and using Lemma 1, we get

S(q̇(t), q(t))− S(q̇(0), q(0))

≤ −K1||q̇||22 +K2

(α
2
||q̇||22 +

T 2
M

2α
||q̇||22

)
≤ −||q̇||22(K1 −

K2α

2
− K2T

2
M

2α
).

If the following inequality given by

K1 −
K2α

2
− K2T

2
M

2α
> 0 (30)

is satisfied for α > 0, then S(q̇(t), q(t)) − S(q̇(0), q(0)) ≤ 0
and hence the signal q̇(t) is square integrable. The above inequality
has a solution α > 0 if K1 > K2TM . Thus, if K2 < K1/TM ,
S(q̇(t), q(t)) ≤ S(q̇(0), q(0)), ∀t > 0. Consequently, for any
appropriately selected K1 and K2 as discussed above, the signals
q̇, q − qd ∈ L∞.

Using the scattering variables v1 and v2 in (4) with the transmission
equations v2(t) = v1(t− T1(t)) yields

τs(t− T1(t)) + bq̇(t− T1(t)) = yc + buc. (31)

Delaying the transmission equation (26) by T1(t) and subtracting
from (31) we get that

2bq̇(t− T1(t)) = yc − yc(t− T1(t)− T2(t)) + buc

+buc(t− T1(t)− T2(t)). (32)

Substituting the controller (24) into the equation above with b = K1,
we obtain that uc ∈ L∞. Consequently, from the controller (24) we
get that yc ∈ L∞, hence observing (27) we have that τs ∈ L∞.
Noting the system dynamics (2), this additionally implies that the
robot acceleration q̈ ∈ L∞. Hence as q̇ ∈ L2 and its derivative is
bounded, the robot velocity asymptotically approaches the origin.

To demonstrate asymptotic convergence of the tracking error, dif-
ferentiating (2) yields that the signal

...
q ∈ L∞ (note that the derivative

of the Coriolis term is also bounded for revolute joints [37]). Hence,
the robot acceleration is uniformly continuous and limt→∞

∫ t
0
q̈(s)ds

exists and is finite. Invoking Barbalat’s Lemma [34], limt→∞ q̈(t) =
0. From the closed loop dynamics (2), it can be obtained that
limt→∞ τs(t) = 0. Delaying the transmission equation (31) by T2(t)
and subtracting from (26) we get that

2buc(t− T2(t)) = τs(t− T1(t)− T2(t))− τs
+bq̇(t− T1(t)− T2(t)) + bq̇. (33)

Taking the limit t → ∞ on both sides of the above equation and
using the results that limt→∞ q̇(t) = 0 and limt→∞ τs(t) = 0,
we get limt→∞ uc(t) = 0, which means that limt→∞ yc(t) = 0
from (31). By observing (24), it can be obtained that limt→∞(q(t−
T1(t)) − qd) = 0 . As qd is a constant reference, we have that
limt→∞(q(t)− qd) = 0 and consequently the regulation objective is
achieved asymptotically.

Utilizing the delayed position feedback and encoding the output
of the controller by scattering representation, the proposed control
architecture in Figure 5 and Theorem 3 can both stabilize the
robotic manipulator with input/output time-varying delays and ensure
position regulation. Since the position signal is transmitted to the
controller directly, in this framework the controller does not need
knowledge of the initial position of the robotic manipulator. The
performance of the control system can be adjusted by tuning the
controller gains. Moreover, the proposed architecture is able to
guarantee stability and position tracking independent of the maximum
rate of change of delays.

In Theorem 2, gains d1 and d2 are required to satisfy the condi-
tion (20), which implies that as Ṫi(t) approaches one, the gains d1
and d2 approach zero and hence the system performance deteriorates
considerably. The previous result, Theorem 2, was based on the
assumption that Ṫi(t) < 1, but this assumption is not required in
Theorem 3. Hence the position feedback architecture is valid for
all positive, continuously differentiable, and bounded time-varying
delays even if the maximum rate of change of delays is higher than
one. However, the derivative of the time-varying delays should be
strictly smaller than one for control systems due to the causality
implications [38]. The efficacy of the proposed control scheme when
the maximum rate of change is close to one will be validated in the
next two sections.

The control of robotic manipulator with time-varying input/output
delays has been studied in [32] to ensure position regulation under the
assumption that there exists innate dissipation in the robotic system.
The proposed control scheme in Theorem 3 was developed for the
robotic system without innate dissipation but can be modified for
robotic systems with known internal damping. In this case, the robot
dynamics are given as

M(q)q̈ + C(q, q̇)q̇ +Bnq̇ = −τs + τe = τt, (34)

where Bn > 0 is a scalar denoting the natural damping in the
system. The next corollary follows from Theorem 3 for the robotic
system (34).

Corollary 1. Consider the closed loop system described
by (4), (24), (25), and (34) with τe ≡ 0. If the time-varying
delays satisfy 0 ≤ T1(t) + T2(t) ≤ TM < ∞, then for a range of
the gain 0 < K2 < (K1 + Bn)/TM , the signals q̇ and q − qd are
bounded and asymptotically approach the origin.

Proof: Consider a positive semi-definite storage function for the
system as

S(q̇, q) =
1

2

(
q̇TM(q)q̇ +K2(q − qd)T (q − qd)

)
.
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Fig. 6: In the constant delay case, when the scattering variables are
used, the closed loop system is stable independent of the time delays.

Taking the time derivative along the trajectories of the system and
following the proof of Theorem 3, the derivative of the storage
function becomes

Ṡ = K2q̇(q − q(t− T1(t)− T2(t))−K1q̇
T q̇ −Bnq̇T q̇

≤ K2

∫ 0

−T1(t)−T2(t)

q̇(t+ θ)dθ − (K1 +Bn)q̇T q̇. (35)

Integrating the above equation and using Lemma 1, if K2 <
(K1 + Bn)/TM , S(q̇(t), q(t)) ≤ S(q̇(0), q(0)), ∀t > 0. Thus,
following the analysis in Theorem 3, the robot velocity asymptotically
approaches the origin, and limt→∞(q(t) − qd) = 0. Hence, the
regulation objective is achieved asymptotically.

V. EXPERIMENTS

As it has been shown via simulation [27] that the closed loop
system easily becomes unstable even with small constant input/output
delays, in this paper, only the stable system with the use of the
proposed schemes are demonstrated. The various controllers were
validated via experiments on a PHANToM Omni haptic device. It is
a cost-effective device that can be utilized to test and validate control
schemes after suitable modifications [39]. In the subsequent exper-
iments, the detachable stylus was removed and the last two joints
of the manipulator were constrained for the purpose of reducing the
influence of unactuated links on the robot dynamics. Consequently,
the device is equivalent to a fully actuated manipulator with three
revolute joints, whose joint angles are denoted by q = [q1 q2 q3]T .

In order to implement the proposed control schemes, g ∈ R3,
the gravitational torques of the fully actuated manipulator were
compensated by

g =

 0
1
2
m3gl2s2,3 + 1

2
(m2 +m3)gl1c2

1
2
m3gl2s2,3

 , (36)
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Fig. 7: The controller in Theorem 2 can ensure the system to be stable
but cannot regulate the robotic system to the desired equilibrium
(dashed line).

where s2,3 denotes sin(q2 + q3), c2 denotes cos(q2), mi is the
translational inertia of link i, and li is the length of link i with
i = 1, 2, 3. In the experiment, the values of 1

2
m3gl2, and 1

2
(m2 +

m3)gl1 were experimentally selected with 1
2
m3gl2 = 70mNm, and

1
2
(m2 + m3)gl1 = 85mNm. The control program was written in

C with the use of OpenHaptics API, which is due to SensAble
Technologies [40]. The data collection and control input rate ran at
a sampling rate of 1kHz.

Since the effect of packet loss is not considered in the theoretical
results, the subsequent experiments were conducted using a single
desktop computer, where no signals are transmitted through the real
network. The data, transmitted between the robot and the controller,
are stored in the FIFO buffers. The stored data is utilized within the
computer after a certain time interval so as to imitate communication
delays.

In the constant delay case, the delays were selected as T1 = 0.3 sec
and T2 = 0.2 sec for the signals transmitting between the robot and
the controller respectively. We define diag(p1, p2, p3) as a 3×3 matrix
whose diagonal entries starting from the upper left corner are p1, p2,
and p3. The desired set point was given as qd = [0.4, 0.5, 0.3]T rad
and the control parameters were chosen as K1 =diag(40, 40, 40),
K2 =diag(400, 600, 600), and b = 40. The initial configuration
of the robot is q(0) = [0 0 0]T rad. Under the condition that
xc(0) = q(0), the experimental validation of Theorem 1, where the
scattering variables are used in the control system to compensate
for the time delays, is demonstrated in Figure 6 (a). As expected,
the closed loop system is stable and the manipulator is successfully
regulated to the desired configuration represented by the dashed lines
in Figure 6 (a). The control torque for the experiment with constant
delays is shown in Figure 6 (b). The torque in Figure 6 (b) takes time
in settling down due to the effect of the scattering transformation.
Moreover, the initial torque in the second joint is not zero due to
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Fig. 8: The position feedback with the use of scattering transformation
results in a stable system with better performance.

gravity compensation (36). The initial torques in the first and third
joints are zero due to the assumption that signals are zero for t < 0.
Hence, the signals τs(t) = 0, v1(t) = 0 if t < T1 and z1(t) = 0
if t < T2, and the control torque is transmitted to the robot after
t = T1 + T2 units of time.

For the time-varying delay case, the delays were selected as{
T1(t) = 0.15 + 0.10 sin( 2

3
πt) sec

T2(t) = 0.15− 0.10 sin( 2
3
πt) sec

(37)

which are continuously differentiable and satisfy the condition (19).
Hence, the constant gains d1 and d2 were obtained as d1 = d2 = 0.8.
In the subsequent experiments, the desired set point is the same as
in the constant delay case.

The experimental results are first presented for the architecture
proposed in Theorem 2. The control parameters for this case are
given as K1 =diag(50, 50, 50), K2 =diag(450, 450, 450), and
the wave impedance constant b is set equal to the value in the matrix
K1. As shown in Figure 7 (a), even in the presence of time-varying
input/output delays, the closed loop system is stable. However, the
proposed control algorithm was not able to regulate the robotic system
to the desired configuration. The input torque to the robot is shown
in Figure 7 (b).

Next the position feedback architecture, proposed in Theorem 3
and Figure 5, is validated in the experimental setup. In this case,
the control gains is limited by the maximum value of T1(t) +T2(t).
Since there is unknown innate damping Bn in the robotic system, we
utilized Corollary 1 for the following experiments. The experiment
using the position feedback architecture in Section IV-B was first
conducted under the time-varying delays (37), where the maximum
value of the set of delays is TM = 0.3 sec. Therefore, the control
gains are constrained by the inequality K1+Bn

K2
> 0.3, which implies

that K1 > 0.3K2 + Bn. However, as the actual value of the
natural damping in the robotic system is unknown, the control gains
are experimentally selected to demonstrate the performance of the
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Fig. 9: Even when the derivative of time-varying delays is close to
one, the stability and tracking performance are guaranteed by using
the position feedback architecture.

proposed control scheme. The control gains for delays (37) were
selected as K1 =diag(50, 50, 50), K2 =diag(250, 330, 370), and
the impedance parameter b = 50. Experimental results are shown in
Figure 8, where the system is stable and the control system is able
to regulate the robotic system to the desired equilibrium.

The proposed control architecture in Section IV-B can regulate the
robotic system to the desired configuration under time-varying delays
and achieve the control goal if the maximum rate of change of delays
approaches one. The next experiment demonstrates the robustness of
the proposed scheme under fast varying delays. We choose the set of
delays {

T1(t) = 0.15 + 0.10 sin( 5
3
πt) sec

T2(t) = 0.23− 0.19 sin( 5
3
πt) sec

(38)

which are continuously differentiable and the maximum rate of
change of T2(t) is 0.9948. The maximum round-trip delays is TM =
0.47 sec, so the control gains should satisfy K1 > 0.47K2 + Bn.
Given K1 =diag(50, 50, 50), K2 =diag(200, 270, 310), and the
impedance parameter b = 50, the experimental results are shown in
Figure 9. It is seen that the proposed algorithm is able to ensure
position regulation and the control torque is bounded independent of
the maximum rate of change of time-varying delays.

VI. CONCLUSIONS

In this paper, the problem of set-point control in rigid robots with
constant and time-varying input/output delays was studied. Without
the precise knowledge of time delays and robot dynamics, control
algorithms based on the use of scattering representation between the
controller and the robotic system were proposed to ensure stability
and position regulation. It was first demonstrated that using the
scattering variables can stabilize an otherwise unstable system for
arbitrary unknown constant delays. The tracking errors asymptotically
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converge to the origin if there is no initial position difference between
the robot and the state of the controller.

For time-varying delays, the closed loop system was stabilized
using a modified scattering representation scheme in Theorem 2.
While stability was preserved by the proposed algorithm, due to
scaling of the power variables in the control scheme, the regulation
goal was not always achievable. Moreover, the control scheme
was dependent on the maximum rate of change of delays in the
communication channel. To improve the tracking performance, a
new control architecture was proposed in this paper with the use
of position feedback and scattering representation. Given the control
gains, which are contingent on the maximum round trip delay, the
architecture can guarantee the stability of the closed loop system and
also the position regulation. Moreover, this algorithm works even if
the maximum rate of change of delays is extremely close to one, and
additionally the controller does not require knowledge of the initial
position of the robotic system. Experiments were performed in this
paper to validate the efficiency of the proposed control architecture.

The control architecture proposed in this paper can be applied for
the system, which is subject to rapidly varying delays in the real
communication network, by reformulating the signals with the use
of buffers [41]–[43]. However, the actual network may also suffer
from packet losses or communication blackouts. Hence, future work
in this topic includes not only trajectory tracking control of robotic
manipulators under input/output delays, but also possible packet loss
in the communication network [44].
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Control. Springer-Verlag, London, 1997.

[34] H. K. Khalil, Nonlinear Systems. New Jersey: Prentice Hall, 2002.
[35] M. W. Spong, S. Hutchinson, and M. Vidyasagar, Robot Modeling and

Control. New York: John Wiley & Sons, Inc., 2006.
[36] J. K. Hale and S. M. V. Lunel, Introduction to Functional Differential

Equations. Springer-Verlag, New York, 1993.
[37] E. Nuno, L. Basanez, R. Ortega, and M. Spong, “Position tracking

for non-linear teleoperators with variable-time delay,” The International
Journal of Robotics Research, vol. 28, no. 7, pp. 895–910, Jul. 2009.

[38] M. Krstic, Delay Compensation for Nonlinear, Adaptive, and PDE
Systems. Birkhauser, 2009.

[39] M. C. Cavusoglu, D. Feygin, and F. Tendick, “A critical study of the
mechanical and electrical properties of the phantom haptic interface and
improvements for high-performance control,” Presence: Teleoperators
and Virtual Environments, vol. 11, no. 6, pp. 555–568, Dec. 2002.

[40] OpenHaptics Toolkit version 2.0, SensAble Technologies, Aug. 2005.
[41] R. Luck and A. Ray, “An observer-based compensator for distributed

delays,” Automatica, vol. 26, no. 5, 1990.
[42] K. Kosuge, H. Murayama, and K. Takeo, “Bilateral feedback control

of telemanipulators via computer network,” in IEEE Conference on
Intelligent Robots and Systems, 1996, pp. 1380 –1385.

[43] B. Sinopoli, C. Sharp, L. Schenato, S. Schaffert, and S. Sastry, “Dis-
tributed control applications within sensor networks,” Proceedings of the
IEEE, vol. 91, no. 8, pp. 1235–1246, Aug. 2003.

[44] N. Chopra, P. Berestesky, and M. Spong, “Bilateral teleoperation over
unreliable communication networks,” IEEE Transactions on Control
Systems Technology, vol. 16, no. 2, 2008.


