Lecture |9-The Moonetohydrodynamics Equations  10f31]17
@ Happy Holloween!

from lastHime....
Deriving the MHD Eouations
TThe MHD equations undery work in beth \ab physics and
Space & Ostrophysics
Ordering: p*/€” masses comparable
[ plasma velocity
Ur W Ca Oro\e,rmg designed o
“ MEvEn speed (WaCpafor Ca«C,  make Ceriun Rrms
Vul for CarC) SIS0 we Can yow

an A, them out for the MHD
c\\\ler%cs for equations
smal u; problemadc for
Collision relahvistic MHD impacts
rocte ~
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“ smal pavameter (underlies enhire denvorhon)

=Use this stheme to break dOWN ur conshituent equanons
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a3 = NI RO '
rank: € € ‘ : : \
uss' Law

/7 deviahon from chawge neutradity
V-E = 4we(Jdif — [d¥Fe)
vonk:  €* N I
the basis for quasineutrality — elethron &ion
densines v equal

= Charge Neutral € 0™ N | orders -
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*Note: Ordering does NOT mean E=0, just Hiar our Scade
lengtns are much \Mcjer thon Ap

198 B
rank.: \ \
* Amperes | aw
0B = +55 - e [a¥T (£~ R)
ronk: € g2 \ |
L “tpss Foreler” — ot in 0™ o \S* orders
*domg His does make this ot Lorentz invanount, o
Hus 15 only in the non-yelohvishe Cose
Then...

| owest Ovdey (Rank 1): (& €2 Hrvown put)

® Boltzmann
- - = 9 B
(%)“ kE.o + "‘(-:'\" * Bo) : 5'—\-‘; '&‘o = Lo, * Co(po

N
bresence of Hese erms makes
+empem+ums equal
@ Giauss
0=1-1,
® Faradoy

[N -
s % v VE=0

@ Ampere B
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From © — Maxwellian, 1e="Mi thus eliminating Cocs, Cap.
u;u: u"en = m" ’ T6=—E
o P dr(-F-an] Mowellian
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consolidate terms in ¢
(Eo“‘ Cﬁo*EO) T?‘ —Edo .\Xc
This mms+be Valid For any V¥ s0..
L E—o + C Uo“ Ba
*\ote: Bo =0 in the plasma frame (4 Frame moving
€\~ \Ao - Hhis 1s the mark of a geod conductor)
‘U Lo 1S the Eo* Bo dm“r
E.,.. Uoy =0 = Eo,=
E - C Mo*eo
L‘F\mm Us We con dettrmine E.
e, B, Yo/ Eo a5 yet undetermined
e Mmoments of the Boltzmann equadtion

When We go fo 15* order we. heed o deal with collisions. Therefore
we Will alS0 Need...
etr ' ISi ator
. \ - seif-callisions (Collisions within o species)
J AV Coxx (mﬁ'\ 0 donot change # densrty, Momentum-,

TN O energy-density
| 0 « # density unchanged
Jo\\ﬂv Cap 'mu\ﬁ = -Rup < momentum (oNservanon
Z MW s (aw/&t)“pé— ool energy unchanged

Ro(p = drag between species « and p
> Rop+ Bax =0 = momentum from x4 = momentum from g«

( see Lecture %\ for definidion)
-—>
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(M} £ (—M‘)p«: o = energy exchange from - p =
*p

ot ot eneroy exchange from p->o
NOW
First Ovder in &

{ ENaluate rank € ferms € 0™ order
Exoluote Yonk | Yerms @ 187 order
To Whoet order do we exaluate fx 7 — 0
e ¥k () (81490 8] o
EN Ut @ / use S\;mme‘m‘ 10
15" prder gef rid of His
- Integrate over fhe Velocity (operate with J d#) and use the fact

that ¥59-F = 0 and that collisions don create ot destroy particles
Properhes of the collisions:

Jd\f“ Celp('&() 0

L Coulomb collisions coNserve particle % (from Lec.#5)
ond '&x"’ 0 as ¥—o00

/\i/\
9 Jagf+ V- [P+ () [o0(Er2EoB) Ehi [ (CurCp)
o, Vi, Uo %"&0 0
Yo+ (E+4B) = 0+ % (ExB)
=B (%%+¥)=0
0

@3—& +7-Nnt=0
The Contnuity Equation
lmwhcd Sub, Unless otherwise wyitten trom here on out

NOW: Momentum Eguation
Operate with Jd¥¥ — mulhiply by ¥ and integrate
—Note: ¥ is an independent vanable and so passes



o e
through N, %t operators (and Jov-f.= 12..)

B35+ V[ FHRe Jo09 B 2 = [0 Can Cop)

Bt Neeo—~—
7. U ) =\ T

- - = o R |
Joi5d = 1l (G
where Rux=0; i.e., No drag within a species
m(')‘?,r?@%*m mf&/r&cg’ﬂ:\_—@\ Chounge of momentum -from E-field
N / T~ A
‘__——Q- =3 . -t _ i _L-__; sl _ ] -_—
atnou* v jd\}\"\%‘:«o %nu(E-‘- C M"B) i mR“pl
\/\/—~—/ Nt et
Wwe can extrract average momentum tronsfer
velocity from - Jd¥ vk, 0 0fher Species

‘Letr =0+ W
—note that Jdw' £ = 0
V¥ $¥ 6= V- (naT) + V- Jow ¥ $4.(3)
= Define the pressure tensor
Ra= M J AW ¥ ¥4

Then, rmwomqmg Yne above equation

— ga,c'nu_\x* X Jo\:’i\?“??"'\:“ = (j%)“n(x (E'* -):-U "—@ —'r_‘ﬁx—ﬁo‘h
W(génmﬁ" Vi&\%\ s %a(nozk_é*‘ < *_B‘)—-Tiup,
— plug in volue defined gloove
BN V- (M) 9 JdF ¥ FE)) = g B+ ETB) - Rep,
LNt V- (U] Vel F L) = gunia(Ex TUXB) - Rug

W[%ﬂoﬁ"‘V' (’)’LOUU\)] = %«%a(ﬁ* '(‘T,-\_A"‘B) “‘V'E’; - Eotp,
L Uise the conhinuity eguahcn, S+ V-7l = 0,
. o exfrack 1. 0N 4nis LRHS - . -
nomw} Nl (E+ €U <B)- V-Be— Rag,
f=5+U-V
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MMMt = w N-Be— Reg,
— TR~V V-5h = V&
“Must break tis down s S
into yank | & rank € w2 = Srmaul

— toke E,8 P order; ol other
YoM dt UI-: V- R"‘P m% E+chB) ferms in 0% order
* 0o (11, Eo SN, ¥ Be)
Vo First-order current, o,

b sum O\JeVSp@C\&S xand B4
MNe,=TL,. 0" & Amperes Lo Or Symmey Properhes
n(;k'mwm);w ""Y; P«x* Pp) (Bo(‘;/{ * Vo ([(’/“g) B+ CU )
*’(M(MIEJ* RR1Z)
v Lj e(nih);,— e(nih),
n(mwmp) GV = - V(R B)* TT4B
" Define :
P={Mar mpIn | fotal 0™ ovder density
P=PurFe , fotal pressiue

vplugging in v
A 0= TP+ LF B The Momentum
& LN Equadion
VB = cT

= We Now Know 1., Ue/E,!
Only Need an expression for e pressure Now

Y 10
Operate With Jo ¥ — YY\\A\ﬁp\\{ by Zm? and inteayoire
Spmate g Uo\?r’lr—‘“i—'\“fﬁj J RPEE L (BB

Jd\?‘mu (Co«x * Cotp)

fx is a drifhng Maywellian - (-0
;}L u \P—\}a '&x” (ZTET«/ )3/2 e 2Tx

v
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Plu%mﬂ In tenm-loy-ferm:
jd\zi’ﬂﬁ—l; M—jow P | o' w24,
S Nee—————’
n ST/ P — CYUSS-Torms go oo,
odd n ¥'=0
= IMaWM * 2N T

[ R - [ap U (T,

= M [ o oy My o BT [ g,

Mt AN i
YL ==-®-:°( B’YLTDQ/W
+ |4 2= A UV &

0Ny SUNIVES IE-hND components of WE'are He Sarme
> lose 1w degyees of Freedom
| JaW W2, - 2DOF = =M /g
= ENIMLUU+ Bt ENTRU+ 1Tl
Lhear £ luix
=Mt + ENTe) U+ O+ 1Tl

Qe[ e (B 198 )i - G [a9 Y- (B B

N
¥ motion of Fluid in
divechon of field
M must break His down into

vank | and rank ¢
(ank € Nfor vank | E

""‘% [’YLM E“’ (’VLM AU - Co]

e
3 .
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Puﬁing i ol +oge+her:

usually assumed smodl
e

S —_ — p
5‘1( -?L."YY],oMZ’YL"' %’YLTK) + V. (JZ_.'YL'VYIMMZ* %\’[LVE) U+ V.Qx+ V- (@\A )
Poc Px 12

-CL«[nu I— E] '“m“" ( Coux+ Cow )

/(% ‘N From C
5 o u@ SymmeTy
st{Fmenuz + 2P+ V- (Tnmauz « 2R U+ V. (RU)

- ST LTE (W

PU-E+ B, (at )up

¥ Sum Over Species x and p ¥
-I?-Jra\ pressure, P
{
{ \ T~ e g ey
Sz (mema) e+ 3P )+ V(20 (mar Mo+ 2 (R o)1+ v [(Rr R
g

T

‘ i
| 0, Conseryohon

fofal Mass densty, 2 . 0, ,
- == == | W Al oF energy
o - 28,2

=>§-sg(‘i/ou2+ 2P+ V. (3 0u? + 2P)Ui+ V- (PU)

1 \

=3 E o (W—B‘) ' permvtmhons
puc} in Eo= ~CUXB _
= c(]‘xB) \nangasu%m
L?\\pp\mq order Hips Sign A BxC=-B(AxC)~C: (AxB)
Hhen From the omentum equioion
TTxB =g+ VP
v p\u%mg In v

(zlouz zP)”V 'L/OMZ*‘“P)M*'V(PM) u- [/Od—M'FVP]

The Energy Equodion
*B has Complmlx dropped out! This yields e same result

0 before with cur fluid eons., even with 0 B-field present!
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8 \ 1 - —h - ek
S (40024 2P)+ - (20u2+ 2P) Ui+ V-(PUh) = U-[oRTi+ wP)
=T-VP + 0l &
RIS
=Qdt "2

U= 5 Uy
SUde+ S {3)+ BU{pous 30) (boute 37)0 U + Bowe”

A A CRTE L LWTE TSVAV)
~BY%) + P(UV)E
0§ does not operatte cn U 08 Seen
N first term of LHS
L 82 . (5 3 )+ (20} + - « |2P\vu
-;-“ZLat*'(“V)’o /O(VM))+8,C(2P)+MV(%P) (ZP)VM

— — 2
+Pu= {Oﬁu-\ﬂ%:
=7 (UV) 2
< yove fo LHS; expand ¥

-l ol ) + (U020« §i(%P) + SUEHVTR « 2T VP W+ 3P)VUi=0
|

2(2p). 3Ui.vp+ (2P)VT=0
38 o

| Emge Uy
>$fP+2PVU=0

Summwlanq.,.

* The etohndrodynamics Equoahions *
~ Pressure / Energy Equodion :
EdEP* %—PV-U =0 exolves P

— Conhnuity Equahon:
DL L goli=0 VoINS Mass density
3t

L/0 vurying ;2= (1M me) v
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= Momentum Equaﬁon:

,oad{_\x =—VP+ Jé*‘j:‘xg enolves T
| L? 3., bout wie drop the index
\ (%
--(P ) 2 (BB
B=TT
VB0 _
E:—%Mx

L>E“,Eii=0 = 10 parallel electric field in

W B ‘rodihional MHD model
% B VE=0  ¢volves B

ol-

i

NOW:* Using e MHD equethons
> storh ng with “ground zero"
\ -y
Thn exploring the s’rabmw & dynamics of mognehzed plasma, i
is useful fo Start with stodes that ave fime stahonary so that they
are in o storte of equilibum. \We will discuss Several exanples
of Suth states.
> for simplicity, we Will limi 4his discussion fo SHuahons

witheut Flov, aliheugh in many cases equilibrio with Fow
can alse be constructed

 Spatial- but no time dependence
(plasma in a state of equilibrium) Stationary Systems

* 0 WONEeS — want o know
‘ Y\0 instabilines whot these ook like
‘%=0

(no Flow)

10
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The basic MHD egquations:
O 0=-VpP+TcT*B
c}?@%(vfé)
= -VP+ ¢ A (VB) *B

=-3V&+ BYB
2 ‘ s P
= “V(P*‘ﬁ APV B
@ E=0
3 v.B=0
@ 8= ET

Whirt-do ese tell us?
‘Take B eqn.© — B-VP=0
= Pressure muist be constant along B- field lines
*non-constant pressure jenerates & sound wove: ot smooths
relaxes parallel pressure grodients gutt
“Toke V- eqn.@ — V- (vxB)=0 = 7 (FT)
vV-J=0
= There is N0 build -up of charge
charge build-up wouid produce an E+0, and since E=-tixg
Hlows Would \oe.tjem@mfea‘i which we have forbidden
Congider Some exoumples...

Menns wa_émvc s’rm\gm field lines
(% and 1B unchoun@mg)
BZ
=>V(P+g2 ) =0, Totol pressure must be o constont

plosmo t manhehc
pressure pressure
How does +his Impact the spahal distnouhons
of Pand & nour system?
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[Spehal distnbuton

2,8

N
V Vv ¥

c You can have pny spahal distribution of PX B that
oU Want as lona as B
N 4as p. <= = constont

—This iS not a friviol stote 3 €9, 10 1-D*
" i
T *iisis a \ocalized plasma
system supported by o B-field
v on the putside
Confinement experiments

with such equilibria are

called @-pinches

‘:)I(‘ — ozimuthal currents (in € direchon)
b wont ozimutal component of 0)

-3
5= 1T
e\ —
vadial deperndence on Bz

CaseL: (B-V)B+0
T e now have curved Field tines

Simple coase — _
B=Bob ; nzimuthal B-field only
then
(898 = LbiB) vl (blBl)
e |
\B\A o~ reeall: ¥=b-vb, the
=g (b V)b = 6 & rvedure of B
= ‘%"é% Peb
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¥ take e {0 be independent of 6V

Bep 85 _ —Be o
(B-Vv)iB == Bogd = " T
s compore back 1o BFR

wheve Ko 7Re = Re=t
Lyadius of curyodure
eqn. @ becomes
2 Bo), Bo _
(P i%)* v 9
magnenc tension
B L Tension forte from the B-field con

help badance vowiations in the total plasma
pressure (+had may not be Uniferm n space)

= Field can confine o plasma!

Jz Out 0F he page. — Curvent along 2 1S 0 Z-pinth
(V"(Baé))-z ""ﬂ(':E:rzpa6 R ;
Lcunt of 840" = write B 05 V0
(Vs rBe¥8)z= ¢ T
VxV8=0, S0 we no longer howe 10 fowe the curd of His
\

R s,
\ 9
:'_>?TY69= ﬂa_t',;z

‘What does +this look like? -
%o

La 2-pinch
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Giraphically,

NG

Yegion-oufside Cuurrent
-
T
\E\cwms owt much slower han v
due to_contriloution from Be

Experiments with both Be,B2#0 are called Strew-pincnes.
= having %e % Bz produces Ja B Je

*Magnetic veconnethion in e Solowr coronn may ve imodeled
(s ( SCraw—pincn

6, Bz Js, 0z

tield \ines Wrap around
Tz

¥ £ you bend this info a forus,
really Crozy stuff happens!



