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Motivation

* Magnhetohydrodynamic equilibrium calculations are a crucial tool for
magnetic confinement.

* A fast solver for MHD equilibria is needed for real-time reconstructions
and incorporation in optimization loops such as those that occur in

stellarator shape optimization.

* Here we explored physics-informed neural networks (PINNs) as a solver
for producing 2D MHD equilibria.

Grad-Shafranov Equation
* Grad-Shafranov Equation is a 2D ideal MHD equilibrium equation
* We are looking at a particular set of analytic solutions: Solov’ev Profile

* The reason we use an analytic solution is not to train but to check
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Baseline Equilibria

error = |Ppnn — Yanaiyeic|/1Wal Where 1, = pyy in magnetic axis
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* The plot on the left shows the solid and dot-dashed curves that indicate
the PINN and analytic solutions, respectively.

2D MHD Equilibrium Solver using Physics-Informed Neural Networks

Parametric PINN

e Parametric PINNs expand on regular PINNs to include more input
parameters.

* Allowing shape parameters as inputs can enable shape optimization
with faster equilibrium reconstruction for various geometries.

Training a Parametric PINN with ¢,a, k, and P

as part of input parmeters
physical
Vanti ties

e: Inverse Aspect Ratio &

§: Triangularity & &/}

k: Elongation K

P: Solov’ev Profile P

dy 2 dy Configuration  For the result below, we used 409600 (i.e. (100)(8)*) for both boundary
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FRC 1 0.057 0.214 27s 17ms o

* PINNs calculate residual of PDE and Boundary condition

* Training took about 4 hours, and the inference is like regular PINNs.

* Optionally, we can add data(i.e. experimental or numerical solution)

Hard Constraints Parametric PINN Performance with Varying Triangularity

* PINNs shown here are implemented with DeepXDE by Lu, et al. 10 I |
) p— \ * For some problems, it is shown that the hard constraints produce faster and 3 ! — Average Relative Error
' b i . . — ' i
| B | Loss Terms more accurate solutions to a given PDE. . ! Maximum Relative Error
J .~ 1.Governing Equations o) 101 : l
: — - —_— e P
o | R(R,Z,¥Y) B Y(R,Z)p. =GR, Z2)¥Y(R,Z) G(R,Z) = 0 on boundary AT 5 | '
5| g2 L7 +anJ—PR2—(1—P) . ‘ | :
0z OR R OR ) 0z° » Comparing side by side hard constraints show an order of magnitude better % ! :
i _ PDE LJ . o e .
92 | Lppe = =21 IR(R, Z, ¥)|? on D accuracy with lower training time. w 10 : :
— | e _
oR* | 7 Boundary Condition (Fixed Boundary) 4+ ' I
; - : i — 1 Extrapolation = — :
o2l BRZ)—w =0 ondD Relative Percent Error in Z=0 Relative P c < P . . g |
i 07 » b le—2 elative Percent Error ¥ . Extrapolation
Lz L ey : ~ moural 0.50- o g 107 pm—
\\\\\\ Lpc = E2j=1 ¥R, Z) — ¥p|? on 0D —I;;\\neural network |1.00 : a : e
___________________________________________________________________________ = 0.03{ —— ‘analytic 0e+00 Average Relative Error with Regular PINNs |
Liotar = AppeLppe™ ApcLpc ¥ (ApataLpata) -% S ! .0.75 0.25 : g ? |
.E I 0.0 i \ 4e-01 102 | . | | | . | : .
Collocatlon POIntS g N . :l \\\ ————— 'OSON OOO- _0.8 _0.6 _0.4 _0.2 - 0.0 . 0.2 0.4 0.6 0.8
O «< ; 3e-02 6 (Triangularity)
2.0 © > 1 _ :
gxedBCS _— High point —__ ! :(E = 0.01 ," 10.25 0.25 2e-03
L5\ g o Domemsam g _ Future Works .
1.0- ey oy = 0.06 1" ; . i 1}0.00 —0.507 | | le-04 :
. ':;.'._,"_._j'_-i'.-'.‘.';' / “0.75 1.00 1.725° 0.751.001.25 e Expand to 3D MHD to )
o B 00 PECR e R R Hibri :
N 0.0l (S anTiREy, AT o8 N o e ERTEE 08 TEE NS Relative Percent Error in Z=0 , reconstruct eq.U|I.|br|fa1 for SRV
G ; le—1 Relative Percent Error stellarator optimization
—0.5 1y it ad \ 0.50; : : - '
At Sl - \ neural network {7 5 * Finetune parametric PINNs for better performance: adaptive sampling
—1.01 S R T c 0.031 " analytic -6e+00 ,
L b ] , ‘T ' 0.25 - and hard constraints may be helpful as well.
-1 5 A i poin : .
$§\ Low point .'é ] O 4e-01
Een R e . S N 0.00- r
R £ 05 3e-02 References
: : . . ' —0.257 . . . .
° CoIIocatlon pomts are Where the R=1+¢ COS(T + sin 1(5) SID(T)) (V) 56-03 :[;17]81\:/16.§2_1;s(,)17etza(1).{g;1.rna1 of Computational Physics FZL]OIZ)ZI)A Kaltsas et al. Physics of Plasmas, 29(2), 022506
PDE residuals are evaluated 7 = €K Sil’l(T) 0.0 —0.50- Le0a [2] A. Cerfon et al. Physics of Plasmas 17.3:032502 [5] S. MarKkidis. Frontiers in Big Data 92(2021).
* Possible to add data from numerical 075100125 (2010).
SimU|atiOn or experiment R [3] Lu, Lu, et al. SIAM Review 63.1:208-228 (2021).

\_




