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1 Overview

In this document, we discuss coordinates that are useful for toroidal magnetic confinement systems
with nested flux surfaces. Throughout, we let # denote a poloidal angle (the short way around the
torus) and let ¢ denote a toroidal angle (the long way around the torus). We assume both 6 and
¢ are periodic with period 2w. There are many ways these two angles can be defined. If you have
one set of angles, (0, (), we are free to define a new set of angles (8, ¢) by

)

= 0+ X(s,0,0), (1)
= <+V(3707C)7 (2)
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where s is a coordinate that labels the flux surfaces, and A and v are any single-valued functions.
Since X\ and v are single-valued, 8 and ¢ will behave like angles in the same way as 6 and (,
increasing by 27 when the torus is traversed poloidally or toroidally, respectively. Thus, we have
two position-dependent degrees of freedom in the definitions of the angles, represented by A and v.
This freedom can be used to make the coordinates have certain desirable properties.

One such property is for the angles to be “straight field line angles”. In this case, one of the
two degrees of freedom is used to make the magnetic field lines straight in the (6, ¢) plane. The
key expression for straight field line angles is

B = VY xVO+V(xVyx (3)
= VY xVO+.V(xVy (4)

where B is the magnetic field, ¢ is the toroidal flux divided by (27), x is the poloidal flux divided
by (27). Also ¢(¢) is the “rotational transform”, the average number of times a field line wraps
around the torus poloidally for each time around toroidally. Equations (3)-(4) will be derived in
section 2, where it will be shown that (4) indeed means the field lines are straight in the (6, {)
plane.

Since only one of the two degrees of freedom is needed to achieve the straight-field-line property,
there is freedom remaining to make the coordinates have another desirable property. There are
different choices for how to exploit this freedom, leading to different sub-types of straight field line
angles. There are three common choices: PEST angles, Boozer angles, and Hamada angles, which
will be explained in section 3.

For further reading, several references are provided at the end. The discussion here is similar
to sections 2.2 and 2.5 of [1]. The book [2] is thorough but long. These topics are also discussed in
section 9 of [3]. Appendix C of [1] considers only Boozer coordinates, without separately considering
the more general case of straight field line angles.



2 Straight field line angles

Suppose we have any poloidal angle 6§ and any toroidal angle ¢. In this section we will derive a
shift A to the poloidal angle required to make the field lines straight. The toroidal angle will not be
shifted. For a third coordinate, we let s denote a coordinate that labels the flux surfaces, meaning
that s is constant on any surface, while s is different on different surfaces. Thus, we consider
the initial coordinate system (s, 6, ). We assume that in most of space, the coordinates are well
behaved such that the inverse Jacobian Vs - V6 x V( is nonzero.

The magnetic field vector can, as with any vector, be decomposed into components along any
three non-parallel basis vectors. This is true in particular for the basis vectors VO x V(, V({ x Vs,
and Vs x V6, hence

B = ByV x VC + B1Vs x VO + BQVC x Vs (5)

for some components By, By, and Bs. (This decomposition is related to the contravariant represen-
tation, but the coefficients By, Bi, and By differ from the contravariant components B*, BY, and
B¢ by a factor of the Jacobian). However, since the field is tangent to the flux surfaces, B-Vs = 0.
From (5), B-Vs= ByVs- V6 x V(, so By must be zero.

Note that although 8 and ( are not single-valued, V8 and V( are. Since B is single-valued, B
and By are single-valued as well.

We next apply the fact that V- B = 0. From (5), then we can apply the vector identities
V- -(uQ)=uV-Q=Vu-Q and V - (Vu x Vv) = 0 for all u, v, and Q to obtain

0 = V- (B1Vsx V0+ ByV( x Vs)
= Vsx V0 -VB; +V(xVs-VBy

B 0B1 0By
It follows that 5B 5B
1 2
7{ + 0 0. (7)
Now, consider the quantity

1 2
— df Bj. (8)
27T 0

It is manifestly independent of 6. This integral must be also independent of (, since if we apply

0/0¢ we find

o [ T 9By 2T 9By
8C /O db 1 /0 df a( /0 df 90 2(5, 0 , C) 2(57 0 O> C) 07 (9)

where (7) has been used. The quantity in (8) can therefore depend only on s, and we will call it
Y’ (s) (since we will end up integrating it in s shortly):

W(s) = % /0% do By (10)
By the same reasoning, we introduce a quantity
1 f2m
@) =g [ ac (1)

which is manifestly independent of ¢, and which must be independent of 6 due to (7).



Next, it can be shown using (7) that a function f exists such that

Bo= Py (12)
B, = —fjgw (13)

The argument that (12)-(13) follow from (7) is not given carefully in most references like [1, 1, 3].
Rigorous arguments for this step are technical, so here two approaches are presented in appendix
A. Tt is at least straightforward to see that if (12)-(13) are substituted into (7), one obtains two
mixed partial derivative terms 92 f/000¢ that cancel.

At this point we have

B = (f zp)v ><V9+< of X’)VCXVS

¢
= P'Vsx VO+ x'V( x Vs + (Vs x ve)g“g + (Vs x VC)Z‘g
= Y'Vsx VO +X'V(xVs+Vsx Vf
- vwxv9+v<xvx+v¢xv<$,)
= quxV(G $,>+VC><VX (14)
Thus, it can be seen that a shift to the poloidal angle
A= J, =0+ (15)
gives the first desired expression (3):
B =V x V0 +V(x Vy. (16)

For the rest of this note, we drop the bar on € to simplify notation, and (6, () will be assumed
to be a set of straight-field-line angles.

We can now show that ¢ and y are related to fluxes of the magnetic field through different
surfaces. First, consider a constant-{ surface, bounded by a certain flux surface, as if once sliced
through the plasma. The flux of B through such a surface is called the toroidal flux. It is indepen-
dent of the constant ¢ value chosen for the surface, because the field is tangent to the bounding
flux surface. The toroidal flux can be evaluated using the formula for surface integrals in general
coordinate systems:

27
B.
Toroidal flux = / d’a - B = ds / db V¢

Vs -V x V(
2 vq/} x V0 -V( s
B /Saxls / d0 VS va X vé_ 27T /Saxis ds w
e —_ ’l]Z)(SaXlS)] 27'[' (17)

where sayis is the value of s at the magnetic axis, and (3) was used to get to the second line. We
are free to take 1)(saxis) to be 0, since only derivatives of ¢ (rather than ¢ itself) have entered the



formulae in this note preceding (17). Thus, we are free to shift ¢ by any constant. With the choice
¥ (Saxis) = 0, we then find that ¢ is the toroidal flux divided by (27).

Similarly, let us consider a different surface, one at constant €, bounded on one side by the
magnetic axis and on the other by a flux surface. The flux of B through such a surface is called the
poloidal flux, and it is independent of the choice of 8. The formula for surface integrals in general
coordinates now gives

s 2 .
Poloidal flux = / d’a- B = . ds /0 dc VSBVQVXGVC
2
s _ s VC X VX . vg s _
= S YA YT 2
/Smsds ; dCVS-VQXVC T Smsdsx
= [X(S) - X(saxis)] 2. (18)

Again we are free to use the freedom in shifting x by a constant to choose X(Saxis) = 0. Then x is
the poloidal flux divided by (27).
Let us now explain why field lines are straight in the (0, {) plane when (3) holds. The slope of
field lines in this plane is
d) B-VO V(xVx-V0 x dx

A~ B-V( V¢ xV0-V¢ o dy (19)

Since both y and v are flux functions, the slope df/d¢ = dx/dv is constant on each flux surface,
as promised. This slope is also the rotational transform, ¢:

dx
== 20
so (4) follows from (3).

Finally, note that the construction of straight-field-line angles did not require MHD equilibrium.
Thus, if there is a large and anisotropic pressure, or some other departure from standard MHD
equilibrium, it is no problem to obtain straight-field-line angles.

3 Sub-types of straight-field-line coordinates

We now consider the three most commonly used types of straight-field-line angles: PEST coor-
dinates, Boozer coordinates, and Hamada coordinates. Before examining Boozer and Hamada
coordinates, we first show a general property of the covariant representation of B when there is no
current normal to the flux surfaces, as is the case in the usual case of scalar-pressure MHD equilib-
rium without flow. This property is useful for the derivation of Boozer and Hamada coordinates.

3.1 Changing between straight-field-line angles

Suppose (0, ) is a pair of straight-field-line angles, and we wish to switch to a different set of
straight-field-line angles (A, ¢). The requirement that the new angles preserve the straight-field-
line property means the angle shifts A and v in (1)-(2) must be related to each other in a specific
way. By plugging (1)-(2) into (4) both with and without bars, we can form

0 = B—B= (Vi) xVO0+1Vx)— (Vi x VO + 1V x 1)
= V¢ xVA—w), (21)



so A = w + Y (¢) for some flux function Y. Typically, to map between sets of straight-field-line
angles, one computes the desired shift v, chooses Y = 0, and then applies the maps (1)-(2) with
A= .

3.2 PEST coordinates

One set of straight-field-line angles is obtained by taking the toroidal angle ¢ to be the standard
angle of cylindrical coordinates. Then there is an associated poloidal angle which makes the field
lines straight, and this poloidal angle is unique up to a flux function. Such a set of angles (6, () are
called PEST coordinates, named after a tokamak stability code that used these coordinates.

3.3 The covariant B representation

In most cases of interest, there is no current J = py 1V x B flowing across the flux surfaces:
J-Vs=0. (22)
This result follows, for instance, in a vacuum field (one with V x B = 0), and for scalar-pressure
MHD equilibrium with no sonic flows, so J x B = Vp with p = p(s). When (22) holds, we can
constrain the covariant components of B, as will now be shown. This result is useful for deriving
Boozer and Hamada coordinates, which both exist only when (22) is satisfied.
We begin with the general decomposition of B into the basis provided by the three gradient
vectors:
B = B,V + BgVO + B:V(. (23)
The condition (22) then gives

0 = (VxB)-Vi

_ 9By 9B,
= GEVCX VOVt S0 x V- Ty
(0B, 0B
Therefore 5B 5B
9o 92¢
e~ =0 (25)

This last equation has the same form as (7), with By — Bg and Bo — —B¢. Then in analogy to
equations (10)-(13), we can write

I(y) = % O%dHBg, (26)
aw) = o Ozﬂchc, (27)
By = %;IH, (28)
—B; = —%IE—G (29)

where we have replaced f — H. In (26)-(27), the right-hand sides are independent of both angles
due to (25), by the same argument as in (9). Plugging (28)-(29) into (23) gives
OH OH

B =B,V + <I + 89) Vo + (G + 84) vC. (30)
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We are free to add and subtract (0H/0vy)V as follows:

OH OH OH OH
B—<B¢—aw>v¢+<l+%>VG+<G+8C>VC+MV¢. (31)
Defining K = By, — 0H /0, we then have
B =KVy+IV0+GV(+VH, (32)

which is the main result of this section.

We can show that I and G are related to the total current inside and outside the flux surface.
One way to do this is to apply the integral form of Ampere’s Law to two loops. First we evaluate
this relation for a loop at constant ¢ and v on the surface:

2w
uolt_j{B-dl— i B-%d@, (33)

where I; is the toroidal current inside the surface and r is the position vector. Noting that only
the VO component of B has a nonzero dot product with dr /96, we find

2m H

Hence, I(v)) is p10/(27) times the toroidal current inside the flux surface. We repeat these steps for
a loop on the flux surface with constant ¢ and 6:

2 or 2 oOH
1ol :%B-dl: O B-aCdC:/O (G+a<)d§:2wG, (35)

where I, is the poloidal current outside the flux surface, i.e. the current through the donut hole.
Hence, G(v) is polp/(2m). Since G includes the current from the external coils whereas I includes
only current in the plasma itself, typically |I| < |G|. For a vacuum field, I = 0 and G does not
vary with ¢ in the confinement region, since there is no current there.

Now consider a shift to the angles, as described in section 3.1: § = 6 + w, ( = ¢ +v. We find
the effect on (32) is

B = KV +1IV0—1IV(w)+GV{—-GVv+VH

= KVy¢+IV0+GV(+VH, (36)
where
H = H—(G+ ), (37)
- dal dG
K = K+ I/L@ + V@. (38)

In the next sections, we will use these results to obtain Boozer and Hamada coordinates.

3.4 Boozer coordinates

In Boozer coordinates, the H term in (5) is removed by choosing

H
YT Gt (39)
so H = 0. Dropping bars to simplify notation, we then have
B =K(,0,()Vy + I($)V0 + G(4)V(. (40)

These coordinates are useful in part because the VO and V({ components of B are constant on flux
surfaces.



3.5 Hamada coordinates

In Hamada coordinates, the current J = pg 1V x B is made to have a “straight-field-line” repre-
sentation analogous to (3). This can be achieved by making K = 0 in (36) by a shift to the angles
with %
- . 41
YT Tl dy + dGdy (41)
(It can be seen from (38) that this makes K = 0.) Dropping bars to simplify notation, we are left
with

B = I(¢))V0 + G(4))V( + VH. (42)

The curl of this expression gives
pod = I'()Vip x VO + G' () Vi x V(. (43)
Thus the slope of the current streamlines in the (6 () plane is

o J-vo &

€ TNve T (44)

which is constant on flux surfaces.

Another noteworthy property of Hamada coordinates is that given the MHD equilibrium con-
dition J x B = Vp, the Jacobian ,/g for Hamada coordinates is a flux function. To see this, we
form (43)x(4), with the result

—(G"+ I (VY - VO x VO VY = op' V), (45)

where primes denote d/di. Dividing by Vi and rearranging, then the Jacobian for (v, 6, () coor-

dinates is
G +.I'

pop’

Vg = , (46)

which is constant on flux surfaces.
TODO: Is there a way to show this when p = 07

A Proof of (12)-(13)

Here, two arguments are given for why (12)-(13) follow from (7).

A.1 Method 1: Construction
One method is to find a function f for which (12)-(13) are satisfied. Consider

0 B ¢
f:/ d@Bl(s,H,C)—Gw’+Cx’—/ d By(s,0 = 0,0), (47)
0 0

where tildes indicate integration variables. Applying 0/06 gives

of _

0 By — v/, (48)



o (12) is satisfied. Applying 9/9¢ to (47) gives

0 oB /
azé _ /d@acl—kx—BQ(S,e:OaC)

- OB,
- /d989+x—32( 6=0,0)

o (13) is satisfied.
It must also be established that f in (47) is single-valued. First let us check periodicity in 6:

27
F(O = 27) — (0 = 0) = /0 40 B1(5,0,C) — 270/ =0, (50)

so f is indeed periodic in 6. Next, let us check periodicity in (:

27 _
fC=2m)— f(C=0) = 27rx’—/0 d¢ By (s,0 = 0,0)

27 _ B
— oy - /O 4¢ Ba(s,0,8) = 0. (51)

To get the second line from the first, we have noted that the last integral is independent of 8, by
an argument as in (9), and so we are free to evaluate it at § = 0. Therefore f is periodic in (.
A.2 Method 2: Fourier series

Here we give an alternative method of proof, which requires the machinery of Fourier series, but
which is convenient computationally for actually computing the angle shift A = f/¢'. We first note
that By and By can be written as double Fourier series:

Bi(s,0,¢) = ZBlm” )exp(imb — inC),

By(s,0,¢) = Z By . (s) exp(imb — in(). (52)
Equation (7) gives
Z [—inB1,mn + imBa m pn] exp(imb — in(). (53)
m,n
This implies
nBimn = mBamn (54)

for all m and n.
We can now propose the function

(5,0,¢) = Z Jmn(s) exp(imb — in(), (55)
where
Bimn iy 24 0
frn(s) = § Bzma g £ (56)
0, otherwise.



For modes with both m and n nonzero, the first two cases of (56) both apply and are consistent
with each other due to (54).

Let us now check that (12) is satisfied. To evaluate 0f/06, only the modes of f with nonzero
m matter, so (55) and the first case in (56) give

gg = Z B nexp(imb — ing). (57)

m#0,n

Adding the m = 0 modes of By, which give (10), gives (12). Eq (13) can be checked in the same
way. To evaluate df/9(, only the modes of f with nonzero n matter, so (55) and the second case
in (56) give

of

= Z By exp(imb — ing). (58)

m,n#0
Adding the n = 0 modes of Bs, which give (11), gives (13).
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