|_ecture O - Collisions in 4, Botkzmann Eouation — oafiz)n
from \ngr lecture ...
Liowlle's Equation
For a distribunion funcrion
F(i;,-\?,.] . ,YN :\‘9",4,‘\3)
(%= 2 W= % )
thot- ie constont along a trajectory in N space (Liouites Hevem):
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“Lornection in e Veloeiny of Fis 0"
=\alid for oot wWenkiy and stronoly Covreloded plasmas
(T smoll or ™ \owpe, vespectively
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Vou = (-@ : F'/‘YYM, ,Q"N ,?N/’YY\»pD
<N @W" O = Flow N SpOCe 1S INCOMpressivle

— System Trojector
—on entire systerm can be desctribed by a
single point in WN space and WS tra)ectory
L wont to Consider an ensemble of
iniHal condinons| peints

T N
~destribes the dynomics of o plasmain the weakly coupled
reqime in which 1« |
The \llnscy equohon:
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“Traectory of the probobiliy
n time’
" distribution vs. 1 point pefore

Simlay o He dervomontof Liouvilles equation :
Use fonservation of particles in WD phose space
deJyaN £ = - dS- ¥, &

L 3= surface in LD spoce (5D)
= from the divergence heorem
JsdS W =JydV W, W §
U pluging ind
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Collisionless Boltzmann equation preserves entropy:
° enhrop% may e expressed as
d%d¥ £ in(F)
“ ton be quite conuoluted in priose spoce, so exen
smoill collisions will increose exropy

A 0~ preseniadicn
ot statement
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*Moimurm § with vespect 1o constraints giNes o
Mavwellion distribuhion



_Collisjons in e, Boltzmann Equation

{Chouduri tn.2, G-R Th.12%
Tn derving the Bottzmann equation we have igrored collisions
TIF collisions ore SUEiCienty weak +his is \ustified.

L Under what conditions con Collisions e neglected? «—
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Want 1o compare Hese yotes with ypical soo&‘rer'mg Yores, v
— We can argue ot i
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we con diseayd collisions
Following this,

N=Y4 - ynean free pari 7 the oneraoe distanee Hrovelled
D
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g W a matrenal hetween
iF L iNterochons Leollisions]
We oon iqnore, co\lisions

= Howdo collisions act on paricle distnvuhon funchions?
—now does it Work, how do we destribe it mothemorhcally

Consider o simple \arge-angje. scattering eent:
* before collision *
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Collisional process moves particles in Velocity space — will
move/ditfuse | distort the distribution function
=¥ no longer constant along tyajectory

Howexex, collisions are. usually small, not large- angle, so they
pically move in smail sreps N Nelocity space
NOw: Tnciude collisions using the Colision opexntor

- JuSt firee-streaming; no extervial force

of \J.yf + Do O £ (%{.)cz C(g)” vt duefo Couleni

ot f M IV Nterachons; does
e.0. fields acting on povticles Not iNclude
(dees vet include dragforce) particle drag

- C(#) =The Collision Opeyntor

— hypically a non-lineay inteqYnl opernior

—non-local = includes the distnbuhon funcrion of e
parficies you are coliding with

Focus on Coulomlo collisions::
O coulomy collisions conserye
7) parhicle Numbeyr
Jd¥C®) =0
b) momentum , whnen summed pver Species
& linear & ancular, depending en Fex
c)erergy, When Summed ovex species
@I £ isin theymal eqq\\\\m;ium...
0 -\7z ¥
T= (mz/bm)a/z e ERLES VS
A~ \ in e form of a Mawellion — eaquotion of Tg
| .. it should 1ot enaroe its distrilbution as & wole over Yime

- o .
C->CH)=0. .

* I £ is not oniginally in fneemal equilibrium, collisions

L‘
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drive it to thot state (Entropy increases unhl fermal
~_equilibrium is reached = Bolkizmanis number tneoem)
(B Colisions act locally in pnysical/ configuration space
=No i The. cutoff for Fhe internction lengin for that
specific collision (parficles must e within Ap of each
other else they are shielded & connet interoet)
“Whot aloout \elocity space ?
L generally non-loca in Velocity Space; parficles With
ver\ different Velocifies can interact

How {0 0o albout describing e Collision operator :
= \what form dees it toke 7 Hows do \We LONSITUCE it 7 <—

Fokker—Planck Equation for Collisions

Want 1o describe e exolufioN of +due o small-angle

coMisions. |

— this is realy whar we're interested in Decouse, as
found in lecture 3, Small-angle collisions

dominate oy o fackor of In ()

*Fianore spoce vaviogions for Now — eq., spanal diffusion, Viscosity

Define P(¥, aV) | | -
the probability & paricie With Velooty W in
Velocity space Will Suffer a jump AW over ahime At
Thus af o time t, e paride distribunon funerion moy

\te, Writken as ‘
£ o on eavlier Hime and Velecity

T A
F(%,9,0) = JdnS£(9-a8, £-40) P ($-AF, AF)
He provodoility of going From
| FRAB-AD) = FIX D)
_wheve gs feguired,
Jame P(%, A% = \ |
Loum of ol propakilifies Must =1 by definifion)
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Assume, A Yo be smail (wr-£. ) for small collisions

AW << W e
We Lo Now expoind he RAS of the, parhicle dishmbuhon
Sunchion olout AW

Maith1 aside : Tne double-dot Vector operator
b:gd = (@-d)b-C)

' |
' :
l |
| —OR- |
; (3b): (2d)=C- (a\o) a :
| = (@-¢)(b-d) |
: ~Source - Wikipedia |
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$ (- A%, 4-06) = $(F0) - At §iF — £ 58F(%0) + 0000 Beodf
9
= (- )(A\s» : \Q)
P-4, 0%) = P, A% ) - AP + 5 AT 0 E P

b put it all togetiier v
move Yo LHS® =1, 08 defined
A

= P of Yeyms independent
et (<? A >jo\m P(% 08 % - M"“Vﬂ
oxpond in ¥ ( expand in P
*Xo\ﬂ“@ﬁ\?‘ (% s ‘Y‘) % linear in A

(£ is independent of AF

I e T o T - e » ot ap A% uadvahc
*zjdﬁ\m\m\’b'[a P rN jrav»a\srnqinm

Con pull out ¥ ) {p st STON
lineor Yearms cuodypric ferms |

N«/\ /m
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Al -2 SdA\PA\HP = .jdwm’mw

¥ con ok directiy on £, dreetly on © oy mix deyivarnes
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o\i\/‘\d&n(ﬁ frrough oy OF \elds..
Fokke,r— Planck equation for colisions
Flrue for any symadl ono\e QO\\\S\DY\Q process
(_aj_) _ oD 0KM>e 1 9 . dCAVAYDS ¢

EVAN STRINCE T S
dro\g ferm diffusion ferm e, dikfusion of
the distribuhon

’W\@ Ywo distinet | inVoceity space
s processes associoted
with collisions
Define onerooes:
d \ i
L cner 2 fane Pas ?
= 5 i fnote ok these are

““@\M\*)' E)-dA\?‘A\?'A\%P(\y, AY) S )l funcrions of &

. d |
wWhat isthe Necror divechion of s <A, the dmg Yerm?
> must be opposx’rc he Ve\OCiT Neckoy

——(A\D “ =P

Remn that eqrlier V\\(’/%\Aﬂd 4 Yor €- colisIoNSs 3

a - _ATNZEE A G
dt(&\?-) o

Re}rummg 10 the Fokker- Planck equetion
—-{ - ( < A\%}) £+ (giFtusion stut) :
t wheve £-£(¢,1)
How do We, Caleulore dag on this distribwrion function’
(how the. yriean Nelociy of He distribuion funehon exolves in Hine)
- must st Multiply Hrougn by ¥
~ oferwise Hne infeqral WOULD just gjve the number density,
whiehn is constant
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Bk s o B LA F4)-¥
S HEn B = - fcan) i

*Integrate With vespect fo |

diFfusion ferm dvops out

"

O [meenvgo-limgo.d =
atjd%w.tw Xo\\w P <O £ )
N — St

C'W" U iow dm%[ Mean dr“\fr“r
backoyound density dnanges Wit time
Q

5,;(%.,0) =~V [gFFF ()
- ———
\ T\
_-ean drift Vel of e plasma (=3,)
>N, N =~y U
>N, % YNV

e
Cowlomb Collisions shown fo CoOUMse Slowing
, down of e distribution
- drffugion sows femperature c\r\cm%es Wit collisions

puuom

** The Fokker-Planck equation is the generic form of the
Collision operatoy n an iomzed plasma
1o newtral collisions

e con s Use....

“Landau o of He Collision Opevatoy

—\ooking ot 41e. exolufion of 0 Species &
LU 2 (R

at | M PV ot
distribuhion funchon Yore of change of £*due o collisions
of §pecies & With tne species

CUF£5) = e Landou opevator , a function of ¥
* fis form infroduces nonlinearity in
Nelonity space
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wepy_ 8 ) 2mgagam(N)
CLet9) v { i

C id@mﬁw fersovr
i e,k\)&f~ﬂﬁ)’[_l__ %t O choan N P, 3 o%, }
jgw e\ o TS F - 5 HE)
AW vl e Hnis operotor also descries scartering, wiere

Infeqyorted out Fhe parhitie IS starftered avound onangle (=0 it in
e divection ot ¢ )

where U=\ =W, |

A\ Yerms dependent on ditferentiotion in velocity
\ (o expected Fron e F-P averoges definitions)

=>Nout get poth drag ferms (*order) and diffusion terms
(2" order) ouy OJFgH'\\s Londau operatoy

TE Nou put in o Moxwellion in ¥he limit wheve STxe=0,C-7 0:
FxFe \nove Movwellian dismbudion wit some femp. T

e

oV T

MASSes concel outr
_ (o QBT -TUHY [ ) e (=T | ﬁ-x.“"(@)mvp
Jorp (=00 | g V- s |

pull Ts out —
—+ = —|a¥ f
oV X_ Tuw? < g
(VRT-TU): U= Wi - Uu* =0
O pex_
=T =0 | |
=> Collisions hone No effect when You have veached
hermal eguiliprium!
—
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tor elecrrons seotrering off of ions:

@f_) ZTWLZe“JJn A 3 (TW-S3) . 3 £

ot ms BN NE oW

-2 >Z\$
, ' Which %Nes
0 wher dotted \Y\\'D')

This tells how He elecrron distribudion function changes wvm
Hime due 1o Collisions wWith ions
- {gr\ov'\ng e~e collisions out mmmmg e-i tollisiens = Loyentz oS

= Does not change energy but does change angle!
This operntor only scatters e pitehn angle of the particle;
o energy Seatterng |
is is the SIMplest fom
Used in nomework 42
9 EV’ \Y-'VJ 9 2
= T JF () =0
— S0lution 19 an ar\o,s,’rm*r\; funchion of




