Lecture 41— \_andau Damying 02|21
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| For Homework 3, Problem 3
Tn the luid equations
Ys=1 = the isotheymal limi
a0+ nYU=0 | | |
dt Iz ynakes Fhe pressure equahon identical
aP PY.-U=0 fo fhe. cortinuity equadion
ot : de =
W r PV u=0
o3 -HT

\ Ldeﬂ%i‘r\l perturioonion
pmssum \oe,v%w\ocmom

C a
Starting with the kinetic theory form of the dielectric function
(Sinite remperture, T; \Wowm plasma)
i Wee = \ 1 .9 __lacks fime
elw ) =1+ Mo k* JON w- k¢ k N . dependence!
* \What about the singuiarity where W =7
To address:
Where does the velocity-Space inteqral op with vespect
10 ¥1e Sinoplowity? e muist-Hank ploout e Veloeity-space
Heqyal 0% 0 infeinl iN e Wimplex plane

Yok, = Jeal = W=t
Tm{%d
gomplex \§-plane

W/
> \;ﬁ* —— Re{ W%}

0o under the, pole With Contour = but wiy?
> Tntegradion Under 4he. pole telle us ok

€ s a complex funetion; gives Yise to damping! KLE



KLe

Our preNious dexivation of Hie dispersion relotion lost all cousolity
> must now use a wiore caxeful oppYoociy,
> Solie +he Nlasov/ Poisson system (& linearize)
~Yake the Fourier Transform in space
* doesnt de Mueh |
~toke e Loplace Transtorm in time
\ields causadity
- defermines e contour | who direction 1o op
oNn e Contour

Stourk Wim:
~ the lineaxized NInsov Egquadion

O N < I
‘5%+\9"V£+7‘WV\Q| av_’Fo =0

& Poisson's Equadion
VA, = 4en,

*Tov &

Fouriex Transform — space
Jage™**( )=0

8 AWy e 1, .0
5[,,“:\,\&* L)ﬁ'\y’{'\k+ﬁ_ Pux L 5% =0 &4 ®
- Pir= AR Ylix

Laplace TTvansform — introdutes direchon in ime. into the probolem
*Under Laploce Transformation, chifterentiod equarions
become algelarnic equaions
Gienerat form:
qS = of oodt (J(,ﬂ &ySt -
- where the infinite integral o gidt need not
exist; it may diverge Tor exponertially lar?e, t
(g MUST converoje for ouv purposes



. KUE
Here, we }Ni\\ USE anba\*remom form...
(W) =oJ " dt git) g™
| 4 : Tiwh =2 > e o
o guavantee convergence, Tmniw! must e subficierntly posifive
~What do We imean by “sutficienty posiaive"?
{ from Avkken & Weber § T +nere are Some constants S,,
M, nd t,, all 20, suth that for all £>1,
le>F gl eM
, m;wtmp\mcc Honsform will existfor §>S,
> W s — 00
| Lgé’% e Oast
Tt o hos exponentially-oxowing 100ts ¥, we Yequire
| Tmiw>Y for the LT fo converge
*Note.: By quoronteeing Corvergente, HNat is, demonding thar e
funehons becunded, wWe are able to perform e T even for
__plosmas with instabilifies

NOW: Imcvsc Honsform

—-Lwt
Bt} = JC %"-\E’— glw) ¢
zm{w}y w-plane
- > = The confour C must be above
S aull singularities of ow)
_ | e for £<0 0ind berow il
singulawities = ~ singuiantes of glw)for t>0

for £<0 (Tmiw}>0 &gt)=0)
Ls Must close contour from aloove (or+o He v ght, in the s-plone)
eﬂ\»(—t)
We viged 116 term 10 00 40 2er0 10 SANSFY oUv Convergence.
veguirement pbove, and it would blow up ine lower-
half plane (thar is, velow any singulowri+ies)
—any singulovities in the Upper- hatlf plane would give a "
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Fnite contribuhion o o(6), and using a Laplace Hranstorm
We demand their contribunions =0 for £<0

Take tk Laplace Transform of eq. O
contribution @ oo = O)‘W W3 Sufficiently posifiveo kil it

f O\‘t wt 3 'Fué _t) et,wt “{:‘)L( ‘t)\ __oj d 't LU\) eLW‘\: 'F\*('t)
N

\/’\/\J TSR e
addifionol e transtorm Hhot we wanted
feym 2 /

= ~fult=0) — Lw T i Fuaw= LT of fix,
inmal condifion
= fransformed Nlasov & Poisson eqns.
~ W B g = =35 Pk e T+ Fisdl=0)

X L&kw = "41\',\2,\]0\_\; Tidews

Combmmg The above ¥ e kinehe dispexsion velomon...

Tewlt=0)
/‘QC w )ﬁ)\Q\m 4TLCLJd\9J wqu = eq @
8(){ Ud) \+ ‘f?e’ d\g,:_)ﬁ*_ﬁ"_-m | +4- .
X j = W% \ineay
Now e, cont perform an inverse Yyansform! e

Reawm%\nq e, ®

%.W(t=0\
L 29 KL k)
TFi— sm’egm\ over contouyr C in fhe w-plane
, Wiplr) = J T \thwe—ch £ D) ot
- dw W =0)¢
Q= | LR awet [ o - I O
po\& fov pole for
W=k ¢k w)=0

—
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In e w-plane
S i = Contouy must lie above ol
¢/ | , sin%u\om’r‘\es OF Dy t)

@—
® uhi ‘ Fov £ <0+ we Close 4he tontour in e
€Ly =0 upper holf plane, but it Contains No
Singularities 0 We fiNd Yyl =0
~*For £>0: We close the Confour
N the lower alf plare and pick.
Up Condribution from fwo smgu\owihes
w=.¥ and t(Rk,w=0
= \ields -2l himes Yesidue

For £>0 in the LHP, eq).@ becomes
natural mode

-t o -—chﬁ-t
_-4ue | & j o Aiglt=0) S 3 ¢ =o]
el = [as/aw, Sl TN T i
addition from free- smaming

— The first ferm is the narura) mode. of the \stem wWhich
eNOWeS From the inihal perturbonon

—The 8econd term avises from Hne free~streaming of the
POricies. T is Not a naturat mode of the sySrem
since £(Jk, k¥ *0 B

— for large t the vapid oscillanens of exp{%)k‘?’%t} as the
Nelocihy infeqrod is corried ouf cause this ferm 1o be
~ smedl sueh Hhat it moy e Neojected

Let's focus on the rormal mode of His system (t>0)
ks verurming o €Lk,w) ond NSpeching its SinguUioun ...
~ Recall — £k, W) is defined such Hhat w is above all
e zeroes of Cyg, |
- for simplicity, fake k=Rl :



2 9
> ¢ Uew) = 1+ 2 gy aohEe

U‘)"/‘Qx\};
e

kle

T Nelotity-Space, we ove a singularity

when W=k =Jo, —

\}L)z"’ w/k‘ﬁ (/kx> O)

BUT! w has a complex Toled) W
posifive component A O A S0
putiing the singulowity Re{u}
in Quadrant 1 of the
w-plane
T W, Fov solufion of the dispersion Yelation
s £ (W) =0
S N - Zmiwd >0
¢’ , K» aka e %mwmq made,
CONTOUY Qway Fyom

From the singuiaxity = okay (because of Hne
benavior o e funchon inthe vpper alf plane)

What abowt £he Tmiwes <0 cose?

~ Net unrealistic! Typical of o damped system
This would move the sinqularity below the Red¥sd - oxis

*PUT iF connot cross the, contour’!

= Must deform Confouy to analytically continue

£ Uk,w) info the lowexr half plarie

gy eplane

> > Rﬂ iv'j.}

| Math Aside: Residue Method ~ Moving a contour up)

*Tn complex analysis, e esidue is a complex number

|
E down With the Singulayity

® \ \ |
W T Move confour down with e singularity
2

7
|
|
|
|
I
|

L



pmpomonm 10 He contour mfegm\ of & meyo-—
morrphic furction alongya path enclesing one of
IS %mgu\owmﬁs.

Ex:
dz
Tl s

1+22= (2A)zZ-1) |
= We rieed contrilbution from one pole to ger o non-
ZeY0 Nolue £1om ouY Contour inreayal
(deForming Hhe conrour ¥¢ circle bot poles would
coNe) out Frieir Lontripuion)

DC{'DYTT\! . —— bring these
L M Very close togetiler
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fixed erldpo\ms

g ¢ ¥ 50 Close as 10 approximate
N .
= o8 foucning

d ' g

/L Ovex Semi-Circle = 0

= Encircle the pole
- | - L approach e
singu\an‘w

= J _dz __dz_;_f dz .
G Jo (zei)z-1) B7F e Zu(2-0) 2"&.(3’3

= z-mi'
*Make Sureto pay attention Yo contour divection

% Prescripfion : stavk by assuming Hiot Tmiwe > 0. T nor,
deform e Contour downwargls
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Most Hypical cose Triwed =0
Imiit

V-plane
‘ , o /\ Wrap tortour (in \F-spoace) around
ol (\*} b e singuiority — s \eads to
Cortour Wraps damp‘ng of wanes (e, Landou dO\mPB
down becavse of Loplnee

Transtoom requirements (£20)
=This becomes the Laplace Transform problem

How 10 handle Triws 20 |
We wont to sepavate the Semi-Civcle ::
right oround e singuiourity From the 1 i R
rest of Hhe, Lovtour ¢’ :\{L
=~ W i C, P B

* First, integrarte over e deformed C, I
%% + o F
o 3" AV | | dydy 2 To
J " j U R (N — W)

va\\<e Joe o 2 N

e/ —_ SRR
=’de\?yd\9§ jdd\”ﬁ % 16\),\\}\;)@ anayfic in Nitinity of pole

*toking /% 1o e analytic in e vitinity of tne -
Singulourity adlows us 1o Taylor expand

exponsion of M/, aloout Vs ="k, - 5
o o a._\ . Y+
Nk A Wik e 4 Ky

o contributipn from higner order terms
(1o Contriloun on veeause Ve Vs, VsV =0)

= Becouse e, is anolytic we can veplnce it With its
Nolue o Hie singularity
vp) \A%mqm\s o\l pack

S Hdw\\g(a‘c" )I% Jd x—————\&_w&*
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| The re,mammg contour m’regm\ over C, iSthe integro
over e vesidue

\ 5
A TR T LN |
* e~ /Jm Nyesidwe From He Singulounty

Reca\\’mg e resuit from com\om'mg our Honstormed \llosov
and Poigson ﬂquomons

) Rt
£l kW)= 1+ m f o S0

warnt ‘ro Pl uq in for fhig infeqral
ngging N 0UY YeSult avove \ieldstie Reduced Distribution Fin

Changes sign Wik iy

Bk ) - - ] pfus 2 i ;ﬂo\wo\\a &)

)
, contrivution from yesonont
*P=principal vawe poarficies totne dispersion of f.
inteqral— the inteqral
up To B just after the

singuiotrity residue
Note: We, would feliow the Same presenption for Tn{w>0

NOW: Calewlate. damping yore Tov o plasia wone
Evaluate

vintegrate by portsd |
_ _/%’VL_ xgnovmg FESONONt PArHiCles

— onswer valid %or W ks> Vin
(This 16 e told plasma assumphion, volid as long as
\in 15 smaller Yo e Wone phose velocity, Vo= "k )

Plugojing it e reduced distriouhon funcrion.. .



ke

il w\’z& __sz o _ )ﬂ% _a(.[d\%d\&'\:o\
R RN RS

"’du]

f\‘magmom{
=Tptila
vl
co e o e LW OR| g 0
W el BT Bl |
usmal =>We want o know how big this
plasma domping contribution term is compored
WO R 1o %\ler\rrh'mg else. (under +he N Ns N limit)
50«\] _& V\—\l’_g e“’?/\}e’

nevmaedizachon of distvibuhon

: 2 —\9'2/\?3'
domping ,,, Wee Y & ° j
term™ B W %

\ike \¢
3 _\9'2. 2
v»l&;_ N

= «1, small Valve = weak damping
“Taking e weak damping iNTo OCCOUTH AMOWS US to...
~ Write, W=We*dW,
shift in w from damping
— expand in £

we wonk 4o derermine W — Sole &kw,ﬁ)
Write 7 \owest order |
W= Wei* 1BW! _~ e, order oy ovder, ench Hhing
E=)tir bl =0 Must e zero
' - frst ovdey

T R it | S NI\

Wz
L

(st the ddlectric tonstont for high frequency & smail iopn response (OLeoM)
\
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- must eonsist of 1o pieces (riof just we Now, also Bw)

8 c.aéﬂgw.‘. "E

ng: -ifx

¢
Be/puwe — For £o= 1-Fg

88 ._;gée_ | B
MWlye WP fuwe Wpe (o= Wpe)

! plugging all Hus inte tq, @ ond Soling J%or Bwim

" Woe o ke L ube BE) iz k¥ 95
/SN : Tc\kx\ Xy T % IV [Wrerg g wpe\)&$\ma\*x\;

Slope (Y\erbh‘ve)
Tre expyession fov Landou damping of a plasma Wawe *
Note: +his could alse represent growtin if Hie distribuhon
funchon has the opposite sign

*

For a MO\XV\ch\\'\Gn digtripunon

Q negaiive Slope. & V=744~ damped Wone
/ d

Wee, W

— But why does this cause e Wave 10 be damped ?

Damping oceurs because parfities With V=V (nere, W2 ) See o
nearly DC electric Held. Parnicles slignty Slowier thon-the wave will goin
ener oy From the wave while Hose shigntly faster will slow down and
give enexgy 1o e wove. This \pe\ds 0.greater nUMber oF pavticles going
Sloweyr Hnom \, S0 e wove is damped.

L whok 1his means visually... v
T\ parsicles nere slow down and gjNe eneray 1o e Wone
/ poarticies ere opin energy from the wove and
Speed up ot Hie expense of the wane

!m"%k“ A\

—More particles toke energy than ojve i+, 90the wWane s damped .



| | KLE
This is reversivle, \ike ol processes 1o do Wit the \llasov equadion
| L damping somenhar Fictitious; Will edentually oscillote
) [\m‘da\\\{ domped...

S

, ‘X’OY —\y — \"9

§ P— We &N en‘rv\u\\\; et o

N Ahen resonant parhcles  ner eneryy loss From
e Sentdown and E intreseS  Yegunount poxrhc\cs “Stuck
in e Hrap”

jon F
T+ is useful 4o define o Stondard funehion Hat con be used 1o
represent 4he kinefic plasma dispersion relaion for a
Maxwellion distribuhon.

T Nelocity Spa(:e
; /avﬁ * enernl
E(k,w) =1+ 2 j e
Ulet e
£= Mawellion = —ZLe—_ o M G )

(sz/m)Blz Q
Lye. Ve
‘Pexform e \4 &n’regm’r\on

+4 /8\9~on '—'—:’)k.a/a\ﬁ:o /T/k\c'fo
Elkui) =1 ”%TJ"‘\*”"\\C’*‘N w-Jods Ve Rt

T (2 VV%

_4u ﬁ o )Na XM /T
m/ CaZ P AT T
en e integyal over Vy is Just / m\)}ﬁ W 4o match denominodtor
__Ang? 'no N /
EQ*IW) - )ﬂ,z &2.“-'—‘-/ )\/2 jd 2 -}(\\}2

l
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- ._“‘\’“4 2%0 \ ,XQ\&-:—~UU+W "'\922/\?_7.
k= |- A5 Jow o F TG e
\& = AW’HJQ{?— = — (Jok-w)

PUT This is ot o qemem \zed smndowd funchion
- Deﬁnc

.. 2
\9% \ ki\?‘t |
a taoulated function in the complex plane
Then \Asmg fnis terminology..

. ds &%
o K\ z@iﬂﬁ)
The Plasma Dispersion Function

nk.a. e Z-funchon

. (Pds e defined for
2(%) “-»5 T 5-% Tm{g}>0

Suth Jr\f\oﬁ—
¢= 1+ i1+ 5 2(5))

KLe
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