MATH 416 Take-Home Exam 1 Solutions
Due 11:00am Friday, 3 April 2020

1. [15] Let {e1, e, €3} denote the usual Euclidean basis given by

1 0 0
e = O 5 €y — 1 y €3 = O
0 0 1
Let {by, by, bs} be given by
1 4 8
b,=1[4], b= 7], by = | —4
8 —4 1

a. [6] Show that {by, by, b3} is an orthogonal basis for R? equipped with the usual
Euclidean inner product, (x, y) = x"y.
b. [9] Express each member of the Euclidean basis {e1, e2, €3} as a linear combination

of {bl, bQ, bg}

Solution (a). Direct calculations yield

bTby=1-44+4-7+8-(—4) =0, blb, =12 442 4 82 =81,
bybs=4-8+7(—4)+(-4)-1=0, biby =42 + 7% + (—4)? = 81,
bib, =814 (—4)-44+1-8=0, biby =12 + (—4)% + 8% =81,

Because these nonzero vectors are orthogonal, they are linearly independent. Because
R3 has dimension three, the linearly independent vectors {b;, b, b3} will be a basis.

Therefore {by, by, b3} is an orthogonal basis for R3. O
Solution (b). Because {by, by, b3} is an orthogonal basis, for every x € R? we have
T T T Ty T T
= I:Tbl b1+ ll:;?; b2+ %1: bs = bs bt b81 b2+ b81 b3
Simply applying this formula to x = e, X = e3, and x = e3 yields
b+ dby+ Eby, ey= b+ Iby— dby, ey=5b; — dby+ Lby.
0
Alternative Solution (b). Let B = (b1 b, bl). Then we see from part (a) that
1 4 8 1 4 8 81 0 0
B'B=|4 7 —4]|(4 7 —4|=10 81 0| =38lI.
8 —4 1 8 —4 1 0 0 81
Because BTB = 811, we see that B~ = £ B”, whereby
1 4 8
(e1 e e)=I=BB'=BiB'=2L(b; by b)) |4 7 —4
8§ —4 1
The result can be read off from this. O

Remark. This result could also be found by using row reduction to compute B~

However, this approach does not leverage the information from part (a).
1



2. [15] Let A € R*** be given by

1 2 -1
A=(0 -1 2
2 3 0
Define the linear map 7' : R* — R3 by T'(x) = Ax for every x € RY. Equip R* with the
usual Euclidean inner product. Equip R? with the inner product defined by

0
1
1

(x,y)=x"Hy for every x,y € R?,

where H is the diagonal matrix

Compute 7% : R? — R*, the adjoint of T, with respect to these inner products.
Solution. Denote the inner products on R?® and R* respectively by
(x,y)s=x"Hy  for every x,y € R?,
(x,y)s=x"y for every x,y € R*.
Then the adjoint mapping 7™ : R® — R* is defined by the relation
(T*"(x), y)a = (x, T(y))s for every x € R®* and y € R?.
But for every x € R? and y € R* we have
(x, T(y))s = (x, Ay); = x"HAy = (ATH"x)'y = (ATHx)'y = (ATHx, y),.
Therefore
(T*(x), y)a = (ATHx, y)4 for every x € R® and y € R?.
We read off from this that
T*(x) = ATHx for every x € R?.

Therefore the adjoint mapping 7% : R® — R* is given by 7% (x) = A*x for every x € R3
where A* € R**3 is given by

10 2 350 10
30 0

A= ATH = _21 _218 02 0] = _63 _42 105

0 1 1)\ 05 0 2 5

O

Alternative Solution. More generally, if A € R™™ and the linear map 7" : R™ — R"
is given by T'(x) = Ax for every x € R™, and if R™ and R" are respectively equipped
with the inner products

(X, ¥)m = X' Gy for every x,y € R™, (x,y), =x"Hy for every x,y € R",

where G € R™*™ and H € R™*" are positive definite, then the adjoint map with respect
to these inner products is 7* : R" — R™ is given by T*(x) = A*x for every x € R",
where A* = G7'ATH. If we apply this formula with m = 4, n = 3, G = I, A given
above, and H given above then we obtain the result. 0



3
3. [15] For every n € Z, let P™ denote all polynomials with real coefficients of degree at
most n. Consider the mapping S : P* — P™ given by
Sp)t)= 1 +t)p"(t) +tp'(t) —p(t), for every p € P".
Give the matrix representation of S with respect to the basis {t*}7_, for n = 3.
Solution. Let a; be the vector representation of S(¢*). Because
St =", SithH=0, SE)=22"+2t"+¢>,  S{#) =6t + 6> + 2%,

we see that

-1 0 2 0

. O U0 IR 2 I

0 — 0 ) 1 — 0 ’ 2 — 1 ) 3 — 6

0 0 0 0

The matrix representation of S with respect to the basis {t*}3_, is then

-1 0 2 0
0 0 26
AS - (aO al a2 a3) - 0 O 1 6
0 0 0 2

O
Alternative Solution. By direct calculation we see that
St =—t°, St =0, St?) =260+ 2t 442, S(t*) = 6t* + 61> + 2>,
Hence, if p(t) = cot® + c1t + cot? + 3t then
S(p)(t) = (—co + 2¢2)t° + (2¢0 + 6c3)t! + (g + 6¢3)t° + 2¢3t?

whereby we see that

Co —Co + 262 -1 0 2 0 Co
c1 . 2co + 6c3 _ 0 0 2 6 c1
Co Co + 603 0 016 Co
C3 203 0 0 0 2 C3

Therefore the matrix representation of S with respect to the basis {t"}3_ is

1020
Ag =

o O O
o O O
O =N
N OO

O

Remark. Alternatively, the rows of Ag can be read off from the coefficients in the
expression for S(p)(t) given above.



4. [15] Let L > 0. Let f: R — R be 2L-periodic such that f(z) =z for x € [-L, L).
a. [10] Compute the coefficients {by} in its sine expansion

= m
= > tsin (k) .
f(z) 2 esin(kro
b. [5] Determime whether or not

n
Z |bg | converges .
k=1

Remark. Odd symmetry implies that

L L
/_L cos(k%x) flz)dz = /_L cos <k%x> xdx =0 for every k € N.

Therefore the Fourier expansion of f will contain only sine terms.

Solution (a). The coefficients in the sine expansion of f are given by

b = %/L sin(k%x) f(z)dz = %/L sin(k%m) xdx
) -L

(5 ¢ o g
cos(k—x
___\'L7 1 (kz ) d
o x 7L—|— o= _Lcos Lyc x
cos(km) cos(km) a1 2L
_ L— L+0=(—1)+122
km km * (=1) km
0
Solution (b). Because |by| = 2£ is comparable to the terms of the harmonic series,
the partal sums Z |bx| diverge as n — oo .
k=1
U

Remark. If the series did converge then the Weierstrass M-Test would imply that the
Fourier sine series would converge uniformly to f(z), which would imply that f(x) is
continuous. However, f(z) has jump discontinuities, so the series must diverge.

Let T' > 0. For each n € Z, define the windowing function w, : R — [0, 00) by

1+ po( cos(Z 1))
wy(t) = 9
0 otherwise ,

fort € [-T.,1T],

where p,(2) is the unique odd polynomial determined by
po(2) = (=221 p(0)=0,  p(l)=1.

Each of these windowing functions satisfy the replication condition

> wn(t+kT) =1,

kEZ
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5. [20] Given any windowing function w : R — [0, c0) that satisfies the replication condition
the T-periodization of the localization wf of any f : R — C is given by

frt) =Y _w(t+kT) f(t+kT).
keZ
The k™ Fourier coefficient of this periodization is

Frlt) =7 [ e a =7 [ afu foa,

=T

where e (t) = exp(ik35t) for every k € Z.

Find fr(k) for every k € Z when f(t) = exp(iwt) for some w € R and w(t) = ws(t).
Integration by parts can be avoided by using the Euler identity cos(f) = 1 (e + %)
along with the trig identities

(cos(6))? = 1 cos(36) + 2 Cos(@)
(cos(f))” = & cos(56) + £ cos(36) + 2 cos(h) .

Solution. We are asked to compute
. 1 (T
h@:—/emtwmma.
T r
Because
pg’)( ) = (1—222+Z4) p3(0> =0, p3(1) =1,
we find that ps(z) = £(z — 22® + 12°), whereby the trig and Euler identites yield

% [1 + %5 cos(7t) — g(cos(%t))3 + %(Cos(%t)f]
=1 [1+ B cos(Ft) — 2 cos(35t) + 3 cos(3rt)]

l 3Trt

2

[1 g (€T + €T = (¢ He” ZTt) + 3% (6 Tt e ZSTH)} '

Therefore every integral that needs to be computed has the form

1 (T 1 einmt |1
—/ e MT Qt = / PR [ p—
T ) _p 1 —UT |4

Set w = 2”77 and apply the above formula to
p=20k-n), p=2k-nFl, p=2k-nF3, p=2k-nF5,
to obtain
fr(k) = sinc(2(k —n)) + 2 [sinc(2(k — n) — 1) + sinc(2(k —n) +1)]
— 2 [sinc(2(k —n) — 3) + sinc(2(k —n) + 3)]
+ 52 [ sine(2(k — ) —5) + sinc(2(k —n) +5)] .

sin(u)
s

=2 = 2sinc(p) .

Remark. Notice that fr(k) = Orn if m € Z, which is when f(t) = e™" is T-periodic.



6. [20] Let N € Z,. Given any windowing function w : R — [0,00) that satisfies the
replication condition with 7" = N, the N-periodization of the localization wf of any
f :7Z — C is given by

() =Y w(j+kN) f(j +EN) .

kEZ

The k™ Fourier coefficient of this periodization is

frlh) = 3 @) Inli) = % > al)wli) 1),

JELZN j=—

where ey, (j) = wi? for every k € Zy with wy = exp( i27).

Let fy(k) for every k € Zy when f(j) = exp(iwj) for some w € R and w(j) = wy(j).

Set N = 100 and use Matlab to plot fN( k) versus k for w = 155, 505> 1050 @4 g09-
Solution. We are asked to compute
LN
A SOy . X
fuik) = < ZNWN’” ¢ w, ()
Because p)(z) = ¢1, p1(0) =0, and p;(1) = 1, we see that p,(z) = z, whereby the Euler

identity yields
wi() = L [T+ cos(F)] = L [1+ L(F9 4 7 F)] |

Because wy(FN) = 0, we have

. 1 N—-1
In(k) = N Z e N ey ()
j=—(N-1)
R, L L
“gy S e e ).
j=—(N-1)

This sum decomposes into three finite geometric series in the form

= ey P T sin(rp2t) sinc(p251)
Z [ N g — —TE = Th = <2N — 1)
Sy 1 —e N sin(3x) sinc( )

Set w = 2%n and apply this formula to u = 2(k —n) and p = 2(k — ) F 1 to obtain

f (k?) _ 2N —1 SlnC((k 77)2N 1) sinc((Q(k 77) _ 1)2];71\[1)
NV = TN sinc( =1 =) ZSinC(Q(k - 0
. sinc((2(k —n) + 1)2N )
2(k=n)+1
2 sinc(=7—)
You are asked set N = 100 and to plot fy (k) versus k for n = 5, 5 5 and & ]

Remark. Notice that the continuous result is recovered in the limit
A}i_r)rloo fn(k) = sinc(2(k —n)) + §sinc(2(k —n) — 1) + 3 sinc(2(k —n) + 1) .



