
Quiz 7 Solutions, Math 246, Professor David Levermore
Tuesday, 29 October 2019

Short Table: L[tneat](s) =
n!

(s− a)n+1
for s > a , L[u(t− c)j(t− c)](s) = e−csL[j](s) .

(1) [4] Use the definition of the Laplace transform to compute L[f ](s) for the function
f(t) = u(t− 3)e−2t, where u is the unit step function.

Solution. By the definitions of the Laplace transform and the unit step function

L[f ](s) = lim
T→∞

∫ T

0

e−stf(t) dt = lim
T→∞

∫ T

0

e−stu(t− 3)e−2t dt

= lim
T→∞

∫ T

3

e−ste−2t dt = lim
T→∞

∫ T

3

e−(s+2)t dt .

For s ≤ −2 we have e−(s+2)t ≥ 1, so for T > 3∫ T

3

e−(s+2)t dt ≥
∫ T

3

dt = T − 3 ,

whereby L[f ](s) is undefined for s ≤ −2 because

L[f ](s) = lim
T→∞

∫ T

3

e−(s+2)t dt ≥ lim
T→∞

(T − 3) =∞ for s ≤ −2 .

For s > −2 and T > 3∫ T

3

e−(s+2)t dt = −e−(s+2)t

s + 2

∣∣∣∣T
3

=
e−(s+2)3

s + 2
− e−(s+2)T

s + 2
,

whereby

L[f ](s) = lim
T→∞

∫ T

3

e−(s+2)t dt = lim
T→∞

[
e−(s+2)3

s + 2
− e−(s+2)T

s + 2

]
=

e−(s+2)3

s + 2
for s > −2 .

Remark. You must give a reason why L[f ](s) is undefined for s ≤ −2 for full credit.
You must use the definition of the Laplace transform for any credit.

Remark. While the table should not have been used in your answer, it could have
been used to check your answer. By the shifty step method we see that

f(t) = u(t− 3)e−2t = u(t− 3)j(t− 3) , where j(t) = e−2(t+3) = e−2te−6 .

The second table entry with c = 3 and the first table entry with n = 0 and a = −2
then yield

L[f ](s) = L[u(t− 3)j(t− 3)](s) = e−3sL[j](s) = e−3se−6L[e−2t](s)

= e−3(s+2) 1

s + 2
.
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(2) [3] Find the Laplace transform X(s) of the solution x(t) of the initial-value problem

x′′ + 16x = 0 , x(0) = 3 , x′(0) = −5 .

DO NOT solve for x(t), just X(s)!

Solution. The Laplace transform of the differential equation is

L[x′′](s) + 16L[x](s) = 0 ,

where the initial conditions give

L[x](s) = X(s) ,

L[x′](s) = sL[x](s)− x(0) = sX(s)− 3 ,

L[x′′](s) = sL[x′](s)− x′(0) = s
(
sX(s)− 3

)
+ 5 = s2X(s)− 3s + 5 .

By placing these into the Laplace transform of the differential equation we get(
s2X(s)− 3s + 5

)
+ 16X(s) = 0 ,

which yields
(s2 + 16)X(s)− 3s + 5 = 0 ,

whereby

X(s) =
3s− 5

s2 + 16
.

(3) [3] Find y(t) = L−1[Y ](t) where Y (s) = e−3s
24

(s− 4)(s + 2)
.

Solution. By the partial fraction identity

J(s) =
24

(s− 4)(s + 2)
=

4

s− 4
+
−4

s + 2
,

and by the first table entry with n = 0 and a = 4 and with n = 0 and a = −2 we
have

j(t) = L−1
[

24

(s− 4)(s + 2)

]
(t) = 4L−1

[
1

s− 4

]
(t)− 4L−1

[
1

s + 2

]
(t)

= 4e4t − 4e−2t .

Therefore by the second table entry we have

y(t) = L−1[Y ](t) = L−1
[
e−3sJ(s)

]
(t) = u(t− 3)j(t− 3)

= u(t− 3)
(
4e4(t−3) − 4e−2(t−3)

)
= 4u(t− 3)

(
e4t−12 − e−2t+6

)
.

Short Table: L[tneat](s) =
n!

(s− a)n+1
for s > a , L[u(t− c)j(t− c)](s) = e−csL[j](s) .


