- 1 -Abstract: We attach to a local homeomorphism S of a compact zero dimensional metrizable space X twoabstract ordered groups, the images group G(S) and the preimages group

G(S). The images group is adimension group with a distinguished order unit. We use these groups to study commuting localhomeomorphisms. When S is a onesided mixing shift of finite type (SFT), G(S) is isomorphic to the directlimit group of a defining matrix, and a onesided SFT commuting with S is determined up to eventual conjugacy(but not conjugacy) by its action on G(S). We obtain complete and computable invariants for the eventualconjugacy classes of onesided SFTs, and show commuting onesided SFTs have a common measure of maximalapplications to cellular automata and links to Ruelle’s thermodynamic formalism. ⁄ 1⁄ 2⁄ 3⁄ 4⁄ 5Expansive endomorphisms of full shifts⁄ 6⁄ 7Expansive endomorphisms of SFTs⁄ 8Eventual conjugacy of SFTs⁄ 9Maximal measures of endomorphisms of SFTs⁄ 10The images group is a dimension group⁄ 11Example: The multiplication CA1. Introduction This paper stems from the work of Blanchard and Maass [BM] ononesided cellular automata. They consider a local homeomorphism F of a onesided full shiftS on N symbols commuting with the shift (i.e., a onesided cellular automaton F which is alocal homeomorphism). When F is expansive (in the onesided sense), they show there is annIn this paper we generalize the Blanchard and Maass results to maps commuting with1991 Mathematics Subject Classification: primary 58F03, 54H20; secondary 58F08, 58F11, 06F20.

- 2 -do this we introduce two ordered groups, the images group and the preimages group, whichwe define for an arbitrary local homeomorphism S of a compact zero dimensional metricspace. Roughly speaking, the images group of S, G(S), is defined from the clopen sets byidentifying clopen sets C, D if for some positive integer n, the restrictions of Sn to C andgroup

G(S) is defined by identifying points whose inverse images eventually fill clopen setsin the same way (Definition 6.1). If F and S are commuting local homeomorphisms, thenthey induce commuting homomorphisms F*, S* from G(S) to G(S), and they inducecommuting homomorphisms

F,S from

G(S) to

G(S). Here

F is injective, F* isNow suppose that S is a onesided mixing SFT and F is a (onesidedly) expansive mapcommuting with S. It was proved independently by Kurka [K] and Nasu [N2] that F is thenitself a onesided SFT, and in fact F is mixing (Lemma 2.9). This is the setting for our mainresults. We show (Theorem 3.7) that F and S must have the same eventual vertex set, atopological invariant we introduce to index the eventual total amalgamation. We also show(Theorem 4.5, Theorem 6.7) that G(S) = G(F) and

G(S) =

G(F) (this is equality, not justisomorphism: the groups are determined by identical relations on the clopen sets and points).Moreover, the eventual conjugacy class of F is determined by F* and also by

F (Theorem7.4). Note that the eventual conjugacy class of a onesided SFT F is a much finer invariantthan the eventual conjugacy class (i.e., the shift equivalence class) of the twosided SFT whichis its natural extension. We classify onesided SFTs up to eventual conjugacy, concretely byactions on the images and preimages groups (Theorem 8.3). These results give drastic andcomputable constraints on the eventual conjugacy classes of onesided SFTs which cancommute with a given onesided mixing SFT: roughly speaking, the eventual totaldirect limit (Theorem 7.4). We remark that Nasu has already shown [N1; N2, Sec. 8] thatthere must be matrices A, B over such that for all nonnegative (i,j) (0,0), F isconjugate to the SFT defined by the matrix A. We neither use nor reprove this strongWe also prove that commuting mixing onesided SFTs must have the same measure ofmaximal entropy (Theorem 9.1). (We give three proofs, with dimension groups, the Ruelleoperator and expansive subdynamics.) In contrast, Nasu has constructed an example ofcommuting twosided mixing SFTs [N1,Sec.10, Ex.1] which do not have the same measureof a dimension group for a twosided SFT by certain identifications on unstable sets. Indeed,1991 Mathematics Subject Classification: primary 58F03, 54H20; secondary 58F08, 58F11, 06F20.

- 3 -the corresponding twosided SFT by Krieger (and the preimages group

G(S) embeds as asubgroup of the dual of G(S)). The images and preimages groups were the naturalthe images group is a dimension group (Theorem 10.2). For a onesided mixing SFT, theto us by M.Rychlik. section 10, we prove that the images group is always a dimension group. In Section 11, wecompute the images group for a nontrivial example, the cellular automaton which presents2. Definitions, background, basic facts Let X be a compact, metric zero-fi X bea continuous, onto map. We consider (X, S) as a dynamical system, not necessarilyinvertible. The map S is if for any open set O the image SO is open. S is if for any point x X there is some neighborhood O of x such that S restricted S is iff there is some > 0 such that for x, y X with x „y there is some n 0 such that d(Snx, Sny) > .0 such that for x, y X with x y there is some n such that d(Sx, Sy) > . (Thisis usually called expansive. We adopt Definition 2.1 for the current paper because we areThe expansive dynamical systems (X, S) are exactly those isomorphic to the , that is, for some N 1, X is a closed subset of {1,�, N} (with the producttopology of the discrete topology on {1,�, N}), S is the left shift map and SX = X. Sincethere are no forward expansive homeomorphisms on non-finite sets, the shift map S is notA subclass of the onesided subshifts are the onesided shifts of finite type. A onesidedsubshift (X, S) with X �N

- 4 -blocks, say such that x X iff no subblock of x is an element in . As in thetwosided case, SFTs can be described by a square integer valued matrix with non negativeentries.The (onesided!) SFTs were completely classified by Williams [W], as follows. Let A bean nonnegative integral matrix. If the ith and jth columns of A are equal, we canproduce an (-1) (-1) matrix A’ by amalgamating these columns: add row i of A torow j, then erase row i and column i. Continue this process of amalgamating to producesmaller square matrices, until a matrix At (the "total amalgamation" of A) is produced whichis independent of the particular sequence of column amalgamations, and that square

2211

2121 define nonconjugate onesided SFTs, although they define conjugate twosided SFTs. It issometimes useful to amalgamate all nondistinct columns of A in one operation. For this wedefine (as in [BFK]) the total one-step amalgamation A of A, which is unique up tothat A = RS. Define A1 = SR. Applying successive total one-step amalgamations will again

1100001122000022 = RS =

10012002�

11000011, SR = A1 =

1122, At = (3).Standing convention: All subshifts are onesided unless explicitly indicated to betwosided. Maps are not assumed to be injective unless explicitly indicated to behomeomorphisms. [P] Let (X, S) be a subshift. Then S is a SFT iff S is open.Thus all subshifts which are not of finite type are examples where the map S is locally An F of (X, S) is a continuous, onto map F : X Xsuch that SF = FS. We denote the set of endomorphisms of (X, S) by end(S).

- 5 -Kurka’s proof [K, Theorem 2] gives the following result (see also [BM, 3.2]).Theorem 2.4 [K] Let S be an irreducible SFT and F end(S). Then F is locallyTheorem 2.5 [K, N2] Let S be an irreducible SFT and F end(S). Then F is a SFTiff F is expansive.Remarks 2.6 1) The multiplication by 2 in the 6-shift (see ⁄9), gives a non-trivialexample (i.e. not the identity map) for a local homeomorphism of a SFT which is not2) Right-closing endomorphisms for onesided full shifts were studied by [BM]. An3) twosided expansive automorphism of a twosided irreducible SFT is always itself a twosided4) Theorem 2.4 and Theorem 2.5 are false in the reducible case. For that consider theonesided reducible SFT (X, S), where X = { x {0, 1, 2 } | x = 2 � x = 2 } anddefine an endomorphism F by F(x) = (x + x) mod 2 if x {0, 1} and F(x) = else. F is expansive, since the sequence ((F, (F) i 0, determines x. F is noti0, 1 i n } the point 0 has the four preimages, namely 0, 10, 01 and 1 and thepoint 0 has only two preimages, namely 00 and 10. Thus F is not a localExample 2.7 for a non-open, and thus non locally injective, endomorphism of theonesided 3-shift. Let S = {0, 1, 2 } and define F by F(x) = (x + x) mod 2 if x, x {0, 1} and F(x) = x else. The set F({ x X | x = 0 }) is not open, since its0n12¥ is 1n+12¥), but they converge to the point 0¥ ˛ F({ x ˛ X | x1 = 0 }).The following simple observation will be a helpful topological tool whenever we are

- 6 -Lemma 2.8 Let S be a local homeomorphism. Let be any clopen partition of X.Then there is a clopen partition of X which refines such that S is injective on eachatom of and the S-images of two atoms are either disjoint or equal. Thus the distinct setsSP, P , form a partition of X into clopen sets. In particular, for every clopen set C of Replacing R by a refinement we may assume that S is injective on each atom of. Since S is open the images SR, R are clopen. { SR | R R } is a cover for X,since S is onto. Let be any clopen partition finer than the cover { SR | R R }. ThenP = S-1Q � is a clopen partition finer than . Let P = S ˙ R for some Q , R˛ R. Since Q is finer than the cover { SR | R ˛ R }, we have that SP = Q. Thus there is a subcollection of atoms P of such that their S-images are-1C ˙ ¨iPiBlanchard and Maass [BM] proved the following in the case that S is a full shift withLemma 2.9 Let S be a mixing SFT and F end(S) an expansive endomorphism.Proof F is a SFT by Theorem 2.5. Let H be a directed graph such that F is given as theshift on the onesided infinite paths of edges of H. We shall show that H has only oneirreducible component. Then, since we may replace F by F for any p 1, F has to beH. Consider an irreducible component A of H. Take a onesided infinite path x which staysin A and whose forward orbit is dense in A. Let B denote the irreducible component thepath S(x) eventually lies in. Since S is a block map, any path which is eventually in A ismapped under S to a path eventually in the same component as S(x), i.e. in B. Thus p(A) =B is welldefined. The map is surjective, and thus a permutation, since given a componentB choose an infinite path x in B, then a point in S(x) eventually belongs to somecomponent, say A, thus = B. Replacing S by a suitable power we may assume that pis the identity. Let A be a minimal component of H (no outgoing edges) and fix an edge aof A. Let b be any other edge of H. Since S is mixing, there is m > 0 and a point x suchthat x = a and (S = b. Since S is a blockmap, there is k such that S{z | z[0,k] =00˛with z[0,k] = x[0,k] and such that z is F-periodic. Thus Smz sees infinitely often b, now

- 7 -3. Eventual vertex set and total amalgamations. We introduce the �eventual vertexset� of a SFT S. In the full shift case this will lead to a quick abstract proof that expansiveendomorphisms of a full shift are eventually conjugate to full shifts, which was shown byBlanchard and Maass with purely combinatorial arguments. The main ingredients are that thenDefinition 3.1 Let (X, S) be a SFT. Define an equivalence relation on X by x y(or x y if necessary to indicate the map) iff for all clopen sets C there is some non-negative integer N such that for all n N it holds that card {Sx C} card {Sy C}.The eventual vertex set of S, V(S), is the partition of X into -equivalence classes. An Let g : X Y be a conjugacy of the SFTs (X,S) and (Y,F). Then g�-1� X is clopen and thus for alllarge enough n, we have card{Sx gD} = card{Sy gD}. Since S = gFg and gis injective, this implies card{Fgx D} = card{Fgy D} for all large enough n. Thusg(x) g(y). By symmetry, g induces a bijection : V(S) V(F) by (V) := g(V), V ˛V(S). We consider a SFT S = S, given by an a · a - matrix A with non-negative integerentries. Let W(k) denote the set of points starting in state k. We show that every eventualProposition 3.3 x y iff card { Sx ˙ W(k) } = card { Sy ˙ W(k) } for 1 k . Thus, an eventual vertex consists of the union of those sets W(k) corresponding to Since S is a SFT, the equivalence class of x is determined by card { Sx ˙W(k) }, 1 k a, n 1. The sets W(i) partition X, thus x W(i) for a unique i. Let v ˛ be the ith standard basis column vector. Then for 1 k and n we have card {x ˙ W(k) } =(A = (A = (A. Since A is injective on A this

- 8 -For a square matrix A, let N(A) denote the least positive integer n such that rank A =rank A. aLemma 3.4 Suppose n N(A). Then the total amalgamation of A is the total 1-step Let B be a total 1-step amalgamation of A, i.e. A = RS and SR = B, whereR is the · b-matrix consisting of the distinct columns of A, B is · b and S is b· a subdivision matrix. Assume B has a pair of equal columns. Then RB is · b and hasstrictly fewer than distinct columns.We have A = RSRS = RBS with the subdivisionmatrix S, thus A has strictly fewer than distinct columns. Thus An is not injective onDefinition 3.5 The standard amalgamation of A is the total 1-step amalgamationC(n) of the form An = RS and SR = C(n) where R contains the distinct columns of An inFor n all columns of A are in the eventual image of A. Thus, by Lemma 3.4, the 0 the matrix AR contains the distinct columns of A+k in the same order as in A.akaasame as that of C(). The following dynamical interpretation of the amalgamations C(n)Note that for a given presentation S of a SFT S, the natural ordering of the state spaceinduces a linear ordering on the eventual vertices: define V V‘ iff min {k | W(k) � V} £�Lemma 3.6 Let V(S) = { V, �, V } be the eventual vertex set of the SFT S = S,indexed such that V V whenever i j. Let C(n) denote the standard amalgamation ofC(n)i,k = card { S-nx ˙ Vi } for all 1 £ i, k £ d and any x ˛ Vk.

- 9 - The size of C() is the number of distinct columns in A, which is d byProposition 3.3. So let 1 i, k d and x Vk. Then x starts in state k«, say. Thus,card { S-nx ˙ Vi } = n�{ 1 j | j«th column of Aa = i«th column of Aa } = C(n).of A for all large enough n. We show that an expansive endomorphism F, which is a.Theorem 3.7 Let S be a mixing SFT and F an expansive endomorphism of S. Then Let x y. Then there is some i such that for all sets W(k) = { x X | xstarts in state k (w.r.t. S) } we have card { Fx W(k) } = card { Fy W(k) }. Thus,since S is a SFT, for each clopen set D we have card { Sx D } = card { Sy D} for all large enough n. Fix a clopen set C. Since F is an expansive endomorphism of Sand S is a SFT, F is a local homeomorphism by Theorem 2.4. Thus, by Lemma 2.8 thereis a clopen set D such that Fi is injective on D and FiD = C. Then for all large enough nwe have that card { Sx C } = card { Sx D } = card { Sy D } = card { Sy C }, and thus x S y. Since F is also a mixing SFT, by Lemma 2.9, we get by symmetrythat x y iff x y, i.e. V(S) = V(F).Corollary 3.8 [BM] An expansive endomorphism of a full shift is eventually conjugate toExample 5.6 shows that expansive endomorphisms of full shifts need not be conjugate tofull shifts. Blanchard and Maass showed that there are restrictions on which full shifts occurhere. In the next section we introduce the concept of the images group, which will give us aclassification of the expansive endomorphisms of full shifts up to eventual conjugacy, and a4. The images group Let (X, S) be a dynamical system such that S is a localhomeomorphism. We shall associate an ordered group to S, the images group G(S). Any

- 10 -endomorphism F of S which is a local homeomorphism will induce a surjectivehomomorphism F*: G(S) G(S). In the SFT case, we identify the images group as thedimension group. Furthermore we exhibit a natural factoring from the images group of anendomorphism onto that of the underlying SFT. In ⁄ 11 we give a concrete example of anWe briefly review the definition of ordered groups. By an ordered group G we mean a++++,G = G + (- G) and G (- G) = {0}. We call G the positive elements of G and usenotation b a if (b - a) G+. An ordered-group homomorphism is a group homomorphismG H which sends G into H.ficompact metric zero dimensional space X. Let CO(X) denote the set of clopen (closed and n | C clopen nonempty, n integers, only finitely many nonzero } with addition. Wedenote this group by <CO(X)>. We define the following relations on <CO(X)>. Let C,D, C ˛(1) If C is the disjoint union of the sets Ci then C » S Ci.nn nnDefinition 4.1 Let <> denote the subgroup of <CO(X)> generated by the relations. The images group for S is the quotient group G(S) = <CO(X)>/ <>, i.e. the abeliangroup with free generators the nonempty clopen sets, with generating relations . We denotethe equivalence class of n by [ n]. G(S) is an ordered group, where [ n] 0by definition if the equivalence class [ nii] contains an element with all coefficients non-.Let « be the set of relations defined by (1). Then <CO(X)>/ <«> is isomorphic to thegroup C(X,) of -valued continuous functions on X. Since <«> is a subgroup of>, there is an onto group homomorphism C(X,) G(S).Now let F ˛ end(S) be a local homeomorphism. We shall define an induced grouphomomorphism F* : G(S) G(S). First we define a group homomorphism F« : <CO(X)>ieach Ci. Since F is open, the images F(Ci) are again clopen , thus we may define F«(C) =[Sii)]. This is well defined : Let Dj be another partition of C such that F is injective oneach D. Then, by (1), FC F(Ci ) S , thus [)] = [)]. Now

- 11 -Theorem 4.2 An onto ordered-group homomorphism F* : G(S) G(S) induced by Fis defined by F*[ n] = F«( n). If F, U end(S) are local homeomorphisms then(FU)* = F*U* : G(S) G(S). In particular F*S* = S*F*. First we have to show that <> � ker F«, where <> is generated by therelations (1) and (2) above. Assume C is clopen and C a clopen partition of C, i.e. C SCi by (1). Then F«(C) = F«(S Ci), since we may use a partition of C into sets on which F isNow, let C and D be clopen sets such that Sn is injective on C and on D and SnC =D. Since S is open, the set SC = SD is clopen. Partition SC into clopen sets Pkon which F is injective. Let C := S C, D := S D for 1 i k. Then FS isinjective on each C and D. Since FS = SF, this implies that F is injective on each Ciand D, and that S is injective on FC and FD, which in turn, because of Si = FSi= FP = FS = S implies by (2) that [FC] = [FD] for all i. Thus F«(C) = [ FC] = FD] = F«(D).Now we show that F* is onto. It suffices to show that for any clopen set C there is aclopen set D with F«(D) = [C]. Choose a clopen set D such that F is injective on D andFinally the relation (FU)* = F*U* follows from the definition of the induced actions,since for a clopen set C with small enough diameter we have (FU)*[C] = [FU(C)] = [F(UC)]= F*[UC] = F*U*[C].Theorem 4.3 Let S be a local homeomorphism. Then S* : G(S) G(S) is a group We define an inverse group homomorphism T* for S*. By Lemma 2.8 there is˛C Y]. Extend T« by linearity to a group homomorphism T« : <CO(X)> G(S). Wecheck that T« induces a homomorphism T* : G(S) G(S), i.e. that <R> � ker T«. If aclopen set C is a disjoint union of clopen sets Ci, then T«(i) = [i Y)] = [SC ˙Y] = T«(C). If C and D are clopen sets such that Sn is injective on C and on D and SnC= SD then T«(C) = [SC Y] = [SD Y] = T«(D) since S is injective on SC YnNow let C be a clopen set such that S is injective on C. Then T*S*[C] = T*[SC] = [S-

- 12 -SC Y] = [C] since S is injective on C and SSC Y with common image SC. ThusT*S* = id. But also S*T*[C] = S*[SC Y] = [S(SC Y)] = [C]. Thus S*T* = id, i.e.In contrast to Theorem 4.3, for an endomorphism F of S, which is a localLemma 4.4 Let (X,S) and (Y,F) be local homeomorphisms and g : X Y be aconjugacy of S and F. Then g induces a group isomorphism g* : G(S) G(F) such that-1 SpFProof. If a clopen set C � X is partitioned into clopen sets, say C, then gC � Y isi�nand SC = SD, then F is injective on gC and on gD and FgC = FgD, since g is ahomeomorphism. Thus, we can define g* : G(S) G(F) by g*[ := [. Inthe same way, (g-1)* : G(F) fi G(S) is a welldefined group homomorphism and its inverse isg*. g* conjugates S* and F*. If S is a SFT then g*[V]S = [gV]F = [pV]F. We restrict to the case that S is a SFT and F is a locally injective endomorphism of S.Thus, F is a local homeomorphism by Theorem 2.4 and F* and S* are both defined. WeRecall that for an integer valued a · a matrix A the dimension triple (G(A), G(A)+, A*)consists of the dimension group G(A), which is the direct limit group of the family (, A)where A is considered as a map fi acting on row vectors, the positive elements, which consists of the equivalence classes [(v,k)] G(A) with v 0, and theTheorem 4.5 Let S be a onesided irreducible SFT given by an matrix A witha) (G(S), G(S)+, S*) is isomorphic to the dimension triple of A. In particular, G(S) is ana.b) F* : G(S) fic) <RF> is a subgroup of <RS> and thus the identity map CO(X) fi CO(X) induces anonto ordered-group homomorphism G(F) fi G(S). d) If S is mixing and F is expansive then G(S) = G(F).

- 13 - a) Define a group homomorphism : <CO(X)> direct limit (, A) bymapping a cylinder set { x X | x = a,�, x = a } to the equivalence class of (e,k) ˛ , where ei is the i«th standard basis vector in and i is the terminal vertex of theedge ak. It is straightforward to verify that this induces a group isomorphism G(S) directb) Since S is an irreducible SFT, F is a local homeomorphism, Theorem 2.4. By a),G(S) is a group of finite rank [BMT], thus, since F* is onto by Theorem 4.2, F* is alsoc) Let C, D CO(X) such that F is injective on C and on D and such that FC =D. Then (F = [F = [F = (F and thus, b) implies [C] = [D].This proves that <RF> is a subgroup of <RS>, and thus c).F> = <RS> andthus G(F) = G(S).5. Expansive endomorphisms of full shifts. Blanchard and Maass proved withsome k-shift such that k and N are divisible by the same set of primes [BM, 3.13-14]. In fact,section, we recover their result by considering the induced action on the images group. Moregenerally, we characterize the actions on the images group of the N-shift by locally injectiveLet X be compact, metric zero-dimensional and S : X X a continuous, onto map. Wesay that S is transitive if for every nonempty open set U, U = SU implies that U is dense.(Equivalently, S has a dense forward orbit.) We say that S is constant-to-1 if for some n ˛N it holds that card S-1x = n for all x ˛ X. The following theorem generalizes the result ofTheorem 5.1 Let S be constant-to-1 and transitive. If F ˛ end(S) is a localProof. Let S be everywhere n-to-1 and let M be the maximum number of preimages of apoint under F. Let E = { x X | cardFx = M }. E is clopen, since it is a union of sets FP,for a clopen partition P as in Lemma 2.8. Since S is everywhere n-to-1, card S-1F-1x = Mnfor every x E. Thus, by maximality of M and since SF = FS, for any y X with Sy =x it holds cardF-1y = M. Thus, S-1E = E. Since E is nonempty clopen, it follows that E =

- 14 -By [Theorem 2.4], a locally injective endomorphism of a SFT is a local homeomorphism,Corollary 5.2 Let S be a constant-to-1 transitive SFT and F end(S) locallyinjective. Then F is constant-to-1. In particular, if S is a full shift and F = S for some nIn the remaining part of this section S denotes the full N-shift. Write N =, where pi are distinct primes and r(i) 1. We first describe how aTheorem 5.3 a) Let F be a locally injective endomorphism of the full N-shift S. Thenfor some integer k which has at most the primes of N (i.e. k = (p byb) If F is expansive then k has all primes of N, i.e. s(i) 1 for all i, and F isProof.Pthe images of two distinct atoms under F are either disjoint or equal (Lemma 2.8). Thus foreach atom P of P we have that the number of atoms in F(FP) is exactly k. Then F*([X])=

�P = k[X]. Thus F* is multiplication by k on G(S) = ] and thusb) Let F be an expansive endomorphism of the full N-shift S. By Corollary 3.8, F iseventually conjugate to the full k-shift S. Thus, by Theorem 4.5d, for large enough n,G(F) = G(F) = G((S) = G(S) = [1/k]. Since G(S) = G(F) and G(S) = [1/N] thisRemark 5.4 Another approach, to showing that the primes dividing k in part(a) alsodivide N, is to identify k with the multiplier R(F) defined for a block code F by Welch, andthen apply [H, Thm. 14.9].by locally injective endomorphisms of S and classify up to eventual conjugacy (as in [BM])

- 15 -Theorem 5.5 a) For any positive integer k which has at most the primes of N, that is k= (p with s(i) 0 for all i, there is a locally injective endomorphismk of S such that (Fk)* is multiplication by k on G(S) = 1b) If k has the same primes as N (i.e. s(i) 1 for all i) then Fk can be choosen to be. Let n = p. Let Si denote the full pi-shift and write the n-shift as T = S1· S2 · ... · Sm. For 1 i m let Vi denote the endomorphism of T which is the shift mapin the i«th coordinate of T and the identity elsewhere. Then V = (V isconjugate to the full N-shift S. Let W = (V1)), then VW = WV. Thus, W isExample 5.6 Expansive endomorphisms of full shifts need not be full shifts (although

204120120the MSFT F defined by A is not conjugate to a full shift. But A =

888444444 has totalF2, gives the example.We have characterized the expansive endomorphisms of the full N-shift up to eventualProblem 1 When is a MSFT S conjugate to an endomorphism of a full shift on Nsymbols ? We know B must be primitive with just one nonzero eigenvalue k, where k isProblem 2 More generally: Given two mixing SFTs. When can they be realized as a6. The preimages group. So far we have used the eventual vertex set to see thatexpansive endomorphisms of full shifts are eventually conjugate to full shifts, and then usedcase of mixing SFTs we need, besides the images group, to introduce the preimages group toLet (X, S) be a dynamical system such that S is a local homeomorphism. We shall

- 16 -associate to S an ordered group, the preimages group

G(S), and an induced grouphomomorphism

S. Endomorphisms of S which are local homeomorphisms induce actionson this group. In the SFT case the preimages group

G(S) is isomorphic to the free abelianaa · matrix decribing S. The induced homomorphism

S is multiplication by A. From this itfollows easily that the direct limit over (

G(S),

S) is the dual of the dimension group of A[BMT]. Furthermore we exhibit a natural factoring from the preimages group of anWe shall now define the preimages group as a generalization of the idea of the eventualX X, which is a local homeomorphism (we could give the definition for just locallyinjective S). Let <X> denote the free group with generating set X, that is the elements of<X> are formal sums S nxx, where nx ˛ Z and nx 0 only for finitely many x ˛ X. Let

R S nxx » S mxthere is some non-negative integer N such that for all n N it holds that S nx�card {S-nx ˙C} m�card {Sx C}. To indicate the map we use instead of .Definition 6.1 The preimages group

G(S) of S is <X>/ <

R >. It is an orderedgroup where the positive elements are those equivalence classes which contain an element Sx with coefficients n 0 for all x X. The equivalence class of nx is denoted by non C. Then card {Sx C} = card {Sx FC} for any point x. Thus, since FC isclopen as well, [ nxx] = [ mxx] implies [ nxy�y x] = [ mxy�y x

F as follows.Definition 6.2 Let F end(S) be a local homeomorphism. The induced ordered-group

FG(S)

GF nx] = [ nxy�y xLemma 6.3 Let (X,S) and (Y,F) be local homeomorphisms and let g : X Y be a gG(S)

G(F) such that

S=gFg = [gx] .

G(F) by g n := [ n. A similar argument as inProposition 3.2 shows that gS =gFg.

- 17 -Lemma 6.4

FG(S)

G Consider two classes [ nx] [ mx]. Then nx and mx are notequivalent, i.e. there is a clopen set C such that ncard {Sx C} mcard {Sx ˙-nF-1x ˙-nx ˙FD} = card {Sx C} for every point x this implies ncard {Sx D} S�card {Sx D} for infinitely many n. Thus

FRemark 6.5

SG(S)

G(S) is not surjective in general: For the 2-shift the preimages

SLemma 6.6 Let F, U end(S) be local homeomorphisms with F* = U* : G(S) fiG(S). Then

F =UG(S)

G It suffices to show Fx Ux for all x X. First we show that whenever [S] = [ m] in G(S), then n card {Sx C} = m card {Sx D} for all largeenough n. We may assume that n and m differ by an elementary relation. If C ispartitioned into clopen sets Ci then card {Sx C} = i card {Sx Ci} and if C, D arethat card {S-nx ˙ C} = card {Sx ˙ SmC} = card {Sx ˙ SmD} = card {S-nx ˙ D}.Now let C be a clopen set. Partition it into clopen sets Ci on which F and U are bothinjective. Then [] = F*[C] = U*[C] = []. By the above, card {Sx FC} = icard {Sx UC} for all large enough n. Since card {Sx C} = card {Sx FCthe first sum is card {Sx C}, similarly the second is card {Sx C}, thus Fx »We shall see now that for a SFT S = SA the preimages group

G(S) is isomorphic to the

STheorem 6.7 Let S be an irreducible SFT given by an matrix A witha) (

G(S),

S) is isomorphic to (A, A). In particular, the direct limit of (

S) is

- 18 -b)

R refines

R , and the identity map X X induces an onto ordered-group

G(F)

G(S) =

G a) For each atom V of the eventual vertex set V(S) fix a point from this atom,

G(S) to A which interwines the actions

S andb) Since S is a SFT, F is a local homeomorphism by Theorem 2.4 and thus

F isdefined. It suffices to show that nx mx implies nx mx. Let nx Sxx. Then, there is some i such that for all sets V V(S) it holds that nx card { F-x V } = mx card { Fx V }. Thus by definition of V(S), n Fx mx , i.e.

F n =

F m. This shows [ n = [ m, since

F is injective by Lemma7. Expansive endomorphisms of SFTs. We show that any two commuting mixingSFTs give rise to a commuting semigroup of matrices of equal rank. From this we prove aneventual conjugacy theorem for expansive endomorphisms of a mixing SFT, generalizing theTheorem 7.1 Let S be a mixing SFT and F an expansive endomorphism of S. Let {, �, V } = V(S) be the eventual vertex set of S. Let C(n) = card { Sx V } and = card { Fx Vi } for all 1 i, k d and any x Vk. Then there is some N such that (C(n)D(m)) = card { Sx Vi } for all 1 i, k £d, x V, n, m N. Furthermore, the matrices C(n), D(n), n N generate a commutative. F is a mixing SFT with V(S) = V(F), by Theorem 3.7. By Lemma 3.6 we canchoose N so large that card { Fx V } and card { Sx V } do not depend on x ˛, for all 1 i, k d and n N. Let m, n N and write C = C(n), D = D(m). Fix fork

- 19 - = �d D = �dcard { Sx(j) Vi }card { Fx(k) Vj } = �d�jcard { Sy Vi } = card { Sx(k) Vi }. Replacing now F by S in the above computation shows that C(n)C(m) = card { S-iLet m, n N and write C = C(n), D = D(m). Then, SC is conjugate to (SA)n and thus,by Theorem 4.5a), rank C = rank G(S) and since G(S) = G(F), we get rank C = rank G(F)nFmS and thus, for large enough integers a, by Lemma 3.6, we can compute as above that = card { Sx(k) V }. Since G(S) = G(S), we get that rank (C) =rank G(S) = rank C. Thus, rank C = rank C rank CD rank C. Thus, rank C =rank CD. Similarly, rank CD = rank D. Now C � DC = CD � D and the rankcondition forces these containments to be equalities. Thus the rank and row space, andsimilarly the column space, is the same for C,D and CD. Because m and n can be variednaC(n) describes how the elements [V] G(S) are mapped under (S)*, where V is anLemma 7.2 For n it holds that (S)*[V] = [V(S) V«], V V(S). C(n)V,V« = card{Sx V} for any x V«, thus S is constantly C(n)on the set SV‘ V. Thus applying Lemma 2.8 to Sn and the partition := {SV‘ V ,V‘ V) } shows, (SV‘ V] = C(n)[V‘ SV] = [C(n)V‘], since SVnLemma 7.3 For each [ n C] G(S) there is some N such that for all n N itn)*[S ncSV˛V(S) mVv ˛ Z. It suffices to prove the lemma for a cylinder set C of length, m say, and a givenn m + . Let k be the terminal state of C, that is SC = W(k), where W(k) is the set ofpoints starting in state k. For each eventual vertex set V, choose a state i with W(i) � V,

- 20 -and define m = (A. By Proposition 3.3, because n - m , the number m doesnot depend on the choice of W(i) in V. Then (S)*[C] = (S)*[W(k)] = [ (A �eventually conjugate. For an example let F be the 3-shift and U be the SFT given by the

1212. But, if F and U act as expansive endomorphisms on a mixing SFT S andTheorem 7.4 Let S be a mixing SFT and F, U end(S) expansive. Then F* = U*

F =U iff the standard amalgamations of F and U eventually coincide. In this case, F By Lemma 2.9 F and U are mixing SFTs. Let A, B, B« be matrices such thatS S, F S and U S. Permuting the matrices B and B« if necessary we mayassume that the presentations S and S not only share their eventual vertex set with S,that the standard amalgamations C(n), D(n), D«(n) of A, B, (B«), n N, satisfy theconditions in Lemma 3.6. Let { V1, �, Vd } = V(S) be the eventual vertex set of S. For 1 j d fix a point x(j) ˛ Vj. If F* = U* on G(S), then

F =U on

G(S), by Lemma 6.6. Now suppose

G(S). Let n N. Then,

F =U and thus for all 1 j d

Fn[x(j)] =

Un[x(j)], which implies card { Sx(j) ˙ Vk } = card { Sx(j) ˙ Vk } forall 1 k d and all m N. Fix such an m. Then by Theorem 7.1 C(m)D(n) = C(m)D«(n)and C(m)Qd = D(n)Qd = D«(n)Qd. Thus the columns of D(n) and of D«(n) are in C(m)Qd.Since C(m) is injective on C(m), this shows D(n) = D«(n), for n N. Thus F is.that D(n) = D«(n) and D(n+1) = D«(n+1). Then, by Lemma 7.2, (F)*[V] = [˛n V(S). Thus, since (Fn)* = (F*)n and F* is bijective, we get F*[V] = U*[V] for all V ˛V(S). Now let [ n C] G(S), then there is some n such that (S n C] = [ V] for suitable m , by Lemma7.3. Thus, F*[ n C] = (S*) n C] = m V] = (S*) m V] = U*[ n C], which shows F* = U*on G(S).

- 21 -Example 7.5 Two expansive endomorphisms on a mixing SFT which are conjugate, but

011101110. Then A3 =

233323332 . Let be thep1,2�S and U =�S. Then F, U end(S) are both expansive. Then U = �F� and since ( =k. Since S, F and U are injective on W(k), we get F*[W(1)] = [FW(1)] = [�SW(1)] =[SW(2)] = S*[W(2)] and U*[W(1)] = S*[W(1)]. Now, [W(1)] [W(2)] in G(S) andthus, since S* is injective F*[W(1)] U*[W(1)], showing F* U* on G(S).Theorem 7.6 Let S be a mixing SFT and F end(S) expansive. Then the number ofactions on G(S) induced by expansive endomorphisms U end(S), which are eventually Let D(n) be the standard amalgamation of F for large enough n. For eachpermutation P of the eventual vertex set V(S), let E = { U end(S) | U is expansive andfor all large enough n the standard amalgamation of U is D«(n) = PD(n)P }. By Theorem8.2 in the next section, the union of the sets E is exactly the set of endomorphisms of Swhich are eventually conjugate to F. By Theorem 7.4 all elements in E have the sameExample 7.7 A mixing SFT with two expansive endomorphisms which have conjugate

1011011101011010

0111101101101001. Then A = B =

2122122211211112.and 2 the rows 3 and 4. Then subtract from row 1 and 2 in matrix B the rows 3 and 4,

1101111001001000

0001001001111011,and are strong shift equivalent to A, respectively B. These matrices are the same up to apermutation. Thus A and B give twosided conjugate shifts, thus (G(A),A*) is conjugate to(G(B),B*). The conjugacy does not respect the eventual vertices. A and B are not onesided

- 22 -eventually conjugate, by Theorem 8.2 and the fact that A and B are invertible. Since A2 =, A and B give onesided endomorphism of the onesided MSFT given by matrix A28. Eventual conjugacy of SFTs. Eventual conjugacy has long been an importantrelation for twosided SFTs, since they are eventually conjugate if and only if their definingmatrices are shift equivalent [LM]. In this section we give two characterizations of eventualconjugacy for onesided SFTs. The first (Theorem 8.2) is a straightforward matrixof the form A = R and S = C(n) where R contains the distinct columns of An inthe same order as in A, and S is a (uniquely determined) zero-one matrix with everycolumn sum 1. Let N(A) denote the least positive integer n such that rank An = rank An+1.nProposition 8.1 With the notation above, suppose n, k N(A) and r = rank A.(1) C(n)C(k) = C(n+k) .(2) rank C(n) = r. These facts can be extracted from the proof of Theorem 7.1, but we give self-(1) C(n)C(k) = SR = SA = SR = C(n+k). (2) rank C(n) = rank SR rank R = rank A = r =rank A = rank RS = rankC(n)S rank C(n). (3) Suppose C(N(A)) is d · d and consider the row spaces. Since C(n+k) = C(n)C(k) =C(k)C(n), we have C(n) � C(n+k) � C(k), and equality follows from equality ofTheorem 8.2 Let A, B be nonnegative square integer matrices and fix any positiveinteger n such that n M := max{ N(A), N(B) }. Let C(k), D(k) denote the standard-1

- 23 -Proof. Clearly (3) implies (1) and (2). Now suppose (1) holds. Then there is an n nsuch that for all k n there is a permutation matrix P(k) such that C(k) = P(k)D(k)P(k).Now consider the set W of permutation matrices P such that C(k) = PD(k)P-1 for some k ‡0. For each element P W fix a kP n0 such that C(k) = PD(k. Then let N be theproduct of all k, P W. Since N+1 n, there is a P W such that C(N+1) =. Since N is a multiple of k, Proposition 8.1 (1) implies C(N) = PD(N)P.Thus from either (1) or (2), we have some n M satisfying (2), and it remains to show thisimplies (3). Suppose k M. Applying Proposition 8.1(1), we see that C(j)=PD(j)Pwhenever j is a nonnegative integral combination of n and n+1, in particular for all largeenough j. Choose i positive such that C(ik) = PD(ik)P and C(i(k+1))=PD(i(k+1)P.Now C(k) = PD(k), so the rank C(k) = rank D(k), by Proposition 8.1(2). Also, = PD(k) = PD(k) = PD(k)P, so the row space ofC(k) must equal the row space of PD(k)P. Now C(k)C(k) = C(k) = PD(k) == PD(k)P, and thus C(k) = PD(k), since C(k) is injective onits row space.Note that the condition (2) in Theorem 8.2 gives an extremely easy test for determiningeventual conjugacy for given matrices A and B. Also, if N(A) = N(B) = 1, then eventualTheorem 8.3 Let (X,S) and (Y,F) be mixing SFTs with eventual vertex sets V(S)tfit-1 ttSpV]F

tG(S)

GS = tFt [x] = [y], where x ˛ V, y ˛ p. First let S and F be eventually conjugate. Then there is some N, such that Snand F are conjugate, for all n N. Fix for each n N, a conjugacy g : X Y with Sn= g. Since V(S) = V(S) and V(F) = V(F), by Proposition 3.2 g induces abijection : V(S) V(F), by (V) = g(V), for V V(S). Let := { : V(S) V(F)| there is some n N such that = }. For each fix k() N such that =. )�P and let := . Since n is a multiple of k(), say n = mk(), wehave that S = (S = ((g-1 = (g-1 p) = (g-1 .

- 24 -Thus, we have shown that there is some n N, a bijection : V(S) V(F), aconjugacy, say g, of S and F inducing : V(S) V(F) and a conjugacy, say f, of and F inducing also . Since

G) =

G(S) and

G(F), by Lemma 6.3 ginduces a conjugacy g of (

GS) and (

GF) and f induces a conjugacy f of(

GF). Now gS = [gx]F = [fx]F = f, since gx, fx V, if x˛ g =f. Thus, we have

S =fFf =gFgFg =

SngFg, and thus, since

S = gFg. Let t :=g, this proves a), c).By Lemma 4.4 the conjugacy g of Sn and Fn induces a conjugacy g* of (G(S),(Sn)*)and (G(F),(F)*) with g* [V] = [ and the conjugacy f of S and F induces aconjugacy f* of (G(S),(S)*) and (G(F),(F)*) with f* [V]S = [pF for any eventualvertex V of S. Let [ n C] G(S). By Lemma 7.3 applied to S, there is some msuch that (S n C] = [ m V] for suitable m . Let p = n(n+1)m.Then g*[ n C] = ((F n C] = ((F m V] = ((F- m V] = ((F m V] = f*[ n C], and thus g* = f*. Let t := tThus, we have shown, if S and F are eventually conjugate then a)-c) holds. Nowassume that a)-c) holds. Let C(n) denote the standard amalgamation of S, i.e. for all nlarge enough card {Sx ˙ V} = C(n) for V, W V(S) and x W. Similarly, let D(n)nn)*[V] = [SV«˛V(S) C(n)V,V« V«],V V(S), by Lemma 7.2. And t n)* t[V] = t npV] = t[˛V(F) p W] =[V(F) p W] =[V(S) ) V«], where P is the permutation matrixof size card V(S), which has P = 1 iff V=W. Thus S* = F* t implies [ V«] = [SV«˛V(S) -1) V«], and since S is a SFT this implies C(n)C(m) =V W W, for each W V(F). Now we have [S-nxV] =

SnV] = tFt] =tF] =t] = [ xV« card { F ˙ V«˚}]. This implies that for large enough m and˛xV ˙ SV«˛-mxV« ˙ -nypV˙ V«˚} = = and thus,C(m)C(n) = C(m)PD(n)P. Since C(m)C(n) = C(n)C(m), by Theorem 7.1, we get thus,C(m) =C(m)PD(n)P. Now the rank of D(n) is that of the group G(F), and thusthat of G(S) and thus rankD(n) = rankC(m). Therefore rankPD(n)P-1 = rankC(m). And alsoC(m) = rank C(n)C(m) = rankC(n+m) = rankC(m). Thus, row image of = row image of C(m). The matrix C(m) is injective on its row image, and thusC(n)C(m) = PD(n)P-1C(m) implies C(n) = PD(n)P-1. This holds for all large enough n, and

- 25 -Example 8.4 In Theorem 8.3 it is essential to have the same bijection in b) and c).

16884, B =

1052010. A and B arenot eventually conjugate, since A = 20A is not conjugate to B = 20B [W]. But, one[1/20]. It sends (16,8) to (20,10), thus [V is sent to [V and also to [V. Mapping

84 to

510 induces an isomorphisms of the preimagesgroups

84510Z, which sents [x]A to [y]B, where x ˛ V1 and y ˛ V1.Question 8.5 If F and S are both endomorphisms of the same mixing SFT, is itenough for eventual conjugacy to have a) and b) of Theorem 8.3 ? We know, it is enough in9. Maximal measures of endomorphisms of SFTs. Theorem 9.1 Let S be a mixing SFT and F end(S) be expansive. Then S and FRemarks 9.2 (1) Theorem 9.1 is false in the twosided setting. Nasu [N1,N2] hasS, such that U is also a mixing SFT, and the measures of maximal entropy for U and S are(2) Blanchard and Maass [BM] proved Theorem 9.1 with combinatorial arguments in the Let h(S) denote the entropy of S with respect to its measure of maximalentropy m and let Fm be the measure transported by F, that is Fm(B) = m(FB) for allendomorphism of S, and thus bounded-to-one, we have h(S) = h(S), which showsConsider the images group G(S) of S. Up to multiplication with a constant, there is aunique homomorphism = : G(S) , which sends a strictly positive element of G(S)l0,� , xk

- 26 -[C] = ), where r(i) denotes the i«th entry of the vector r. Thus, since m(C) = -) and the Perron vectors are strictly positive, there is some K > 0 such that K £

K for all cylinder sets C. Since F is an expansive endomorphism of S, it is also amixing SFT by Lemma 2.9 and G(S) = G(F) by Theorem 4.5. Thus we have = andthus for the maximal measure of F, say , the ratios m (for all clopen sets) are alsouniformly bounded between positive constants. It follows that the F-invariant measure m is First we summarize from [B] some consequences of Ruelle’s Perron-FrobeniusSS= {y, Sy=x} f(y). The dual operator L* is defined on the space of finite signed Borelmeasures on X. There is a unique Borel probability measure which is an eigenmeasurefor L*, say L) = (); here > 0; and there is a positive continuous function fSSS)S (Lf) (x) = {y, Sy=x}f)(y) = {y, Sy=x}{z, Fz=y}f(z) = {z, SFz=x} f(z) = Lf (x) .SF SFWe now know there is a positive continuous function g such that max = g max.Therefore the F-invariant probability max is absolutely continuous with respect to the F-Example 9.3 Theorem 9.1 cannot be extended to locally injective endomorphisms of aS such that hm(U) = 0 and htopof T given by the block code (Fx) = x (mod 2). Let F’ denote the onesided 4-shifton symbols { (0,0), (0,1), (1,0), (1,1) }. It is easy to see that the map ...x� ygiven by yi = ( (Fi, (Fi) defines a conjugacy of F to F’. We use this map to present the2-shift T as an automorphism T’ of F’. It is routine to check that T’ is given by the 2-blockcode (a,b)(c,d) (b,a+d) (mod 2) .Next extend the 4-shift F’ to the 5-shift S by extending the alphabet to include a fifthsymbol *. Extend T’ to a 2-block code U from S to S by adding the additional codingrules * * and (a,b)* (b,a). Then U is an automorphism of S. Clearly h(U) ‡(T’) = log2.

- 27 -Let E denote the set of sequences in S in which * occurs infinitely often. Suppose is aninvariant ergodic Borel probability measure for U such that n(E) > 0. Because the symbol * isinvariant under U, by ergodicity n(E) = 1, also there is an infinite set Z(*) of positive integerssuch that Z(*) = {i 0 | y = *} for -almost all y. For an integer n in Z(*), consider thepartition P of X by the words occurring in coordinates 0 through n. Modulo a -null set, Upermutes the atoms of Pn, so hnn) = 0. Because these Pn generate, hn(U)=0. are finite extensions of the 2-shift. It now follows easily from the variational principle that(U) = log2. The measure is invariant for U but not ergodic for U. With respect to U, has anergodic decomposition {t} such that t(E) = 1 for all t. For each t, as argued above hmt= 0, and therefore hm(U) = 0. Remark 9.4 Marek Rychlik has pointed out to us that the images group G(S) for amixing SFT S can be interpreted in terms of the Ruelle operator L (defined in the secondproof of Theorem 9.1), as follows. Let L denote the restriction of L to C(X,) and let K= Ker(L) . Then one can check that the map sending a clopen set to its indicatorfunction induces an isomorphism from G(S) =CO(X)/<R> to C(X,Z)/K. S is the operator associatedRemark 9.5 We’ll sketch now an "expansive subdynamics" proof for Theorem 9.1,which provides some perspective on the difference between the onesided and twosided cases.Theorem 9.1 fails in general for commuting twosided SFTs, but Theorem 9.1 is true fortwosided mixing SFTs in the same "expansive component" of directions for a action [BL,Cor. 8.5]. For S and F in Theorem 9.1, let S’ denote the twosided SFT which is the natural extensionof S and let F’ denote the endomorphism of S’ induced by F. Then for the 2 action generatedby S’ and F’, it is not difficult to check that the direction corresponding to the action of F’ iseither inside or on the boundary of the expansive component of directions containing thedirection corresponding to S’. (The corresponding result in Nasu’s setting appears in the finalremark of [N2, Sec. 8].) In any case, S’F’ and S’ have the same maximal measure, and it

- 28 -10. The images group is a dimension group. A dimension group is an orderedgroup (G, G) where G is a direct limit group lim, i) where i is a positivehomomorphism from the ordered group into ,([E]). We have seen that theimages group of a SFT is a dimension group. In this section we show that for any localhomeomorphism S its images group is actually a dimension group. Thus, in particular to anyP) := sup{diam(P) | P .Lemma 10.1 Let S be a local homeomorphism. Then there is a sequence of clopenkk1(2) refines S � Pk-1(3)For any pair of atoms P, Q in and all 0 i k it holds that SP and SQ are . Since S is locally injective, there is a clopen partition such that S is injective1Now assume , �, are clopen partitions satisfying (1) - (3). We show how toconstruct . Let be a partition refining S � according to Lemma 2.8with S replaced by S. Then (2) are satisfied for k+1. We may in addition choose with diameter less than 1/k (say), to guarantee diam() 0. It remains to check (3). LetP, Q be any pair of atoms in . By the definition of we have that SP is eitherdisjoint from SQ or SP = SQ. Assume there is some 1 i k and a point x ˛P SQ. Then SP = SQ and SP and SQ are contained in the same by (2). But the hypothesis implies that S is injective when restricted to an Since SP = SQ, we get that SiP = SiQ. An order unit in an ordered group (G, G) is an element u such that for any g in G,A triple (G, G, u). For completeness, from here we regard the images group of a local

- 29 -Let S be a local homeomorphism and let k be any sequence of partitions as in Lemma10.1. For fixed k call two atoms of equivalent if they have the same image under S.Choose one atom from each equivalence class. This gives a collection E of atoms of ksuch that for any atom P of Pk there is a unique element Q of Ek with SkP = SkQ. Definekk kkLet G be the free abelian group with generators E. Thus G is isomorphic to ,where n(k) = number of atoms in E, and we may think of the elements in G as integercombinations P�k, with n . Note that any generator P E splits into -atoms by (2), thus we may define i(P) := f�P, which extends to a grouphomomorphism ik : Gk fi Gk+1 by linearity.Theorem 10.2 Let S be a local homeomorphism. Then G(S) is a unital dimensiongroup. Specifically, with the notation as above, there is an order preserving groupkk).Proof Let G := lim, i). Recall that the elements in G are of the form [(g, k)],where k 1 is an integer and g Gk, where [(g, k)] = [(h, m)] if for some n max(k,m)it holds that i(g) = iRecall that CO(X) denotes the set of clopen subsets of X. We define a map : CO(X)˛PkC or in the complement of C. For such k, C = P¨C, and we define (C) := [(�CIf P then SP = SP, and since S is injective on the atoms P and fP and (3)holds, there is a bijection g : { Q | Q � P } { Q« | Q« � fP } such thatSkk P� P. Thus also SQ = Sg(Q) which implies fQ= fg(Q) for all Q with Q � P. This shows iP) = f�P, thusYExtend to a group homomorphism : <CO(X)> G. Since (P) = [(P, k)] forany atom P Ek we have that is onto. We shall show that the kernel of is the groupIf C is a disjoint union of sets Ci, then ) = S i), because for some k the C andCi are unions of atoms of Pk.

- 30 -Let C, D be clopen sets such that Sn is injective on C and D and SnC = SnD. Choosesome k n such that C and D both split into k-atoms. By injectivity, for any pair P, Qof distinct -atoms in C we have that SP is disjoint from SQ. The same applies for D.nn˛ Pk�C } { P | P � D } with SQ = SgQ, which implies fQ = fgQ. Thus (C) = [(fk�C, k)] = [(�D, k)] = (D). Thus we have shown that <> is.Now let C� ker . Write C� = C� - C�with nC, mC 0 for all C ˛ CO(X). Then Y(C�) = (C�). Let be the finite collection of clopen sets with n 0 or m 0. For some large k any C ˛C� = �kP and C� = �kP forcertain r, s 0. Thus (C�) = [(�kQ,k)] and (C�) =[(�kQ,k)] with all u 0 and [(�kQ,k)] = [(�kQ,k)]. Thus we mayassume that k is so large that also �kQ = �kQ, i.e. u = t for all Q. Nowconsider W E with t > 0. Then there are atoms P«, P«« k with fP« = W = fand r, sP«« > 0. Thus SP« = SP«« and S is injective on P« and P««, thus P« - P«« ˛. Furthermore �kP - P« and �kP- P«« are again formal sums with non negativecoefficients and the same -image (�kQ-W,k), with non-negative coefficients.Repeating the argument finitely many times shows �kP - �kP <> and thusC� - C� <>. This finishes the proof that ker = <> and showsthat G(S) = <CO(X)>/<R> is isomorphic to G.An element in G(S) is positive if it can be presented by a formal sum with non-negativecoefficients. By definition this sum is mapped under to some element [(�kQ,k)] ˛Q�kQ,k)] ˛ G, where all tQ 0 we have

- 31 - that (�kQ) = [(�kQ,k)] and thus positive elements in G have positivepreimages. Thus, this proves that Y induces an order preserving group isomorphism fromG(S) = <CO(X)>/<R> to G and thus proves the theorem.11. Example: The multiplication CA In this section we shall consider theendomorphism of the 6-shift which describes multiplication by 2. We will see that the imagesgroup of the multiplication by 2 in the 6-shift is [1/2] ¯ ¥, where ¥ denotes the directsum of countably many copies of . In particular, the images group is not of finite rank as inthe SFT case. Without proof we note that the preimages group of this multiplication can becomputed as the free abelian group with uncountably many generators, (we only have a ratherLet (X, S) be the full onesided 6-shift with X = {0,1,�, 5}. Then S describesmultiplication by 6, in that multiplication by 6 (modulo 1) is the quotient of S by the map p :x

i�¥ (mod 1). For a {0,1,�, 5} write 2a = c(a)6 + r(a), where c(a) {0, 1},r(a) {0, 2, 4} with r(a) = 2a mod6. Let f : {0,1,�, 5} {0,1,�, 5} be defined byf(a,b) = r(a) + c(b). Define a continuous, shift commuting map F : X X by F(x) =ipAn ordered group G is called if every nonzero positive element u is an order unit.By a on a unital ordered group (G, G+, u) we mean a homomorphism t : G R such� + and t(u) = 1. An element g is an infinitesimal if it is in the kernel of everyi (ZiZiZ.In (iii) below, we identify an element m ˛ (Z/3i)* with its unique representative in [0, 3i)˙ Z. Let H = ¯¥iTheorem 11.1 Let notations be as above, let G denote the unital ordered group G(F).Z[1/2] ¯ Z¥.t

- 32 -Z[1/2] ¯ (x + c<m,i>) = x + c , where x ˛ [1/2], <m,i> ˛ H; andF*(x) = 2x for x ˛ Z[1/2] F*(<m,i>) = <2m,i> for <m,i> ˛ H with 2m < 3i and F*(<m,i>) = 2 +<2m-3,i> for <m,i> ˛ H with 2m 3 . We will use Theorem 10.2. We shall define a sequence of clopen partitions Pk ofkk. For we choose the partition of X into cylinder sets of length k, i.e. the atoms arethe sets C(x) := { y X | y[0,k-1] = (x) } , (x) {0,�,5}. Let : {0,�,5} [0,1], ) =

i�. The property (1) of Lemma 10.1 is obvious. Because F is a 2-block map any F-) is a union of cylinders of length k, thus (2) of Lemma 10.1 holds. We checkproperties (3). To visualize the action of F on the atoms of assign to each C(x)a subinterval I(x) = [) + 6) of [0,1). Thus we have aPkIkinto 6k consecutive intervals of length 6-k. Consider the map g(x) = 2x mod 1 on [0,1). Bydefinition F(C(x)) = C(f(x,0)) ¨ C(f(x,3)). But also g(I(x)) = I(f(x,0)) ¨,3)), which shows that F maps any atom of onto theunion of two other Pk - atoms just in the same way as g maps the assigned subinterval. Thus,to understand a cover F , whose elements are the sets FP, P , it sufficies tounderstand the gi-image of the partition I. Since g maps both intervals [0,1/2) and [1/2,1)onto [0,1) and since the number of atoms of is even, the g-image is a cover where anytwo sets are either the same or disjoint. Inductively this follows for all g-images 0 i k.Thus the same holds for the covers F 0 i k, which means that (3) of Lemma 10.1holds. Let E = { C(x) | ) < 2 }. Since g) = [0,1) injectively,this also implies that for any atom P of there is a unique element Q of E such thatP = SThis also shows that for P = C(x) this unique element Q of E is the uniquecylinder C(y) with ) < 2 and ) = ) +m2- for some integer m 0. Denote this map C(x) C(y) by .

- 33 -Let G be the free abelian group with generators in E, that is G = . Define ahomomorphism i : G G by i)) := f�5, i)). Byk, ik).Let n(k) = 3 for k 1. Enumerate the elements of E by {0,...,n(k)-1} in increasingorder (according to the -values of these atoms). This induces an isomorphism from G to under which the homomorphism i is isomorphic to the map which maps the i«thstandard basis vector e, 0 i n(k) - 1, of to 0j5 (6i+j) mod n(k+1) in ,k. Let Bk � be the finite set of vectors = {v(m) = 0i<m , where 0 < m < 3kand m is not divisible by 3}, let v := 0i<n(k) . Let := and, for k 1, =) . By induction one proves that for all k 1, {v} is an integral basisof . Note that under i all elements of are mapped onto elements of and thevector v is mapped to 2v. This shows that i is injective. Now we use this basis toZ¯ H. Recall that v(m) = 0i<m ˛ .Then with certain integer coefficients a(m), a any v ˛ = G, k 1, can be uniquelyv = akvk + ai(m)vi(m)�m˛(Z/3iZ)*�i=1k .i˛(iq¯k Hkq[(v,k)] =

ak2k +ai(m)<m,i>�m˛(Z/3iZ)*�i=1k.kkof the basis shows that is well defined. One checks that is a bijective grouphomomorphism.notation, we denote this map again by F*. Let a , a [1/2]. Then F*( a) =. Let k 1 and <m,k> ˛ . Then F*(<m,k>) = <2m,k> if 2m < 3 andF*(<m,k>) = 2 + <2m mod3,k> [1/2] ¯ H, if 2m 3.direct limit of the , an element [(v,k)] ˛ G, with v , is positive iff the sum ofits coefficients with respect to the standard basis vectors of is positive. To see thisobserve that each standard basis vector in is mapped via i to a sum of 6 cyclicallyconsecutive standard basis vectors. Mapping the i«th standard basis vector in m steps

- 34 -forward, yields N0i<n(k+m) i + wi , where wi is a vector which has coefficientsof absolute value at most 1 with respect to the standard basis in and N is thegreatest integer less than 6. Thus, if the sum of coordinates of v is positive, then vgets mapped eventually to a positive vector, which means [(v,k)] ˛ G is an order unit (and [-v,k] G). A vector with coefficent sum zero remains a vector with coefficient sum zero. Ifthe coordinate sum C(v) for v is zero, then [(v,k)] must be an infinitesimal. So, everyThe map t : [(v,k)] fi 6-kC(v) defines a trace, and has image Z[1/6]. Using the maps ikttZ¥the map (x,y) y from I into H is injective, and recall an infinitely generated subgroup of is isomorphic to . The kernel I does not split, because a complementary summandwould be isomorphic to [1/6], in which every element is divisible by 6. This finishes the

- 35 -REFERENCESR. Bowen. Equilibrium states and the ergodic theory of Anosov diffeomorphisms, SpringerLec. Notes in Math 470 (1975).M.Boyle, J.Franks and B.Kitchens. Automorphisms of one-sided subshifts of finite type.Ergod. Th. & Dynam. Sys. 10 (1990), 421-449. M. Boyle and D. Lind. Expansive subdynamics. Trans. AMS, to appear.Math, to appear.M. Boyle, B. Marcus, P.Trow. Resolving maps and the dimension group for shifts of finitetype. Memoirs of the AMS 377 (1987)M. Denker, C. Grillenberger and K. Sigmund. Ergodic theory on compact spaces. SpringerLec. Notes in Math. 527 (1976), Springer-Verlag. E.G.Effros. Dimensions and C*-Algebras. CMBS 46 (1981), AMSG.A.Hedlund. Endomorphisms and automorphisms of the shift dynamical system. Math.Systems Th. 3 (1969), 320-375.P.Kurka. Equicontinuity and attractors in linear cellular automata. Ergod. Th. & Dynam. Sys.,D. Lind and B. Marcus, An introduction to symbolic dynamics and coding (1995), CambridgeUniversity PressM. Nasu. Textile systems for endomorphisms and automorphisms of the shift, Memoirs AMSM. Nasu. Maps in symbolic dynamics,in Lecture Notes of the Tenth KAIST MathematicsWorkshop, ed. Geon Ho Choe, Korea Advanced Institute of Science and TechnologyW.Parry. Symbolic dynamics and transformations of the unit interval. Trans. Amer. Soc. R.F.Williams. Classification of subshifts of finite type. Ann. of Math. (1973), 120-153;erratum (1974), 380-381.Mike Boyle, Department of Mathematics, University of Maryland, College Park, Maryland 20742. e-mail:Doris Fiebig and Ulf-Rainer Fiebig, Institut f�r Angewandte Mathematik, Universit�t Heidelberg, Im