Update on near-axis construction for quasisymmetry

1. New quantities we can now calculate from a solution of
the Garren-Boozer equations

2. Suggested research questions




Things we can now compute from a solution of the Garren-Boozer equations (1)

e Magnetic well
e Mercier stability criterion

e Aspect ratio at which surfaces
become singular.
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Things we can now compute from a solution of the Garren-Boozer equations (2)

e VB and VVB tensors B[]
(large norm = bad?) 1
e Symmetry-breaking -
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Good problems to look at next

e Garren-Boozer equations for O(r2) quasisymmetry:
— What is a good practical numerical procedure to solve for the axis shape?
— Understand the set of solutions.
— If we allow small departure from symmetry, does that expand the set of solutions?
— To what extent are “real” QS configurations (e.g. HSX) approximately solutions?
— Get quasisymmetry at an off-axis surface by balancing B,, against B, at somer.
— Understand why stellarators have concave bean shapes.
— Compute the symmetry-breaking Bs.

e How to handle sqrt(r) in bootstrap current?

e Bootstrap current ‘geometric factor’ for non-quasisymmetric configurations.

e &4 for non-quasisymmetric configurations.

e O(r?) omnigenity (building on Plunk-Landreman-Helander)

e Other ways to extrapolate outward from the axis?

e Generalizations like “Property X”, pseudosymmetry?



Extra slides



What other quantities can we compute in < 1ms from the near-axis expansion?

Goal: Filter out points from this database that are unacceptable for some reason.
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Magnetic well

Related to MHD interchange stability.
Dominant term in Mercier’s criterion near the axis at low f3.
Usually included in stellarator design (W7-X, HSX, LHD, etc)

Various definitions out there:
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Magnetic well can be computed directly from the near-axis expansion
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e Magnetic well

e Mercier stability criterion

e VB and VVB tensors

e Departure from quasisymmetry

e Aspectratio at which surfaces become singular.



Mercier criterion

Ideal MHD stability to radially localized perturbations (basically interchanges).

Mercier (1964): {s(;d(l/l)ﬂ-B-Eds}z {ss dp d*V _[| |d5}JB ds
G 3

2 do ¢ dod¥ 7 ygf ||vaf
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All statements of Mercier stability Rogerio & | can find do not respect parity

transformations
=21(V\vae+v(vaq>)=ﬁvw+1ve+GV¢
T

Parity transformation 1: Flip signs of ¥, 0, 3, I, 1. Unchanged: ¢, G, .
Parity transformation 2: Flip signs of ¢, G, ®, 1. Unchanged: ¥, 6, (3, I.

2
. 1d(1/1) B-ZdS 1dp d*V (|5 dS | B%S
Mercier (1964): MG:{E (dCD )+J ‘Vc1>|3 } {z dg)dqlz JV‘®| }J|V<I>|

® =poloidal flux, W =toroidal flux, E=]- Bdl“’r G:sgn(G), Sw:sgn(‘{’), Sl:sgn(l)

d¥y '’
2
= 2
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Invariant: M, = {%‘; d(;(ﬁ l|) + f T.VECDFS} + { S‘;"’ jg) j;l,/z -
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All statements of Mercier stability Rogerio & | can find do not respect parity

transformations

Bzzi(wxvew(vacp):ﬁvw+lve+av¢
T

Parity transformation 1: Flip signs of ¥, 0, 3, I, 1. Unchanged: ¢, G, .
Parity transformation 2: Flip signs of ¢, G, ®, 1. Unchanged: ¥, 6, (3, I.

[s there a slick way to get a parity-transformation-

Mercier (] INVariant form of Mercier’s criterion? )
|_‘ VY J |_l N L J'|V<I>|

® =poloidal flux, ¥ =toroidal flux, Ez]—B%, SG:sgn(G), Sw:sgn(‘{’), Sl:sgn(l)

=[ ds |, Bzds
0
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2
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e Magnetic well

e Mercier stability criterion

e VB and VVB tensors

e Departure from quasisymmetry

e Aspectratio at which surfaces become singular.



VB and VVB tensors

e Andrew Giuliani targets VB in his direct coil optimization for QS.

e These tensors contain all possible scale lengths in the 15t and 2™
derivatives of the field. These should probably be long in order to
make this B with distant coils.

) 4B

Lyyp = ;
VB:VB V\/Z (VVB),-ZJ,;(

ij k=1

Ly, =B

At a distance R from an infinite straight wire, Ly; = Lyyz = R.
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Garren-Boozer VB

vB=" [(X Y, +1X, ¥ )nn+(—'7—1X] )bn

_0
g/ lc™ 1s

(Y0, =YX, + 0T+ 4157 )mb+ (X, ¥ —1X, ¥, )bb |+ KB, (tn+ nt)

¢ 1s

Frenet frame: (t,n,b) V= (axis length) / (Zn) Y’ =dY /do

x(r,@,q)) =X, (go)+ rX, (go)cos9n+ r[ch (q))cose +Y (q))sine]b + O(rz)
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5 configurations to compare

Section 5.1 Section 5.2 Section 5.3 Section 5.4 Section 5.5




LVVB =
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These tensor norms seem correlatec

these configurations are to shape

2
LVB =B Scale lengths in the magnetic field, normalized to Rg
VB:VB “easy” —— Purely toroidal field
1.0 —— Section 5.1
Section 5§ 2

[s there anything else useful we can do with these tensors?

LVVB =

Are there other good measures of B-field complexity?
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e Magnetic well

e Mercier stability criterion

e VB and VVB tensors

e Departure from quasisymmetry

e Aspectratio at which surfaces become singular.



If we strive for QS to O(r!), we can compute the symmetry-breaking error at O(r?).
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If we strive for QS to O(r!), we can compute the symmetry-breaking error at O(r?).
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If we strive for QS to O(r!), we can compute the symmetry-breaking error at O(r?).

BY) [T/m?] B [T/m2]

2 N
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e Magnetic well

e Mercier stability criterion

e VB and VVB tensors

e Departure from quasisymmetry

e Aspectratio at which surfaces become singular.



Ow Can we compute the aspect ratio at wnicn surtaces are

er smooth & nested?
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Vg o\ g 0X 0X OX
Vs 0o g or 00 ¢

d0 oQ
x(r0.0)=x(¢)+ X(r.0.0)n(0)+¥(r.0, ) (0 )+Z('“9<0) ()
X= r[Xls(go)sin9+X c059]+r2[ sm29+X26(go)c0529}

\/; = r[g(, (go)+ rg, (9,(p)+ r‘g, (9,(p)+ r’g (9,(p)+ rtg, (0,(,0)}

o) (9,g0) =0y ((p)sin0+ I, ((p)c059

D

9:(6.0)= 920 (@) + 92 (0)sin 20+ g, () cos 26

g3(9,(p) g351((p)sin9+g3s3(¢)sin 30+ g4 (¢)c059+g3c3((p)c0539
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ICNh Surraces are

[ %) N
g=0 8—9g =0 aa_g =(0 “€Canreplace last equation with min over ¢.
¢

e Could solve with Newton method, but need good initial guess or else not robust.
* Worried most about small-r solutions, so may be reasonable to set g;=g,=0.

* Then system has analytic solution. Can use as initial guess for Newton with g3 & g,.
\/;:r[go (§0)+rg1(9:(/’)+r292(9:(/’)+r393(9:¢)+r4g4(9»¢):|

o) (9,g0) =0y ((p)sin9+ I, ((p)C059

D

9:(6.0)= 920 (@) + 92 (0)sin 20+ g, () cos 26

g3(9,(p) = Js41 ((p)sin9+g3s3(q))sin 30+ g4 (¢)c059+g3c3((p)c0539
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This approach ot generating initial guesses ror Newton iteration
works sometimes but not always

r_singularity_vs_zeta

0.024 —— fined
---------- fined
0.00 T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1.2
¢
r_singularity_residual_sqnorm
10—31 4
10—32 4
10—33 4
0.0 0.2 0.4 0.6 0.8 1.0 1.2

1.75
1.50
1.25 1
1.00
0.75 {+n....
0.50

0.25 1

0.00

10—1 4
107 A
10-11 4
1016
10721 4

1026 4

1073

r_singularity_vs_zeta

0.0 0.5 1.0 1.5 2.0 2.5 3.0
)
r_singularity_residual_sqnorm

I

i %MI L

0.0 0.5 1.0 1.5 2.0 2.5 3.0
¢

27



This approach ot generating initial guesses ror Newton iteration
works sometimes but not always
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Closing questions

Is there a slicker way to get a parity-transformation-invariant form of
Mercier’s criterion?

Is there anything else useful we can do with these VB and VVB tensors?
Are there other measures of B field complexity / coil difficulty?

If we strive for QS to O(r?), can we compute the symmetry-breaking error
at O(r3)? (So much algebra!l!)

Is there a better / more robust way to compute the minimum aspect ratio?

What else can we compute in < a few ms?
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