Math 246, Third In-Class Exam Solutions (Spring 2003)
Professor Levermore

(1) (12 points) Consider the matrices

(-2 144 (7 6
a= (o ) m=(E9)
Compute the matrices
(a) AT,
Solution: The transpose of A is given by

T [ —i2 241
= (75
(b) 4,
Solution: The conjugate of A is given by
— 2 1—4
(2, ).
(c) A%,
Solution: The adjoint of A is given by
[ 12 2—1
AT = (1 - —4 ) '
(d) 5A - B,
Solution: The difference of 54 and B is given by
_( —i10 54145 7 6
pA-B = (10—1—1'5 20 ) - (8 7)
_(7—410 —1+345
T\ 24145 —27 '
(e) AB,

Solution: The product of A and B is given by

(=2 144\ (T 6
an= (5 )€ 9)

—i2- T4 (1+0)-8 —i2-6+(1L+i)-7
< (24i)-7—4-8  (241i)-6—4-7 >

[ 8—i6  7T-1i5
“\-1844i7 —16+i6)
(f) B,

Solution: Observe that it is clear that B has an inverse because

7 6
8 7

The inverse of B is given by

4 (7 -6
B _(_8 7).

This may be computed in a number of ways. Here are three.
1

det(B)_det< >_7-7—6-8—49—48—1;£0.



First, it can be computed by applying elementary row operations to
transform the augmented matrix (B |I) into (I | B~!) as follows:

7 1 0 1 ¢

— ~ 7

e n=(35] 69~ 3
IR A
-5 1 01 | -8 7

K F)=a .

(=}

2
N\
O =
= O N

Second, because B is a two-by-two matrix, its inverse can be computed
directly from the formula

-1
a b 1 d -b
(c d) = — (—c a ) whenever ad — bc # 0.

This formula is just formula (24) on page 352 of the book specialized
to the two-by-two case. When applied to B it yields

B_1_76_1_ 1 7 -6\ (7 -6
S \8 7)) T 49—-48\-8 7)) \-8 T7)°

Finally, the inverse of B may be computed directly from its definition
by seeking a, b, ¢, and d such that

1 0\ (7 6\ ({a b\ (Ta+6c 7b+6d
0 1) \8 7/\c d) \8Ba+7c 8+7d)"
Then a and ¢ are found by solving the two-by-two system

Ta+6c=1, 8a+T7c=0,

which gives a = 7 and ¢ = —8. Similarly b and d are found by solving
the two-by-two system

7h+6d=0, 8b+7d=1,
which gives b = —6 and d = 7. You thereby find that

-1_ [a b o 7 —6
= (0= (5 )
(2) (8 points) Consider the matrix

(3.

(a) Find all the eigenvalues of A.

Solution: The eigenvalues are the roots of the equation

4 -1-=z
=22-2:-15=(2+3)(z - 5).

The eigenvalues are therefore —3 and 5.

O_det(A—zI)—det<3_z 3 >



(b) For each eigenvalue of A find an eigenvector.

Solution: A vector v is an eigenvector of A corresponding to an eigen-
value z provided it is a nonzero solution of (A—zI)v = 0. The approach
taken in the book is to directly solve these equations.

An eigenvector of A corresponding to z = —3 satisfies
0\ (3+3 3 v\ (6 3\ (v
0) 4 —-1+3 V2 T \4 2 V2 ’
This leads to the equation vy = —2v;. An eigenvector of A corre-

sponding to the eigenvalue —3 is thereby

(1)

or any nonzero multiple of it.

An eigenvector of A corresponding to z = 5 satisfies

()= (37 %) ()= (3 5) ()

This leads to the equation 2v; = 3vs. An eigenvector of A correspond-
ing to the eigenvalue 8 is thereby

()

or any nonzero multiple of it.

The approach taken in class was based on the Cayley-Hamilton theo-
rem, which states that

0= p(A) = (A +3I)(A— 5I) = (A — 5I)(A + 3I).

Hence, any nonzero column of (A — 5I) is an eigenvector of z = —3
while any nonzero column of (A + 3I) is an eigenvector of z = 5.
Because

-2 3 6 3
R AT

you can read off that an eigenvector of A corresponding to the eigen-

value —3 is
(1
v=1__o]"

or any nonzero multiple of it, while an eigenvector of A corresponding
to the eigenvalue 8 is
o — 3
=15/

or any nonzero multiple of it.

(3) (10 points) Consider the linear algebraic system

I1+2I2—I3:2,
2I1—|—.§C2+I3:1,
T, — X9+ 2x3 = —1.

Either find its general solution or else show that it has no solution.



Solution: First, a remark. By any method you can compute

1 2 -1
det [2 1 1 ] =0.
1 -1 2

This means that either there is no solution or there are many solutions.
Whether there is a solution or not depends on the right-hand side of the
system.

In fact, the given system has many solutions. There are many ways to
see this. One of the simplest is to notice that the numbers on its right-hand
side are exactly the coeflicients of the x5 variable that appear on its left-
hand side. The system therefore clearly has the solution z1 = 0, x5 = 1,
x3 = 0, and hence clearly has many solutions.

One can then find a general solution by noticing that the sum of the
second and third columns of the coefficient matrix equals the first column.
This means that

1 2 -1 -1
2 1 1 1 1=0.
1 -1 2 1

It is clear that the general solution of the associated homogeneous system
is given by scalar multiples of this vector. A general solution of the given
system is therefore seen to be

T 0 -1 —s
zo |l =1 +s| 1 |=[1+s],
I3 0 1 S

where s is any real number.
Alternatively, you can try to solve the given system by applying elemen-
tary row operations to the augmented matrix. This gives

1 2 -1 2 1 2 -1 2
2 1 1 1] ~10 =3 3 -3
1 -1 2 -1 0 -3 3 -3
1 2 -1 2
~10 1 -1 1
0 0 0 0
1 0 1 0
~10 1 -1 1
0 0 O 0
A general solution can therefore be read off as
X —S
zo |l =|14+s],
I3 S

where s is any real number.



(4) (20 points) Solve each of the following initial-value problems.

@5()-G 20 (o)-(4)

Solution: First, you must compute the characteristic polynomial p(z)
of the coefficient matrix

A= <§ _21> .
Because A is 2x2 this can either be done as
p(2) = 22 — tr(A) z + det(A)
=22 —(2-1)z+(-2-10) = 2% -2 - 12,
or as
p(z) = det(A — 21)

= det (2 5 * _12_ Z) = (2-2)(=1—2)—10
=22 -(2-1)2-2-10=22—2—12.
By either method, after factoring you obtain
p(z) = (z2+3)(z —4),
whereby the eigenvalues of A are —3 and 4.

Now there are several approaches you can take. The approach used in
class goes as follows. First, compute the exponential matrix exp(At).
Because A has two simple real roots one has that

exp(At) = ————[(4] — A) e + (A + 31)e"]

G )6 3]

The solution of the initial-value problem is then given by

oft) = exp(ar) ()
=15 ) ()63 (L)
“+[C0) ()]

The approach used in the book goes as follows. First compute eigen-
vectors associated with the eigenvalues —3 and 4 respectively:

(). = ()

A general solution is therefore found to be

z(t) = ¢ (_25> e+ e G) et



~

The initial condition then leads to the equations
2Cl+62:17 —561—|—02:—1.
These are then solved to find ¢; = 2/7 and ¢z = 3/7. Hence,

z(t) = ; (_25> e 3 4 g G) et

Notice that the details of finding the eigenvectors and of solving for ¢;

and Co are omit (ed above.

()= )6)

Solution: First, you must compute the characteristic polynomial p(z)
of the coefficient matrix

A= (_14 }) .
Because A is 2x2 this can either be done as
p(2) = 2% — tr(A) z 4 det(A)
=22 —(A4+1Dz+(1+4)=22-224+1+4
=(z+1)2+4,
or as
p(z) = det(A — 21)

o 1—=2 1 o _ 2
—det(_4 1_2)—(2 1)°+4.

By either method, the eigenvalues of A are seen to be 1442 and 1 — 2.

Now there are several approaches you can take. The approach used in
class goes as follows. First, compute the exponential matrix exp(At).
Because A has a conjugate pair of simple complex roots one has that

. sin(2¢)
2

1oy, 1/0 1\,.
_<O 1>e cos(2t)—|—§(_4 O>e sin(2t) .

The solution of the initial-value problem is then given by

2(t) = exp(At) G)

_ (é i’) (}) et cos(2t) +% (_04 é) (’D ¢' sin(2t)

_ G) ¢t cos(21) +% (_1 4) ¢! sin(2t).

The approach used in the book goes as follows. First compute eigen-
vectors associated with the eigenvalues 1 + i2 and 1 — ¢2 respectively:

(2) o ().

exp(At) = Ie'cos(2t) + (A—1I)e



7

The details of finding these eigenvectors are omitted here. Two linearly
independent real-valued solutions are then given by

Re( <212> e<1+i2)t) = Re< (112) e’ (cos(2t) —|—isin(2t)))
= <—Zosif(t2)t)> ’
Im( (112> e(IHQ)t) = Im( (112> e'(cos(2t) +isin(2t))>

= (283;2:5?2)) '

A general solution is therefore found to be

#t) = eret (—C20ssi(n2(t2)t)) o (2%22?2)) '

The initial condition then leads to the equations
C1 = 17 262 = 17
These are solved to find ¢; =1 and c2 = —1/2. Hence,

4 ((cos(2t) + Lsin(2t)
a(t) =e (COZ(zt) — 2:in(2t>) '

(5) (20 points) Find a greneral solution for each of the following systems.

(a) d (z\ _ (3 —4) (=
dt \y) \1 -1 Y
Solution: The characteristic polynomial of the coefficient matrix A is
p(z) =22 —224+1=(2—1)2.
This has the double real root z =1, 1.

The approach used in class goes as follows. First, compute the expo-
nential matrix exp(At). Because A has the simple conjugate pair of
roots 2 &+ 2 one has that

exp(At) = Ie! + (A — I)te

(1 0\ , 2 —4 "
—<0 1>e—|—(1 _2>te.

A general solution is therefore

2(t) = exp(At) (Cl)

C2
(1 0\ (1) 2 -4\ (a t
-0 1) (@)= 0 @)
_ (Cl) et + (261 — 4CQ> tet '
(6] C1 — 202



v ()= ()0

Solution: The characteristic polynomial of the coefficient matrix A is
p(z) = 2% +16.

This has the conjugate pair of simple complex roots z = +i4.

Now there are several approaches you can take. The approach used in

class goes as follows. First, compute the exponential matrix exp(At).

Because A has the conjugate pair of simple complex roots +i4 one has

that

sin(4t)

exp(At) = I cos(4t) + A

= (5 Weostan+ 5 (5 ) sntao.

A general solution is therefore

2(t) = exp(At) <Cl>

C2

(1 0\ (& 1 /2 =5\ (e .

= (O 1) (@) cos(4t) + 1 (4 _2> (02 sin(4t)

_(a l 201 - 562 .

= <C2) cos(4t) + : (4c1 B 2@) sin(4¢) .
The approach used in the book goes as follows. First compute eigen-
vectors associated with the eigenvalues 4 and —i4 respectively:

1+ 2 g (112
9 ) 2 )

The details of finding these eigenvectors are omitted here. Two linearly
independent real-valued solutions are then given by

Re( (1 “;ZQ> ei‘“) - Re( (1 “;ZQ> (cos(4t) +isin(4t))>

_ (cos(4;€)co—s(24ii)n(4t)> 7

Irn< (1 ‘;’2> ei4t) - Im( <1 J;ZQ) (cos(4t) —|—isin(4t)))

_ <2 cos(24§i)nai§n(4t)> .

A general solution is therefore

0= (i) e ().
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(6) (12 points) Sketch phase-plane portraits for each of the following systems.
State the type and stability of the origin. (Notice that these systems also
appear in Problems 4 and 5.)

(a)

i) -G 2)0)

Solution: From Problem (4a) you know that the coefficient matrix
has eigenvalues —3 and 4. The origin is therefore a saddle point, and
hence is unstable.

The eigenvectors corresponding to the eigenvalues —3 and 4 are re-

spectively
2 1
(_5) and (1> |

The phase portrait is attracting along the line y = —%:1: and repelling
along the line y = .

()= ()0

Solution: From Problem (4b) you know that the coefficient matrix
has eigenvalues 14142 and 1—42. The origin is therefore a spiral source,
and hence is unstable. Because the coeflicient matrix entry a2 = 1 is
positive, the orbits go clockwise around the origin.

d (x\ _ (2 =5\ (z
dt \y) 4 -2)\y
Solution: From Problem (5b) you know that the coefficient matrix
has eigenvalues i4 and —i4. The origin is therefore a center, and hence

is stable. Because the coefficient matrix entry a12 = —5 is negative,
the orbits go counterclockwise around the origin.

(7) (9 points) Consider the system

d (x\ _ T — Ty
dt \y)  \dy—zy—2y°) "

(a) Find all of its equilibrium points.

Solution: Equilibrium points satisfy
z(l-y)=0, (“d—-2-2yy=0.

The first equation above shows that either z =0 or y = 1.
When z = 0 the second equation shows that

whereby either y = 0 or y = 2. Hence, (0,0) and (0, 2) are equilibrium
points.
When y = 1 the second equation shows that

4-z-2)=0,

whereby x = 2. Hence, (2, 1) is also an equilibrium point.
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The equilibrium points of the system are therefore
(an) ) (072)7 (271)
(b) Compute the coefficient matrix of the linearization associated with
each equilibrium point.
Solution: Because
(f(:c,y)> _ ( z -y )
9(z,y) dy —zy —2y%) "

the matrix of partial derivatives is

Of Oyf\ _(l—y —z
Owg Oyg) \ —y 4d—z—-4y)~

Evaluating this matrix at each equilibrium point yields the coefficient

matrices
1 0
A= (0 4) at (0,0),

A:(:é _04) at (0,2),

A:(_O1 :;) at (2,1).

This is all that is asked of you. However, if you had been asked to
classify the type and stability of each critical point then you can easily
see that (0,0) is a nodal source (the eigenvalues are 1 and 4) and is
thereby unstable, (0,2) is a nodal sink (the eigenvalues are —1 and
—4) and is thereby asymptotically stable, and (2,1) is a saddle (the
eigenvalues are —1 — /3 and —1 + v/3) and is thereby unstable.

(8) (9 points) Suppose you know that for some nonlinear system of differential
equations
e the equilibrium solutions are (0,0), (4,—2), and (4, 2);
e for (0,0) the linearization has eigenvalues —2 and —1 with respective

eigenvectors
1 1
() e ()

o for (4,—2) the linearization has eigenvalues 2 and 1 with respective

eigenvectors
1 0
() e ()

e for (4,2) the linearization has eigenvalues 1 and —1 with respective

eigenvectors
1 0
(1) = ()

Sketch a plausible phase portrait for the system. Identify the type and
stability of each equilibrium solution.
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Solution: The type and stability of each equilibrium solution is determined
as follows.
e The equilibrium solution (0,0) has two negative simple real eigenvalues.
It therefore is a nodal sink and is thereby asymptotically stable.
e The equilibrium solution (4,-2) has two positive simple real eigenval-
ues. It therefore is a nodal source and is thereby unstable.
e The equilibrium solution (4,2) has one negative and one positive simple
real eigenvalue. It therefore is a saddle and is thereby unstable.

There are many plausible phase portraits that one might draw. Some

will be sketched during class. They all share the following features.

e Near the nodal sink (0,0) there is one orbit that approaches (0,0)
tangent to each side of the line y = —xz. Every other orbit approaches
(0,0) tangent to the line y = .

e Near the nodal source (4,—2) there is one orbit that emerges from
(4, —2) tangent to each side of the line y = —z + 2. Every other orbit
emerges from (4, —2) tangent to the line z = 4.

e Near the saddle (4,2) there is one orbit that emerges from (4,2) tan-
gent to each side of the line y = z — 2. There is also one orbit that
approaches (4, 2) tangent to each side of the line x = 4.



