
Summary of types of the types and stabilities of the origin for linear planar
systems of ODEs

We are considering ODEs of the form

d

dt

[
x
y

]
= A

[
x
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]
≡

[
a11 a12
a21 a22

] [
x
y

]
. (1)

We assume that
detA ≡ a11a22 − a12a21 6= 0.

In this case [
x
y

]
=

[
0
0

]
,

i.e., the origin of the xy-plane is the unique stationary solution of Eq.(1) (a. k. a. the critical
point or the equilibrium). Solutions of Eq. (1) are called phase trajectories. A collection of some
typical and some special phase trajectories drawn in the xy-plane (called the phase plane) is called
a phase portrait. There are several qualitatively different types of phase portraits. these types are
determined by the eigenroots of the matrix A. Below we show the most important of them.

Types stable with respect to small perturbations of the matrix A

These types are determined by conditions on the eigenvalues involving only inequalities.
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Types unstable with respect to small perturbations of the matrix A but
important for applications

These types are determined by conditions on the eigenvalues an equality.
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Center that is important for the conservative systems. Twist sink corresponds, e.g., to the critically
damped motion of the spring-mass system.
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