MATH 416 Homework 7
Due Wednesday, 1 April 2020

Let N € Z,. For each n € Z, define the windowing function w, : Z — [0, c0) by

w,(j) = Lt CQOS(%j)) for j € [~ N, N,

0 otherwise ,

where p,,(2) is the unique odd polynomial determined by

p;l(z) - Cn(l - 22)n_1 ) p<0) - O’ p(l) =1.

These p,(z) are the same ones we used in the continuous case.

1. Give explicit expressions for wy(j), wa(7), ws(j), and wy(j). Show that each of these
four functions satifies the replication condition

> wa(j+kN)=1.

kEZ

Given any windowing function w : Z — [0, 00) that satisfies the replication condition
Z w(j+kN) =1,
keZ
the N-periodization of the localization wf of any f : Z — C is given by
(i) = w(i+kN) f(j+kN).
keZ

In class we showed that the k" Fourier coefficient of this periodization is
N

v =5 S @i ) =5 O ale() 10),

N
JELN —N

where ey, (j) = wh? for every k € Zy.

2. Compute fN(k) for every k € Zy when f(j) = exp(iwj) for some w € R and w(j) =
wy (7). Use the Euler identity cos(d) = (e’ + e*) and the formula for the sum of a
finite geometric series.

3. Compute fN(k:) for every k € Zy when f(t) = exp(iwyj) for some w € R and w(j) =
wo(j). The trig identity (cos(0))® = 1 cos(30) + 3 cos(f) can be helpful.

Remark. If w = m327 for some m € Z then f(j) = exp(iwj) is N-periodic and, because
w(j) satisfies the replication condition, we have fy(j) = f(j) = en(j). In that case the
orthonomality of the Fourier basis {e;(j)} implies that fx (k) = gm. Therefore the interesting
case is when the frequency w is not a multiple of %r In that case the periodization of f(j) =
exp(iwj) will be distributed amongst the Fourier basis. This is the phenomenon of aliasing.
We will investigate it in the next two problems.
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4. Let fy(k) for every k € Zy when f(j) = exp(iwj) for some w € R and w(j) = wi(j).
Set N = 100 and plot fy(k) versus k for w = 1007 300> 1050 and g55- What do you see?

5. Let fy(k) for every k € Zy when f(j) = exp(iwj) for some w € R and w(j) = ws(j).
Set N = 100 and plot fy(k) versus k for w = 175, 505, 1050 @d 555- What do you see?
How does this compare with your results for the previous problem?



