Quiz 8 Solutions, Math 246, Professor David Levermore
Thursday, 5 November 2020

Short Table: L[t"e"|(s) = # for s > a, Llu(t—c)j(t—c)](s) = e “L]j](s).
: -1 _ ,—2s 21
(1) [3] Find z(t) = L7'[X](t) where X (s) =e R

Solution. By the partial fraction identity
21 3 -3
J p— p—y
(5) (s —3)(s+4) s—i’)—i_s—i—él7
and by the first table entry with n = 0 and ¢ = 3 and with n = 0 and a = —4 we
have

i =£7 {(s - :’j}s + 4)} (t)=3£" L i 3} (t) =™ L Jlr 4} 0
=33 — 3.
Therefore by the second table entry with ¢ = 2 we have
x(t) = LX) =L [e*QSJ(S)] (t) = u(t —2)j(t —2)
=u(t —2) (363(t_2) - 36_4(t_2)>
= 3u(t — 2) (631576 _ 674t+8) .

2) [3] Find the Green function g(t) for the operator L = D? 4 8D + 16, where D = i
( g gp

Solution. The Green function g(t) is given by
1
g(t) =L [—] t),
0 =c" |0
where p(s) is the characteristic polynomial of L, which is
p(s) =s>+8s+16 = (s +4)*.

The first table entry with n =1 and a = —4 gives

1
E[t 6_4t](8) = m for s > —4,
which implies that
_ 1
git) =L 1{(5+4)2} (t)=te ™



Remark. Because
p(s) =s*+8s+16,

the natural fundamental set for L. can be found by
Ni(t) = g(t) =te ",
No(t) = DNy (t) +8g(t) = (e —dte ™) +8te " = (1+4t)e ™.

(3) [4] Find F(s) = L[f](s) for

3t for0 <t <2,
0= fi,, 0

6e>t for 2 <t.

Solution. The piecewise-defined function f(t) can be expressed as
f(t) =3t +u(t —2)(6e>" — 3t).
This has the form
£(t) = 3t + ult — 2)j(t — 2),

where
j(t) = 6> —3(t4+2) =6et — 3t — 6.

The second table entry with ¢ = 2 shows that
£lult = 2)j(t = 2)](s) = e *Llj](s) = e L [6e7 — 3t 6] (s).
whereby
F(s) = LIf)(s) = £[3t)(s) + L[ 6e™ = 3 6| (5)
= 3L[1](5) + e (6L’[e‘t](s) ~3L[t)(s) — 65[1](5)) .

The first table entry with n =0 and a = —1, with n =1 and a = 0, and with n =0
and a = 0 gives

L) =—=. L=,  LhlE) =1,
whereby ; s 6
”@:§+€%Q+1—§ Q
Short Table: L[t"e"|(s) = _n—‘ for s > a, Llu(t—c)j(t—c)|(s) = e “L[j](s).



