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1 Introduction

Quasisymmetry is a beautiful and remarkable concept in plasma physics. It can be summarized
as follows: if the magnitude of the magnetic field B = |B| has continuous symmetry in certain
special coordinate systems, in the sense that B is independent of one of the coordinates, then the
guiding center particle trajectories behave exactly as if they were in a truly symmetric magnetic
field. The full vector magnetic field B need not be symmetric. One reason this idea is exciting is
that it means it may be possible to combine the good confinement properties of a tokamak with
the stability and steady-state capability of a stellarator. The ∇B and curvature drifts mean that
particle trajectories in nonuniform magnetic fields are complicated; quasisymmetry gives a way to
guarantee that the particle orbits will be confined even in lights of these cross-field drifts.

Quasisymmetry is closely related to Boozer coordinates, which are a special poloidal angle θ
and toroidal angle ζ in a toroidal magnetohydrodynamic (MHD) equilibrium. Symmetry of B in
Boozer coordinates is significant, but symmetry of B with respect to other choices of the poloidal
and toroidal angles does not generally have the same consequences.

For a first definition of quasisymmetry and its varieties, we can take

Quasi-axisymmetry: B = B(s, θ), (1)

Quasi-helical symmetry: B = B(s,Mθ −Nζ),

Quasi-poloidal symmetry: B = B(s, ζ),

Quasisymmetry: Any of the above,

where s is any coordinate that labels the flux surfaces, and M and N are nonzero integers. These
three classes of quasisymmetry are illustrated in figure 1. We will see that there are other equivalent
definitions of quasisymmetry.

Quasisymmetric magnetic fields are often loosely described in the following way: the particle
orbits and neoclassical transport in a quasisymmetric field are analogous to those in a truly ax-
isymmetric field. (‘Neoclassical’ refers to the fluxes due to guiding-center motion and collisions,
in the absence of turbulence.) There are several precise statements along these lines that can be
made:

• The equations of motion for a guiding center, when expressed in Boozer coordinates, depend
on position only through s and B.

• The gyro-averaged Lagrangian, i.e. the Lagrangian for guiding center motion, when expressed
in Boozer coordinates, depends on position only through s and B.

• In quasisymmetric magnetic fields, there is a conserved quantity analogous to canonical an-
gular momentum that can guarantee confinement of charged particles.
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    B in a general stellarator (not quasisymmetric)
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Quasi-axisymmetric: B = B(s, )
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Quasi-helically symmetric: B = B(s, 4 )
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Quasi-poloidally symmetric: B = B(s, )
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Figure 1: Magnetic field strength B on a typical flux surface in a non-quasisymmetric stellarator
and in the three types of quasisymmetric stellarator.

• When B is expressed as a function of Boozer coordinates, neoclassical radial fluxes and parallel
flows depend on the magnetic field geometry only through B and functions of s.

All of these points will be discussed in detail in this document. Quasisymmetry also has implications
that will not be discussed here, but which can be found in other works:

• In quasisymmetric fields, the radial electric field is not determined by radial neoclassical
transport, as it is in a general stellarator [1, 2].

• Larger plasma flows are likely to be allowed in a quasisymmetric stellarator compared to a
general stellarator [3], although flow as large as the ion thermal speed is still unlikely to be
allowed except in true axisymmetry [4, 5].

1.1 History and further reading

The concept of quasisymmetry has been developed over the years by several authors, and work has
been done in the areas of theory, numerics, and experiment. It was first recognized theoretically
that neoclassical transport and guiding center orbits depended on position only through (s,B) when
expressed in Boozer coordinates, and so two plasmas that differed in Cartesian coordinates could
in principle have ‘isomorphic’ orbits and neoclassical transport [6, 7]. Several years later, it was
discovered numerically that quasi-helical configurations could actually be found [8]. Both refs [7, 8]
also pointed out the conserved canonical angular momentum. This discovery of numerical quasi-
helically symmetric configurations led to the design and construction of the Helically Symmetric
Experiment, HSX [9]. Quasi-axisymmetric configurations were discovered numerically thereafter
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[10, 11]. The difficulty of achieving quasisymmetry exactly throughout a volume was clarified in
[12, 13], where it was pointed out that the relevant system of equations becomes overdetermined at
third order in the inverse aspect ratio; however this argument does not rigorously disprove the exis-
tence of solutions. The relationship of quasisymmetry to the more general condition of omnigenity
was elucidated in [14, 15], and further discussed in [16]. Experimental evidence from HSX for the
improved confinement associated with quasisymmetry was reported in [17]. The National Compact
Stellarator eXperiment (NCSX) [18], based on a quasi-axisymmetric configuration, was partially
constructed, but cancelled before completion. The Chinese First Quasi-axisymmetric Stellarator
(CFQS) [19, 20], presently under construction, is likely to be the first quasi-axisymmetric experi-
ment that is fully built. Other quasisymmetric configurations obtained by numerical optimization
can be found in [21, 22, 23, 24, 25, 26, 27]. In recent years, the theory of flows, electric fields,
and transport in quasisymmetric or nearly-quasisymmetric plasmas has been further developed
[1, 2, 4, 5, 3, 28, 29, 30, 31]. Quasisymmetry was discussed in the language of differential forms in
[32]. Very recently, new methods of generating quasisymmetric configurations without optimization
have been reported [33, 34]. Further theoretical discussion of quasisymmery can be found in the
review of Boozer [35] and in the more general review of stellarator theory by Helander [36].

The remaining discussion is structured as follows. First, in section 2 we will discuss standard
axisymmetry (continuous rotational symmetry), showing that there is an associated conservation
of the so-called canonical angular momentum, and this conservation law can guarantee confinement
of particle orbits. However, axisymmetry requires an electric current inside the confinement region,
motivating us to seek nonaxisymmetric configurations with equally good confinement. Boozer
coordinates are then reviewed in section 3. In section 4 we demonstrate that the trajectory equations
for guiding centers in Boozer coordinates depend on position only through s and B. The Lagrangian
for guiding-center motion is discussed in section 5, where it is shown that in Boozer coordinates, this
Lagrangian depends on position only through s and B. The conserved canonical angular momentum
associated with quasisymmetry is discussed in section 6. Neoclassical transport and its relation to
quasisymmetry is covered in section 7. Other definitions of quasisymmetry, equivalent to the one
given above, are explored in section 8. Some considerations of quasisymmetry near the magnetic
axis are discussed in section 9. In section 10 we discuss the accuracy to which quasisymmetry has
and can be achieved, and we conclude with some open questions in section 11.

2 Axisymmetry, conservation laws, and confinement

The ∇B and curvature drifts mean that particle trajectories in nonuniform magnetic fields are
complicated. How can we guarantee that the particle orbits will be confined even in lights of
these cross-field drifts? It turns out that at least in one case, axisymmetry, the particle motion is
strongly constrained due to a conservation law. By ‘axisymmetry’, we mean continuous rotational
symmetry. The confinement of orbits in axisymmetric fields is sometimes called Tamm’s Theorem,
after one of the inventors of the tokamak.

2.1 Lagrangian mechanics and Noether’s theorem

We will use Lagrangian mechanics here and in later sections, so let us review the key concepts of
Lagrangian mechanics. A Lagrangian is a function L

(
x1, . . . , xN , ẋ1, . . . , ẋN , t

)
, where t is time,

time derivatives are denoted with over-dots, the variables xj are a set of N coordinates, and the
time derivatives ẋj of each coordinate are treated as independent variables. The Lagrangian for a
system is independent of the choice of coordinates. Given a Lagrangian and particular choice of
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coordinates, the “Euler-Lagrange” equations of motion in those coordinates are

d

dt

(
∂L

∂ẋj

)
=

∂L

∂xj
(2)

for each j. From this equation we can see that if ∂L/∂xj = 0 for a certain j, then ∂L/∂ẋj for
that j is independent of time (i.e. conserved.) This fundamental connection between continuous
symmetries and conservation laws is known as Noether’s Theorem, after the mathematician Emmy
Noether. Note that a conservation law is only implied by symmetries that are continuous; discrete
symmetry does not count.

2.2 Canonical angular momentum

For a nonrelativistic charged particle in a prescribed static magnetic field, the Lagrangian is [37, 38]

L (x, ẋ) = qA (x) · ẋ +
m

2
|ẋ|2, (3)

where q is the particle charge, m is the particle mass, and A is the vector potential, satisfying
B = ∇×A. We will neglect electric fields. To justify (3), it is sufficient to verify that (2) applied
to (3) gives

mẍ = qẋ×B, (4)

which corresponds to Newton’s law F = ma with the usual Lorentz force.
Now suppose we have cylindrical coordinates (R,φ, Z) and let (eR, eφ, eZ) denote the associated

unit vectors. Noting that deR/dφ = eφ and that the position vector is

x = ReR + ZeZ , (5)

then

ẋ = ṘeR +Rφ̇eφ + ŻeZ . (6)

Therefore the Lagrangian can be written

L
(
R,φ, Z, Ṙ, φ̇, Ż

)
= q

(
ARṘ+AφRφ̇+AZŻ

)
+
m

2

(
Ṙ2 +R2φ̇2 + Ż2

)
(7)

where AR = A · eR, Aφ = A · eφ, and AZ = A · eZ . Now suppose there is some gauge such that

∂AR
∂φ

= 0,
∂Aφ
∂φ

= 0,
∂AZ
∂φ

= 0, (8)

i.e. axisymmetry. Then ∂L/∂φ = 0, so we have a conserved quantity that we will denote pφ:

pφ =
∂L

∂φ̇
= qAφR+mR2φ̇ = qAφR+mRvφ (9)

where vφ = Rφ̇ is the azimuthal component of the particle velocity. The quantity pφ is called
the canonical angular momentum. If there is no magnetic field, pφ is the usual kinetic angular
momentum. The last term in (9) is bounded in practice, because vφ is limited due to energy
conservation. Furthermore, the Aφ term can be made much larger than the vφ term by making
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the magnetic field sufficiently strong. Indeed, writing Aφ ∼ BL where B is a characteristic field
strength and L is a characteristic length scale, the ratio of the terms in pφ is

mRvφ
qAφR

∼
mvφ
qBL

∼ ρ

L
, (10)

the ratio of the gyroradius ρ to the length scale L, and this ratio can be made � 1. In this case,
particles approximately conserve AφR, meaning they are confined to surfaces of constant AφR.
Even if we do not neglect the vφ term, a particle’s departure from a given AφR surface is bounded
due to energy conservation. Therefore, if we generate bounded AφR surfaces such as in figure (2),
and make the magnitude of the field strong enough (so the departures from surfaces associated
with the vφ term are not as large as the confinement region), particles will be confined.

Figure 2: Robust confinement is possible in axisymmetry if the surfaces of AφR are bounded, like
the surfaces here. The black vertical line indicates the symmetry axis.

Figure 3: Blue curves denote particle trajectories, black lines denote magnetic field lines. A dipole-
like field is shown at left, and a tokamak-like field is shown at right.

Figure 3 shows calculations of a typical trapped particle trajectory in two axisymmetric magnetic
fields. In each case, the particle trajectory is computed by direct integration of (4). The trajectories
are quite complicated, showing a combination of gyration perpendicular to B, mirror-reflection,
and cross-field drift. Despite this complexity, the orbits remain confined close to a constant-AφR
surface, shown in red. The left case shows an example in which Bφ = 0, as in the dipole fields
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surrounding some planets. Energetic particles in the Earth’s Van Allen belts undergo orbits like
the one shown. The right case in figure 3 has a large Bφ, as in a tokamak. In both cases, the
cross-field drifts cause the particle orbits to precess in the φ direction.

2.3 Comments

If one tried to make axisymmetric AφR surfaces that had the topology of nested spheres instead of
nested tori, AφR would need to vary with Z along the R = 0 axis. But then BR = R−1∂(AφR)/∂Z
would diverge along this axis. Regularity of BR on the symmetry axis therefore leads one to consider
nested tori.

It is straightforward to show that (8) is equivalent to the more natural definition of axisymmetry
in terms of B rather than A:

∂BR
∂φ

= 0,
∂Bφ
∂φ

= 0,
∂BZ
∂φ

= 0. (11)

That (8) implies (11) follows immediately from B = ∇ × A. Conversely, if B satisfies the ax-
isymmetry conditions (11), a vector potential can always be constructed that satisfies (8), with one
example being

AR(R,Z) =

∫ Z

0
dZ ′Bφ(R,Z ′), Aφ(R,Z) =

1

R

∫ R

0
dR′R′BZ(R′, Z), AZ = 0. (12)

You can verify that the curl of (12) gives B using the fact that ∇ ·B = 0 implies

1

R

∂(RBR)

∂R
= −∂BZ

∂Z
. (13)

It turns out that the AφR surfaces happen to be magnetic surfaces, also known as flux surfaces,
meaning surfaces on which the magnetic field lines lie. To prove this fact, we can note

BR = −
∂Aφ
∂Z

, BZ =
1

R

∂(AφR)

∂R
, (14)

from which it follows that

B · ∇(AφR) = BR
∂(AφR)

∂R
+BZ

∂(AφR)

∂Z
= 0. (15)

Therefore the field lines of B are tangent to the constant-AφR surfaces.

2.4 Problems with confinement using axisymmetry

Unfortunately, in order to form toroidal nested AφR surfaces in axisymmetry, there must be an
electric current inside the surfaces, i.e. inside the confinement region. This fact can be proved from
the integral form of Ampere’s Law,

µ0I =

∮
B · dl, (16)

where I is the current through the curve used for the integration. We apply this equation to a
constant-φ curve lying on one of the toroidal AφR surfaces, with the curve linking the surface the
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short way around (‘poloidally’). Since the length increment dl is perpendicular to both eφ and to
∇(AφR),

dl || ∇(AφR)× eφ = −eR
∂(AφR)

∂Z
+ eZ

∂(AφR)

∂R
. (17)

We therefore have

dl =

[(
∂(AφR)

∂R

)2

+

(
∂(AφR)

∂Z

)2
]−1/2 [

−eR
∂(AφR)

∂Z
+ eZ

∂(AφR)

∂R

]
d`, (18)

where d` = |dl|. Using (14), the integrand of (16) is

B · dl =
1

R

[(
∂(AφR)

∂R

)2

+

(
∂(AφR)

∂Z

)2
]1/2

d` =
|∇(AφR)|

R
d`, (19)

which is never negative, and which must be positive (except perhaps at isolated points) to have
nested toroidal surfaces. Therefore, the enclosed current I in (16) must be nonzero.

The current inside the confinement region is a problem for several reasons. First, the current
is hard to drive. A transformer effect can be used to drive the current for a short time, but not
for long durations. Injection of particles or radio-frequency waves can be used to drive the current,
but this takes significant energy, and would require using a substantial fraction of the electricity
generated in a fusion reactor. Furthermore, however the current is produced, the current tends to
be unstable. The current represents a non-equilibrium situation, and hence it is a reservoir of free
energy which instabilities can feed off of. If the current disrupts due to an instability, the nested
AφR surfaces disappear and confinement is lost.

We are therefore motivated to look for ways to achieve confinement without the axisymmetry
condition (11). Without axisymmetry, there is no particular reason for particles to stay in a
confined region as they undergo the ∇B and curvature drifts. However, it turns out that condition
of quasisymmetry will ensure good confinement even in the absence of axisymmetry.

3 Boozer coordinates

Before proceeding to discuss quasisymmetry in detail, it is valuable to understand Boozer coordi-
nates. Boozer coordinates are (s, θ, ζ) where s is any flux surface label, and θ and ζ are poloidal
and toroidal angles defined in a particular way. For concreteness, we will use s = ψ, where 2πψ is
the toroidal flux, though this choice is not necessary. The three coordinates (s, θ, ζ) are generally
not orthogonal, so let us review some general characteristics of non-orthogonal coordinates in R3.
Further discussion of general coordinate systems can be found in [39] or sections 2.10-2.11 of [40].

3.1 General non-orthogonal coordinates

For non-orthogonal coordinates, there are two natural sets of basis vectors that can be used to
represent general vector quantities. One set of basis vectors is (∇ψ, ∇θ, ∇ζ), where

∇ψ = ex
∂ψ

∂x
+ ey

∂ψ

∂y
+ ez

∂ψ

∂z
(20)

with analogous definitions for ∇θ and ∇ζ. Here, y and z are held fixed in the ∂/∂x differentiation,
the analogous statements hold for ∂/∂y and ∂/∂z, and {ex, ey, ez} are the Cartesian unit basis
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vectors. The other set of basis vectors is (∂x/∂ψ, ∂x/∂θ, ∂x/∂ζ), where x is the position vector,
and

∂x

∂ψ
= ex

∂x

∂ψ
+ ey

∂y

∂ψ
+ ez

∂z

∂ψ
, (21)

with analogous definitions for ∂x/∂θ and ∂x/∂ζ. Here, in contrast to (20), θ and ζ are held fixed
in the ∂/∂ψ differentiation, and analogous statements hold for ∂/∂θ and ∂/∂ζ. If the coordinates
were orthogonal, then ∇ψ would be parallel to ∂x/∂ψ, and similarly for the other two coordinates.
However, for non-orthogonal coordinates these directions are generally different. This important
difference between orthogonal vs non-orthogonal coordinates is illustrated in figure 4.
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Figure 4: Orthogonal vs non-orthogonal coordinates.

For any vector B, (not only the magnetic field), we can decompose the vector in either basis,
writing

B = Bψ∇ψ +Bθ∇θ +Bζ∇ζ (22)

and

B = Bψ ∂x

∂ψ
+Bθ ∂x

∂θ
+Bζ ∂x

∂ζ
. (23)

We can relate the two sets of basis vectors as follows. First, note that the vector ∂x/∂ψ by definition
points in a direction along which θ and ζ do not increase. Thus,

∂x

∂ψ
· ∇θ = 0 and

∂x

∂ψ
· ∇ζ = 0. (24)

It follows that
∂x

∂ψ
= J∇θ ×∇ζ (25)

for some coefficient J . To determine this coefficient, consider a step dx at fixed θ and ζ: dψ =
dx · ∇ψ, so (∂x/∂ψ) · ∇ψ = 1. (This same result can also be seen by forming the dot product
of (20) with (21) and recognizing the result as the chain rule applied to ∂ψ(x)/∂ψ = 1, where
x = x(x, y, z).) We therefore have

∂x

∂xj
· ∇xi = δij . (26)
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The dot product of ∇ψ with (25) now tells us

J =
1

∇ψ · ∇θ ×∇ζ
. (27)

By repeating the same analysis with cyclic permutations of the coordinates, we arrive at the so-
called ‘dual relations’:

∂x

∂ψ
= J∇θ ×∇ζ, ∂x

∂θ
= J∇ζ ×∇ψ, ∂x

∂ζ
= J∇ψ ×∇θ. (28)

Therefore, an equivalent expression to (23) is

B =
1

J

(
Bψ∇θ ×∇ζ +Bθ∇ζ ×∇ψ +Bζ∇ψ ×∇θ

)
. (29)

Now let us specialize to the case in which B is the magnetic field. If good magnetic surfaces
exist, then B · ∇ψ = 0. Applying ·∇ψ to (29), then, we find Bψ = 0. There are consequently 5
nonzero components of B between the two representations: (Bψ, Bθ, Bζ , B

θ, Bζ).

3.2 Boozer coordinates

There are many choices which can be made for θ and ζ. One choice for ζ is the standard cylindrical
azimuthal angle φ, and one choice for θ is atan2(z−z0, R−R0) where atan2 is the arctangent with
appropriate sign, R =

√
x2 + y2 is the cylindrical radius (i.e. major radius), and (z0(ζ), R0(ζ)) are

the location of the magnetic axis. However, we can add any single-valued functions to one set of
angles to get another set of angle coordinates:

θ′ = θ + f(x), ζ ′ = ζ + g(x) (30)

It can be shown that this freedom can be used to make two of the components of B simplify:

Bθ/J = ι, Bζ/J = 1, (31)

where ι(ψ) is the rotational transform, which is constant on a magnetic surface. The details of this
construction will not be given here, but they can be found in section 2.2 of [36]. Then using the
result

dψp
dψ

= ι (32)

where 2πψp is the poloidal flux, then (29) becomes

B = ∇ψ ×∇θ + ι∇ζ ×∇ψ
= ∇ψ ×∇θ +∇ζ ×∇ψp. (33)

Coordinates in which (33) is satisfied are “straight field line coordinates”. Forming the dot product
of (33) with ∇ζ or ∇θ yields the following useful results:

B · ∇ζ = ∇ψ · ∇θ ×∇ζ = 1/J, (34)

B · ∇θ = ι∇ψ · ∇θ ×∇ζ = ιB · ∇ζ = ι/J. (35)

There is still freedom left in the transformation (30), and this freedom can be used to simplify
other components of B. Boozer coordinates are constructed by using the transformation (30) to
make Bθ and Bζ constant on magnetic surfaces, with these flux functions usually denoted I and G:

Bθ = I(ψ), Bζ = G(ψ). (36)
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We will not give the construction here; it is given in section 2.5 of [36]. The remaining coefficient
Bψ still generally depends on all three coordinates, and it is often denoted β since it turns out to
be related to the plasma pressure (as we will show in the next section). Hence,

B = β(ψ, θ, ζ)∇ψ + I(ψ)∇θ +G(ψ)∇ζ. (37)

Taking the dot product of (33) with (37), we obtain a useful expression:

∇ψ · ∇θ ×∇ζ =
B2

G(ψ) + ιI(ψ)
. (38)

This quantity is the (inverse) Jacobian of the transformation between Cartesian and Boozer coordi-
nates. For understanding quasisymmetry, it is noteworthy that this Jacobian varies on a magnetic
surface only through B.

3.3 The radial Boozer component

A result we will need below is the following: a symmetry of B in Boozer angles implies that β has
the same symmetry. This result is obtained by considering the MHD equilibrium relation

j ×B = ∇p, (39)

where µ0j = ∇×B, j is the current density, and p = p(ψ) is the plasma pressure. We evaluate j
from the curl of (37):

∇×B = ∇β ×∇ψ +
dI

dψ
∇ψ ×∇θ +

dG

dψ
∇ψ ×∇ζ. (40)

In the first right-hand side term, note that

∇β =
∂β

∂ψ
∇ψ +

∂β

∂θ
∇θ +

∂β

∂ζ
∇ζ. (41)

Forming (40) × (33), one finds the MHD equilibrium equation (39) becomes(
∂β

∂ζ
+ ι

∂β

∂θ
− dG

dψ
− ι dI

dψ

)
(∇ψ · ∇θ ×∇ζ)∇ψ = µ0

dp

dψ
∇ψ. (42)

The directions of the right and left sides of this equation are always parallel, so we can remove the
∇ψ vectors from each side. Applying (38),

∂β

∂ζ
+ ι

∂β

∂θ
− dG

dψ
− ι dI

dψ
= µ0

G+ ιI

B2

dp

dψ
. (43)

Writing Fourier expansions for 1/B2 and β,

1

B2
=
∑
m,n

Bm,neimθ−inζ , (44)

β =
∑
m,n

βm,ne
imθ−inζ ,

then (43) gives

βm,n =
µ0Bm,n(G+ ιI)

i(ιm− n)

dp

dψ
. (45)
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(Note that the m = n = 0 term of β is not determined by (43).) Therefore, if B is independent of
ζ, so all the n 6= 0 terms in Bm,n vanish, then all the n 6= 0 terms of βm,n will vanish as well, so β
will be independent of ζ.

More generally, suppose B depends on θ and ζ only through the helical combination

χ = Mθ −Nζ (46)

where M and N and fixed integers. Then this same property is true of 1/B2. Hence, Bm,n vanishes
unless m = kM and n = kN for some rational number k. By (45), then βm,n vanishes unless
m = kM and n = kN . Hence, β depends on θ and ζ only through the combination χ, exactly like
B.

4 Direct demonstration that orbits in quasisymmetric fields are
isomorphic to those in a tokamak

We are now in a position to demonstrate one of the key properties of quasisymmetric fields: the
equations of motion for guiding centers, when expressed in Boozer coordinates, depend on position
only through ψ and B.

We will proceed by finding equations for the time derivative of the coordinates (ψ, θ, ζ). These
equations will turn out to depend on position only through ψ and B. Therefore, if we have a
magnetic field configuration in which B depends on position only through (ψ, θ), independent of
ζ, then the guiding-center dynamics will be the same as if the particle were in an axisymmetric
field (with the same profile functions p(ψ), ι(ψ), Bθ(ψ), and Bζ(ψ).) Since the guiding-center
trajectories are confined in the axisymmetric analogous field, the are confined in the original field
as well.

As a first step, it is useful to write the magnetic drifts together in a convenient form as follows.
Observe that in a general MHD equilibrium, defining b = B/B to be the unit vector along the
field,

b · ∇b = (∇× b)× b +∇
(
b · b

2

)
︸ ︷︷ ︸

=0

= −(∇B ×B)×B

B3
+

(∇×B)×B

B2

= −BB · ∇B
B3

+
∇B
B

+
µ0∇p
B2

. (47)

Therefore the ∇B and curvature drifts

v∇B =
mv2⊥
2qB3

B ×∇B, vκ =
mv2||

qB2
B × (b · ∇b), (48)

where m and q are the particle mass and charge, can be written together as

vd = v∇B + vκ =
m

qB3

(
v2⊥
2

+ v2||

)
B ×∇B +

mv2||µ0

qB4

dp

dψ
B ×∇ψ. (49)

Evidently the ∇B and curvature drifts are in the same direction when there is no plasma pressure.

11



4.1 Vacuum fields

The demonstration of isomorphic orbits for vacuum fields requires less algebra than the case of
general magnetic fields, so let us show the vacuum case first. The general case is treated in the
next section.

A few results for vacuum fields that we will use are

B = G∇ζ, B · ∇ζ = ∇ψ · ∇θ ×∇ζ = B2/G, (50)

We have set β = 0 since β ∝ dp/dψ from (45). (The m = n = 0 Fourier mode of β can be set to
zero by suitable choice of the origin of θ or ζ.) We have also used the fact that I(ψ) is µ0/(2π)
times the toroidal current inside the surface ψ, which vanishes in vacuum, hence I = 0. Since G(ψ)
is µ0/(2π) times the poloidal current outside the surface ψ, then G in a vacuum field is a constant
(independent of ψ).

To get the rate of change of any of the coordinates xj , we take the dot product of the total
guiding-center velocity v||b + vd into the gradient of that coordinate. For instance, again using
over-dots to denote time derivatives,

ψ̇ = (v||b + vd) · ∇ψ = vd · ∇ψ =
m

qB3

(
v2⊥
2

+ v2||

)
B ×∇B · ∇ψ

=
m

qB3

(
v2⊥
2

+ v2||

)
(G∇ζ)×

(
∂B

∂θ
∇θ
)
· ∇ψ

= − m

qB

(
v2⊥
2

+ v2||

)
∂B

∂θ
. (51)

Next,

ζ̇ = (v||b + vd) · ∇ζ =
v||

B
B · ∇ζ +

m

qB3

(
v2⊥
2

+ v2||

)
B ×∇B · ∇ζ︸ ︷︷ ︸

=0

=
v||B

G
. (52)

Finally,

θ̇ = (v||b + vd) · ∇θ =
v||

B
B · ∇θ +

m

qB3

(
v2⊥
2

+ v2||

)
B ×∇B · ∇θ

=
v||

B

ιB2

G
+

m

qB3

(
v2⊥
2

+ v2||

)
(G∇ζ)×

(
∂B

∂ψ
∇ψ
)
· ∇θ

=
v||ιB

G
+

m

qB

(
v2⊥
2

+ v2||

)
∂B

∂ψ
. (53)

Note that the kinetic energy v2/2 and magnetic moment µ = v2⊥/(2B) are constants of the
guiding-center motion, so v⊥ and v|| do vary with position, but only through B:

v2⊥ = 2µB, v|| = ±
√
v2 − 2µB. (54)

Therefore, (51)-(53) show that the equations for the guiding-center orbits in Boozer coordinates
depend on position only through ι(ψ) and B.
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4.2 General MHD equilibrium

Now we will re-calculate ψ̇, θ̇, and ζ̇ for the case of MHD equilibrium rather than a vacuum field.
Using (49), we find

ψ̇ = (v||b + vd) · ∇ψ = vd · ∇ψ =
m

qB3

(
v2⊥
2

+ v2||

)
B ×∇B · ∇ψ

=
m

qB3

(
v2⊥
2

+ v2||

)[
(G∇ζ)×

(
∂B

∂θ
∇θ
)
· ∇ψ + (I∇θ)×

(
∂B

∂ζ
∇ζ
)
· ∇ψ

]
=

m

qB3

(
v2⊥
2

+ v2||

)(
−G∂B

∂θ
+ I

∂B

∂ζ

)
B2

G+ ιI
, (55)

θ̇ = (v||b + vd) · ∇θ =
v||

B
B · ∇θ +

m

qB3

(
v2⊥
2

+ v2||

)
B ×∇B · ∇θ +

mv2||µ0

qB4

dp

dψ
B ×∇ψ · ∇θ

=
v||ι

B

B2

G+ ιI
+

m

qB3

(
v2⊥
2

+ v2||

)[
(G∇ζ)×

(
∂B

∂ψ
∇ψ
)
· ∇θ + (β∇ψ)×

(
∂B

∂ζ
∇ζ
)
· ∇θ

]
+
mv2||µ0

qB4

dp

dψ
G∇ζ ×∇ψ · ∇θ

=
v||ιB

G+ ιI
+

m

qB3

(
v2⊥
2

+ v2||

)(
G
∂B

∂ψ
− β∂B

∂ζ

)
B2

G+ ιI
+
mv2||µ0

qB4

dp

dψ

GB2

G+ ιI
, (56)

ζ̇ = (v||b + vd) · ∇ζ =
v||

B
B · ∇ζ +

m

qB3

(
v2⊥
2

+ v2||

)
B ×∇B · ∇ζ +

mv2||µ0

qB4

dp

dψ
B ×∇ψ · ∇ζ

=
v||

B

B2

G+ ιI
+

m

qB3

(
v2⊥
2

+ v2||

)[
(I∇θ)×

(
∂B

∂ψ
∇ψ
)
· ∇ζ + (β∇ψ)×

(
∂B

∂θ
∇θ
)
· ∇ζ

]
+
mv2||µ0

qB4

dp

dψ
I∇θ ×∇ψ · ∇ζ

=
v||B

G+ ιI
+

m

qB3

(
v2⊥
2

+ v2||

)(
β
∂B

∂θ
− I ∂B

∂ψ

)
B2

G+ ιI
−
mv2||µ0

qB4

dp

dψ

IB2

G+ ιI
. (57)

Noting that β is determined by B via (45), it can be seen that these equations for ψ̇, θ̇, and ζ̇
depend on position only through B and functions of ψ.

5 The guiding-center Lagrangian

Another perspective on quasisymmetry comes from the Lagrangian for guiding center motion. We
will show that in Boozer coordinates, this Lagrangian depends on position only through the radial
(flux surface label) coordinate and through B. There are two important consequences. First,
the guiding-center dynamics of two plasmas with the same B and radial profiles are isomorphic.
Second, if B can be made independent of one of the Boozer angles (or a linear combination thereof),
there will be a conserved quantity by Noether’s theorem. This conserved quantity ensures good
confinement of the guiding centers (Tamm’s theorem), just as it did in axisymmetry.
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The Lagrangian for guiding center motion has been derived by Littlejohn [41], and is

L(x, v||, µ, ϕ, ẋ, v̇||, µ̇, ϕ̇, t) = qA · ẋ +mv||b · ẋ +
m

q
µϕ̇−

mv2||

2
− µB − qΦ, (58)

where a dot on top of a symbol denotes a time derivative. Here, b = B/B is a unit vector, µ is the
magnetic moment, ϕ is the gyrophase, A is the vector potential, and Φ is the electrostatic potential.
Forming the Euler-Lagrange equations for this Lagrangian, one finds the following equations of
motion:

ẋ = v||b +
1

qB∗||
b× (mv2||b · ∇b + µ∇b− qE∗), (59)

v̇|| = −
1

m
b · (µ∇B − qE) + v||b · ∇b · ẋ, (60)

ϕ̇ = qB/m, (61)

µ̇ = 0, (62)

where E∗ = −∇Φ − ∂A∗/∂t, B∗|| = B∗ · b, B∗ = ∇×A∗, and A∗ = A + m(q)−1v||b. To leading

order in ρ∗ = ρ/L ∼ v/(ΩL), where Ω = qB/m and L is a typical scale length, then B∗|| ≈ B. Note

also that the last term in (60) is small compared to the first right-hand-side term by a factor of
ρ∗, since b · ∇b · b = 0. Hence, (59)-(62) give the usual guiding center equations of motion. The
Lagrangian for guiding-center motion is also discussed in section 6.3 of [42].

Let us now write the Lagrangian (58) in Boozer coordinates. We will assume B is time-
independent for simplicity. We need an expression for A in some gauge, and a suitable expression
is

A = ψ∇θ − ψp∇ζ, (63)

where again 2πψp is the poloidal flux. It can be seen that the curl of this expression is (33). The
Lagrangian (58) also includes ẋ, which can be written

ẋ = ψ̇
∂x

∂ψ
+ θ̇

∂x

∂θ
+ ζ̇

∂x

∂ζ
. (64)

Substituting (63)-(64) into the Lagrangian (58), and using (26), we obtain

L(x, v||, µ, ϕ, ẋ, v̇||, µ̇, ϕ̇) = qψθ̇ − qψpζ̇ +
mv||

B

(
ψ̇β + θ̇I + ζ̇G

)
+
m

q
µϕ̇−

mv2||

2
− µB − qΦ. (65)

It can be seen that this Lagrangian depends on position only through (1) the flux functions ψ, ψp,
I, and G, (2) the field magnitude B, and (3) the electrostatic potential Φ. Thus if B and Φ are
independent of ζ, the particle dynamics will be exactly analogous to the dynamics in a tokamak.
If B is independent of ζ, the mean Φ will tend to be independent of ζ as well since Φ is a density
moment of the guiding-center distribution function. Hence, the requirement that Φ have symmetry
is not a major restriction.

An ignorable coordinate can also arise in the case of helical symmetry. To define this kind of
symmetry, we introduce

χ = Mθ −Nζ (66)

where M and N and fixed integers. Noting χ̇ = Mθ̇ −Nζ̇, (65) is equivalent to

L =
qψ

M

(
χ̇+Nζ̇

)
− qψpζ̇ +

mv||

B

[
ψ̇β +

I

M

(
χ̇+Nζ̇

)
+ ζ̇G

]
+
m

q
µϕ̇−

mv2||

2
− µB − qΦ. (67)
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If B = B(ψ, χ), i.e. if B depends on θ and ζ only through the combination χ, then (67) looks
identical to the Lagrangian (65) for an axisymmetric magnetic field B(ψ, θ), but with certain
substitutions made.

6 Conserved canonical angular momentum and Tamm’s theorem

6.1 Noether’s theorem

Now that we have the guiding-center Lagrangian, let us return to Noether’s theorem. Again, this
theorem is the observation that for any coordinate xj and Lagrangian L, if ∂L/∂xj = 0 (i.e. xj is an

ignorable coordinate), then the associated Euler-Lagrange equation is (d/dt)∂L/∂ẋj = 0, so ∂L/∂ẋj

is a conserved quantity. From (65), we see that in the case of quasi-axisymmetry B = B(ψ, θ), the
conserved quantity is

pζ =

(
∂L

∂ζ̇

)
θ,θ̇,ζ

= −qψp +
mv||G

B
. (68)

Similarly, in the case of quasi-poloidal symmetry, B = B(ψ, ζ), the conserved quantity from (65) is

pθ =

(
∂L

∂θ̇

)
ζ,ζ̇,θ

= qψ +
mv||I

B
. (69)

For helical symmetry, where the Lagrangian is independent of ζ at fixed χ, the conserved quantity
obtained from (67) is

pχ =

(
∂L

∂ζ̇

)
χ,χ̇,ζ

= q
N

M
ψ − qψp +

mv||

B

(
G+

N

M
I

)
. (70)

6.2 Comparison with true axisymmetry

These conserved quantities for quasisymmetric magnetic fields, pζ , pθ, and pχ, resemble the canon-
ical angular momentum pφ in (9) that is conserved in a truly axisymmetric magnetic field. Note
that φ differs from the toroidal Boozer angle ζ even in axisymmetry. Eq (9) is the conserved quan-
tity associated with Noether’s Theorem for the full single-particle Lagrangian, as opposed to the
guiding center Lagrangian.

To understand the correspondence in detail, we need to use the result that truly axisymmetric
magnetic fields can be represented

B = ∇φ×∇ψp +G(ψ)∇φ, (71)

where ∇φ = R−1eφ, and G(ψ) is the same quantity appearing in the Boozer coordinate representa-
tion (37). The fact that the same quantity G appears in both (37) and (71) can be seen by applying
Ampere’s Law to a loop in the toroidal direction. At the same time, from the standard formula
for the curl in cylindrical coordinates, we find that in any gauge in which A is axisymmetric (so
∂AR/∂φ = 0 and ∂AZ/∂φ = 0),

B = −eR
1

R

∂(RAφ)

∂Z
+ eφ

(
∂AR
∂Z
− ∂AZ

∂R

)
+ eZ

1

R

∂(RAφ)

∂R
. (72)

Comparing this expression with (71), we find the R and Z components imply RAφ = −ψp+
constant. Thus the A term in (9) is identical to the ψp term in (68) (up to an unimportant
constant.)
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The correspondence between the two conservation laws is still not obviously complete, since (9)
involves vφ whereas (68) involves v||. This difference can be understood in terms of gyroaveraging,
as follows. Squaring (71) yields B2 = (|∇ψp|2 + G2)/R2. Applying the result to (71)×∇ψp, one
finds

B ×∇ψp = GB −R2B2∇φ. (73)

Therefore, the velocity term in (9) can be written

Rmv · eφ = R2mv · ∇φ =
m

B
v · (Gb− b×∇ψp). (74)

The v · b term in (74) gives the v|| term in (68), while the v · b × ∇ψp term in (74) averages to
zero over the Larmor gyration. Thus, (68) corresponds precisely to the gyroaverage of (9) (up to
a constant.) This correspondence make sense, since the former applies to the gyrocenter while the
latter applies to the exact particle position.

6.3 Tamm’s theorem, revisited

Using the conserved quantities (68)-(70), the argument of Tamm’s theorem from (9)-(10) follows
in quasisymmetric fields just as it did for axisymmetric fields. Each of the possible conserved
quantities (68)-(70) has a term involving qψ and/or qψp, which can be estimated as ∼ qBL2,
where B is a typical field strength and L is a typical length scale of the field. Also, each possible
conserved quantity has a term involving G or I, each of which is ∼ BL. The ratio of terms is, for
the quasi-axisymmetric case of pζ ,

mv||G/B

qψp
∼ mvBL/B

qBL2
∼ v

ΩL
∼ ρ

L
= ρ∗, (75)

where ρ∗ is typically � 1 for magnetized laboratory plasmas. In the same way, the ratio of terms
is ρ∗ as well for pθ and pχ. Therefore, to a good approximation, particles in quasisymmetric fields
are confined to surfaces of constant ψ, or equivalently, to surfaces of constant φp. Even if the small
v|| terms are not neglected, these terms are bounded due to energy conservation. Thus, despite
the complexity of the guiding-center drifts in nonuniform magnetic fields, particle trajectories in
quasisymmetric fields are confined close to flux surfaces.

6.4 Direct calculation of conservation law

The conservation of canonical angular momentum in quasisymmetry can also be shown in a direct
way, without reference to a Lagrangian. Such a proof for the case of general helicity is given in
the appendix of [8] and in appendix A of [28]. Here we consider just the quasi-axisymmetry case
for simplicity. Our goal is to show that (68) is constant along the guiding center trajectory, using
∂B/∂ζ = 0 but not assuming true axisymmetry. More precisely, the equation we wish to derive is

(
v||b + vd

)
· ∇
(
−qψp +

mv||G

B

)
= 0, (76)

where the gradient is taken at fixed µ and total energy

W =
mv2||

2
+ µB +

q

m
Φ, (77)
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where vd is the cross-field drift. We use the following convenient expression for this drift:

v̂d =
mv||

qB
∇× (v||b), (78)

where again the gradient is performed at fixed µ and W . Evaluating the gradient in (78) using

∇× b = b× [(∇× b)× b] + bb · ∇b = b× (b · ∇b) + bb · ∇b (79)

and

0 = ∇W = mv||∇v|| + µ∇B +
q

m
∇Φ, (80)

we find

v̂d =
−∇Φ×B

B2
+
mv2⊥
2qB3

B ×∇B +
mv2||

qB
b× (b · ∇b) +

mv2||

qB
(b · ∇ × b)b. (81)

If the kinetic energy were held fixed rather than W , the same result would be obtained except
without the first right-hand-side term. Here, we recognize the E×B drift, ∇B drift, and curvature
drift. The last term is unphysical (though there is a physical drift of the same form with v2|| → v2⊥/2)

and it would be compensated by a factor of B/B∗|| used in a more accurate expression for the drifts.
However, since this term is parallel to the much larger ‘streaming’ term v||b and does not move
particles off a field line, it is of no consequence. Hence, we will take vd = v̂d going forward.

It can be seen that there are four terms in (76). One term vanishes by itself:

v||b · ∇(−qψp) = 0. (82)

Another term is

vd · ∇(−qψp) =− q
mv||

qB
∇× (v||b) · ∇ψp

=−
mv||ι

B
∇×

[v||
B

(β∇ψ + I∇θ +G∇ζ)
]
· ∇ψ

=−
mv||ι

B

[
∇
(
v||β

B

)
×∇ψ · ∇ψ +∇

(
v||I

B

)
×∇θ · ∇ψ +∇

(
v||G

B

)
×∇ζ · ∇ψ

]
=−

mv||ι

B

[
(∇ζ ×∇θ · ∇ψ)I

∂

∂ζ

(v||
B

)
+ (∇θ ×∇ζ · ∇ψ)G

∂

∂θ

(v||
B

)]
(83)

where we have applied (37) and (78). In the last line, the quantity ∂(v||/B)/∂ζ (at fixed W and µ)
vanishes in quasi-axisymmetry, since ∂B/∂ζ = 0, and since v|| depends on position only through B
in light of (77). Then noting (35), (83) reduces to

vd · ∇(−qψp) =−
mv||ι

B
(∇θ ×∇ζ · ∇ψ)G

∂

∂θ

(v||
B

)
=−

mv||

B
(B · ∇θ) ∂

∂θ

(
v||G

B

)
= −v||b · ∇

(
mv||G

B

)
. (84)

The last term is equal and opposite to one of the other terms in (76). Thus, we have shown

(
v||b + vd

)
· ∇
(
−qψp +

mv||G

B

)
= vd · ∇

(
mv||G

B

)
. (85)
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Since the remaining term on the right-hand side is one order smaller in ρ∗ than (83), we could stop
at this point, content that the conservation law holds within the accuracy to which we know vd. In
fact, it can be shown that even the remaining term in (85) vanishes, which can be done as follows.
Applying (78),

vd · ∇
(
mv||G

B

)
=
m2v||

qB
∇×

(v||
B
B
)
· ∇
(
v||G

B

)
=
m2v||

qB

[(
∇
v||

B

)
×B +

v||

B
∇×B

]
·
[
G∇

v||

B
+
v||

B

dG

dψ
∇ψ
]

=
m2v||

qB

[(
∇
v||

B

)
×B ·

(
v||

B

dG

dψ
∇ψ
)

+
v||

B
∇×B ·

(
G∇

v||

B

)]
=
m2v||

qB

[
∂

∂θ

(v||
B

)] v||
B

[
dG

dψ
∇θ ×B · ∇ψ +G∇×B · ∇θ

]
=
m2v||

qB

[
∂

∂θ

(v||
B

)] v||
B

{
dG

dψ
G∇θ ×∇ζ · ∇ψ +G∇×B · ∇θ

}
. (86)

In these steps, we have used the MHD equilibrium relation ∇ ×B · ∇ψ = 0. In the last term of
(86) we substitute (40) and note that ∂β/∂ζ = 0 due to the analysis of section 3.3. Therefore, the
terms in curly braces in the last line of (86) sum to 0, and so the right-hand side of (85) vanishes,
proving the conservation equation (76).

The direct proof of the conserved helical momentum in the case of helical symmetry is exactly
analogous.

7 Neoclassical transport

Another perspective on quasisymmetry comes from considering the calculation of neoclassical trans-
port (radial fluxes and parallel flows, including the parallel current.) We will see that in a qua-
sisymmetric magnetic field, this calculation yields identical results to the calculation in a tokamak,
up to a few substitutions. Consequently, the large 1/ν transport regime which is problematic for
general stellarators is absent.

Neoclassical transport is calculated by solving the drift-kinetic equation

v||b · ∇f1 + (vd · ∇ψ)
∂fM
∂ψ

= C[f1] (87)

where

fM = n(ψ)

[
m

2πT (ψ)

]3/2
exp

(
− mv2

2T (ψ)

)
(88)

is the leading-order Maxwellian flux function, f1 is the correction to the Maxwellian, C is the
linearized collision operator, and gradients are performed at fixed µ and W . The potential Φ can
be taken to be a flux function to leading order, so v is constant on magnetic surfaces. Once the
drift-kinetic equation is solved for f1, the particle fluxes are computed from

Γ =

〈∫
d3v f1vd · ∇ψ

〉
, (89)

where 〈. . .〉 denotes a flux surface average, the same integral with an extra factor of energy gives
the energy flux, and the parallel flows are computed from

nV|| =

∫
d3v f1v||. (90)
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Now let us consider each term in (87)-(90) in Boozer coordinates, showing that each depends
on the geometry only through ψ and B. This is already clear for v|| due to (77). The rest of the
streaming term in (87) is

b · ∇f1 =
1

B

[
(B · ∇θ)∂f1

∂θ
+ (B · ∇ζ)

∂f1
∂ζ

]
=

1

B
(∇ψ · ∇θ ×∇ζ)

[
ι
∂f1
∂θ

+
∂f1
∂ζ

]
=

B

G+ ιI

[
ι
∂f1
∂θ

+
∂f1
∂ζ

]
, (91)

where we have used (38). Thus, the streaming term introduces dependence on geometry only
through ψ and B.

Next, the radial drift term, from (83) and (38), is

vd · ∇ψ =
mv||

qB

B2

G+ ιI

[
G
∂

∂θ

(v||
B

)
− I ∂

∂ζ

(v||
B

)]
. (92)

In this form it can be seen that this term depends on position only through ψ and B.
Finally, the linearized collision operator C can be expressed in terms of v|| and v⊥, so it intro-

duces no additional geometry dependence. Thus, if B varies on a ψ surface only through θ, i.e. it
is independent of ζ as in true axisymmetry, the solution f1 will have the same property (at fixed
µ). Or in the case of helical symmetry, where B varies on a ψ surface only through χ, then f1 will
do so as well.

The last step is to show that the integrals (89)-(90) introduce no additional geometry depen-
dence. For the latter, it is sufficient to observe∫

d3v = 2π
∑
σ

∫ v2/(2B)

0
dµ

∫ ∞
0

dv
Bv

|v|||
(93)

where σ = sgn(v||), which depends on geometry only through ψ and B. To show that (89) does not
introduce extra geometry dependence, we note that the flux surface average of any quantity Q is

〈Q〉 =

∫ 2π
0 dθ

∫ 2π
0 dζ Q

∇ψ·∇θ×∇ζ∫ 2π
0 dθ

∫ 2π
0 dζ 1

∇ψ·∇θ×∇ζ
=

∫ 2π
0 dθ

∫ 2π
0 dζ Q

B2∫ 2π
0 dθ

∫ 2π
0 dζ 1

B2

. (94)

Hence the flux surface average does not introduce geometry dependence beyond ψ and B. Therefore
the same is true of the integral in (89).

Thus, in all the steps for calculating neoclassical phenomena, the equations ‘know’ about the
geometry only through the radial coordinate and through B. A symmetry of B therefore causes
the calculation to be isomorphic to the calculation in a tokamak.

8 Equivalent conditions for quasisymmetry

There are in fact several equivalent conditions for quasisymmetry. Assuming j × B = ∇p, and
assuming that good flux surfaces exist, the following statements are equivalent:

(a) B = B(ψ,Mθ −Nζ) for Boozer angles θ and ζ.
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(b) B = B(ψ,Mθ′ − Nζ ′) for angles θ′ and ζ ′ in any other coordinate system for which the
Jacobian (∇ψ · ∇θ′ ×∇ζ ′)−1 depends on position only through ψ and B.

(c) B ×∇ψ · ∇B = F (ψ)B · ∇B for some flux function F (ψ).

(d) ∇ψ ×∇B · ∇(B · ∇B) = 0.

(e) There exists a vector field u which is nonzero almost everywhere and which satisfies the
following conditions:

u · ∇B = 0, (95)

∇× (u×B) = 0, (96)

(∇×B)× u +∇(u ·B) = 0. (97)

(f) There exists a vector field u which is nonzero almost everywhere and which satisfies the
following conditions:

∇ · u = 0, (98)

∇× (u×B) = 0, (99)

(∇×B)× u +∇(u ·B) = 0. (100)

The only common coordinate system to which condition (b) applies is Hamada coordinates.
The equivalence of (a) and (b) is shown in appendix A of [43], appendix B of [16], and page 20 of
[36].

8.1 Equivalence of (a) and (c)

To see that (a) implies (c), we can write B = B(ψ, χ) where χ = Mθ −Nζ, and compute

B ×∇ψ · ∇B
B · ∇B

=
G(∇ζ ×∇ψ · ∇θ)∂B∂θ + I(∇θ ×∇ψ · ∇ζ)∂B∂ζ

(B · ∇ζ)∂B∂ζ + (B · ∇θ)∂B∂θ
=
G∂B
∂θ − I

∂B
∂ζ

∂B
∂ζ + ι∂B∂θ

(101)

=
MG∂B

∂χ +NI ∂B∂χ

−N ∂B
∂χ +Mι∂B∂χ

=
MG+NI

ιM −N
.

The final expression is a flux function, and so we can identify it as the function F (ψ) that satisfies
(c).

Conversely, suppose (c) is satisfied. Then

G
∂B

∂θ
− I ∂B

∂ζ
= F (ψ)

(
∂B

∂ζ
+ ι

∂B

∂θ

)
. (102)

Introducing the double Fourier series

B(ψ, θ, ζ) =
∑
m,n

Bmn(ψ) exp(imθ − inζ), (103)

we obtain

(mG+ nI + nF − ιmF )Bmn = 0. (104)
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Either Bmn or the expression in parentheses must vanish for each (m,n) pair. The mode B00 can
be nonzero, while if m is nonzero, Bmn can be nonzero only if

n

m
=
ιF −G
I + F

, (105)

and if n is nonzero, Bm,n can be nonzero only if the reciprocal of (105) is satisfied. Thus, the
nonzero Bmn modes must all have the same ratio of m to n, and so (a) is satisfied. Thus (a) and
(c) are equivalent.

8.2 Equivalence of (c) and (d)

To show the equivalence of (c) and (d), we first derive a vector identity by evaluating [(∇ψ×∇B)×
B]×B. If the BAC-CAB rule is applied first to the quantities within square brackets,

[(∇ψ ×∇B)×B]×B = −(B · ∇B)∇ψ ×B. (106)

On the other hand, if the BAC-CAB rule is applied treating the quantity in parentheses as a unit,
we obtain

[(∇ψ ×∇B)×B]×B = B(B · ∇ψ ×∇B)− (∇ψ ×∇B)B2. (107)

Equating (106) to (107) and dividing by B · ∇B,

B ×∇ψ = B
B ×∇ψ · ∇B

B · ∇B
−∇ψ ×∇B B2

B · ∇B
. (108)

We take the divergence, noting ∇ · (B ×∇ψ) = 0 on the left hand side due to MHD equilibrium,
leaving

B · ∇
(
B ×∇ψ · ∇B

B · ∇B

)
= − B2

(B · ∇B)2
∇ψ ×∇B · ∇(B · ∇B). (109)

The equivalence of conditions (c) and (d) follows immediately.

8.3 Equivalence of (e) and previous conditions

Let us first prove that (a) implies (e). We will assume here M 6= 0; the case M = 0 can be handled
by reversing the roles of ζ and θ in the argument that follows. We will take the independent
variables for partial derivatives to the (ψ, θ, ζ) except where a subscript indicates χ = Mθ −Nζ is
fixed, so (∂B/∂ζ)χ = 0. We will show that the choice

u =

(
∂x

∂ζ

)
χ

(110)

satisfies (95)-(97). First,

u · ∇B =

(
∂x

∂ζ

)
χ

·

[(
∂B

∂ψ

)
χ

∇ψ +

(
∂B

∂χ

)
ψ

∇χ

]
= 0 (111)
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from (26). Next, applying the dual relations to (110),

u×B =
∇ψ ×∇χ

∇ψ · ∇χ×∇ζ
×B =

∇ψ ×∇χ
∇ψ · ∇χ×∇ζ

× (∇ψ ×∇θ + ι∇ζ ×∇ψ) (112)

=
M∇ψ ×∇θ −N∇ψ ×∇ζ

M∇ψ · ∇θ ×∇ζ
× (∇ψ ×∇θ + ι∇ζ ×∇ψ) (113)

=
N − ιM
M

∇ψ.

Therefore (96) is satisfied.
Finally, to check (97), we first write

u ·B =

(
∂x

∂ζ

)
χ

· (β∇ψ + I∇θ +G∇ζ) (114)

=

(
∂x

∂ζ

)
χ

·
(
β∇ψ +

I

M
∇χ+

NI +MG

M
∇ζ
)

=
NI +MG

M
.

Another quantity we need is

(∇×B)× u = (∇β ×∇ψ +∇I ×∇θ +∇G×∇ζ)×
(
∂r

∂ζ

)
χ

(115)

=

(
∂β

∂θ
∇θ ×∇ψ +

∂β

∂ζ
∇ζ ×∇ψ +

dI

dψ
∇ψ ×∇θ +

dG

dψ
∇ψ ×∇ζ

)
× ∇ψ ×∇χ
∇ψ · ∇χ×∇ζ

=

(
∂β

∂θ
∇θ ×∇ψ +

∂β

∂ζ
∇ζ ×∇ψ +

dI

dψ
∇ψ ×∇θ +

dG

dψ
∇ψ ×∇ζ

)
× M∇ψ ×∇θ −N∇ψ ×∇ζ

M∇ψ · ∇θ ×∇ζ

=

(
∂β

∂ζ
∇ζ ×∇ψ +

dG

dψ
∇ψ ×∇ζ

)
× M∇ψ ×∇θ
M∇ψ · ∇θ ×∇ζ

+

(
∂β

∂θ
∇θ ×∇ψ +

dI

dψ
∇ψ ×∇θ

)
× −N∇ψ ×∇ζ
M∇ψ · ∇θ ×∇ζ

=
1

M

[
M
∂β

∂ζ
−MdG

dψ
+N

∂β

∂θ
−N dI

dψ

]
∇ψ.

However we know from section 3.3 that B = B (ψ, χ) implies β = β (ψ, χ), so in the last line of
(115),

M
∂β

∂ζ
+N

∂β

∂θ
= M (−N)

∂β

∂χ
+NM

∂β

∂χ
= 0. (116)

Combining (114)-(116), the quantity in (97) is

(∇×B)× u +∇ (u ·B) =
1

M

[
−MdG

dψ
−N dI

dψ

]
∇ψ +∇

(
NI +MG

M

)
= 0. (117)

Hence, (a) implies (e).
Conversely, we will now show that (e) implies (c). From (99),

u×B = ∇γ (118)
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for some γ. The B component gives B · ∇γ = 0. On any irrational surface, then γ must be
constant. If there is any magnetic shear, γ must be constant on every surface by continuity. We
will not consider the case of a rational ι with no magnetic shear, since such a magnetic field would
be extremely sensitive to breakup of surfaces by resonant magnetic perturbations. We can therefore
assume γ = γ(ψ). From B×(118),

u =
γ′B ×∇ψ

B2
+ u||B (119)

for some u||, where γ′ = dγ/dψ. Eq (95) gives

u|| = −
γ′B ×∇ψ · ∇B
B2B · ∇B

. (120)

Note that γ′ must be nonzero except perhaps at isolated values of ψ, or else u would vanish
everywhere throughout a finite volume, contrary to the assumption of condition (e). We next
consider the B component of (97). The first term vanishes:

B · (∇×B)× u = −µ0∇p · u = 0. (121)

We are left with

0 = B · ∇
(
γ′B · ∇ψ · ∇B

B · ∇B

)
, (122)

which is equivalent to (c).

8.4 Equivalence of (e) and (f)

Observe that (99) can be written

B · ∇u− u · ∇B − (∇ · u)B = 0, (123)

while (100) can be written

0 = −(∇B) · u + u · ∇B + (∇u) ·B + (∇B) · u = u · ∇B + (∇u) ·B. (124)

Subtracting (123) from (124),

0 = 2u · ∇B + (∇u) ·B −B · ∇u + (∇ · u)B. (125)

The dot product with B then gives

0 = 2u · (∇B) ·B + (∇ · u)B2 = 2Bu · ∇B + (∇ · u)B2. (126)

From this last expression and B 6= 0, it is clear that (e) and (f) are equivalent.

9 Considerations near the magnetic axis

Several insights into quasisymmetric fields can be gained by considering the region near the magnetic
axis. The magnetic axis is the innermost field line in the confinement region, a sort of degenerate
flux surface that has zero area.
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First, observe that ∇p = 0 on the axis. Therefore (47) can be written

∇⊥B = κBn, (127)

where ∇⊥ = ∇ − bb · ∇ is the projection of the gradient into the plane perpendicular to B,
κ = |b · ∇b| is the curvature of the field lines, and n = κ−1b · ∇b is a unit vector in the direction
of curvature. If the magnetic axis is to close on itself, κ must be nonzero for some of its length.
Hence the right-hand side is nonzero in these regions, so ∇⊥B is nonzero. At any toroidal angle
corresponding to these points on the axis, the ∝ cos θ Fourier mode of B will therefore have a
nonzero amplitude. This means that only M = 1 quasisymmetry is possible near the axis. Quasi-
poloidal symmetry, which corresponds to M = 0, is not allowed. It is still possible to find magnetic
fields with rough quasi-poloidal symmetry [44, 45], but the level of symmetry-breaking near the
axis will necessarily be larger than for quasi-axisymmetry or quasi-helical symmetry.

On the magnetic axis, B must be independent of θ. Therefore for both quasi-axisymmetry and
quasi-helical symmetry, B on axis must also be independent of ζ. This result, that B must be
constant along the axis, is an easy-to-state necessary condition for quasisymmetry.

Another fact that can be learned from near-axis analysis, in the usual case where there is no
current on the axis, is that the axis must have nonzero torsion in some region, meaning the axis is
not confined to a plane. Otherwise, ι would vanish on axis, which is not acceptable. This result is
proved in section 5.3 of [46]. Stated another way, in order to have nonzero ι on axis when the axis
has zero torsion everywhere, the flux surfaces must have rotating (ζ-dependent) elongation that
breaks quasisymmetry.

Much more can be said about quasisymmetry in the vicinity of the magnetic axis. Further
details can be found in [12, 13, 46, 34, 47].

10 How accurately has quasisymmetry been achieved?

In principle, quasisymmetry can be achieved exactly, for axisymmetric fields are quasisymmetric.
Whether or not quasisymmetry can be achieved exactly without axisymmetry is unknown. Several
magnetic configurations have been found numerically that are quasisymmetric in some approxima-
tion, including HSX, NCSX, ESTELL, CFQS, and others. However, all of these configurations in
fact have significant deviations from quasisymmetry. For example, B(θ, ζ) for the outer surfaces
of HSX and NCSX is shown in the top panels of figure 5. While there is a general tendency for
the B contours to close helically or toroidally respectively, the contours that do close this way are
not straight, and many contours close with different topologies (such as those near local minina
or maxima of B). Contours of B look somewhat more symmetric on interior surfaces, but the
deviations from symmetry remain apparent throughout the volume. These departures from qua-
sisymmetry can be conceptually divided into two sources: ripple due to the choice of discrete coils
used, and breaking of symmetry that would remain even if a continuous sheet current were used to
produce the field. Ripple from the 48 modular coils accounts for much of the symmetry-breaking in
HSX, apparent in the 3D view in figure 5. Nonetheless, significant symmetry-breaking has always
been observed even in “fixed boundary” numerical solutions, i.e. solutions of j ×B = ∇p within a
toroidal domain that exist regardless of the feasibility of supporting the configuration with realistic
electromagnetic coils.

It is known that quasisymmetry can be achieved more accurately in domains with high aspect
ratio A, defined as some averaged major radius divided by some averaged minor radius. For exam-
ple, Garren and Boozer showed [12, 13] that the equations of MHD equilibrium and quasisymmetry
are fewer than the available degrees of freedom through the first two orders in an expansion in
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A � 1, but the equations outnumber the degrees of freedom beginning at the third order. Put
another way, it should at least be possible to make symmetry-breaking decrease ∝ 1/A3 for high-A
configurations. As a result, if one wishes to have symmetry-breaking no larger than some threshold
value, quasisymmetry to this degree can be achieved in configurations with sufficiently large A.
This effect is shown in the bottom panels of figure figure 5. Here, numerical fixed-boundary config-
urations are shown [48] for which the symmetry-breaking in the B(θ, ζ) contours of the boundary
is essentially invisible by eye. The symmetry-breaking mode amplitudes in these configurations are
all smaller than the Earth’s magnetic field of ∼ 0.5 Tesla. The aspect ratio of these configura-
tions (80) is likely too large to be of experimental interest. Important practical questions are how
accurately quasisymmetry can be achieved (without axisymmetry) at lower A, and what level of
symmetry-breaking is tolerable.

11 Open questions

A number of open questions remain in the theory of quasisymmetry:

• Does any example exist of a nonaxisymmetric field with exact quasisymmetry throughout a
finite volume? (Refs [12, 13] are not a disproof, for these works merely show the system of
equations is overdetermined; overdetermined systems can still have solutions.)

• Should we actually be striving for quasisymmetry, or is the weaker condition of omnigenity
sufficient?

• Without using optimization, is there a way to directly construct magnetic configurations that
have exact quasisymmetry at a single magnetic surface off of the magnetic axis?

• Flows as fast as the ion thermal speed do not seem to be allowed in quasisymmetric fields [4, 5],
yet quasisymmetry does seem to allow faster flows than those allowed in a non-quasisymmetric
stellarator [3]. Can the allowed magnitude of the flow be clarified theoretically?

• Are there analogies to quasisymmetry in other physical systems?

• To what accuracy should we strive to achieve quasisymmetry? How close is close enough?
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Figure 5: Significant deviations from quasisymmetry exist in experimental designs to date with
real coils, such as HSX and NCSX. At sufficiently high aspect ratio, and if errors associated with
realistic coils are not included, quasisymmetry can be achieved to arbitrarily high accuracy, as in
the aspect ratio 80 configurations shown in the bottom panels, generated by the method of [48].
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