 Lectuve 13 - Bluctuerions § Tevactions 1o IOI Wi
*Gioal of HW#S, Problem 1:
_ —~demonstrate. Yeahw condition Wope= =Wy
wihere W= Wi+ e ,;
i . %<0 torvesponds fo a dampco\ Wave
[ ’[hen W= Woet LYoy
, L il find —W
We must work out an expression for <k !
~ Cannot be Wk = = Wk Yecause 1N Nis cose, o damped mode
~inJewould be o growing mode in <k
~ = Must have Same Ynode Hpe in =k
“Evaluate jo\\% l O
VWi 8% \Where in pev%ormmg fhe Lorentz
travsform, we requive. Tm{wt >0 Loyowetn
_ges cureehion inime

1 VO\t here for +)rc ,
K . % deform C down

S “pole. he,re for =k
B Y deform C up (cnom%es sign of mS\due,) B
Note: Tn genem\ JUSt never Cross the pole wit Nour contour,
_yegardless of locanon in UHP ov LHP |
= S\N\’rmng 4= =k should \q\e\o\ the same damping rate

w% lost hime. ... -
_ ' Fluy | f o
" Enegy o\e,nem _

5 (W.E*G. E.)

W=

AW 3T \

@l
@ll

Ex pomsmn akout o 5pccuﬁc A,
Hhe dominant Wave Nector

 *Recall: Hhe momentum of He Wove i directy related 1o the |



,eh;ekg\;_ cortent of te wone
Energ\, Huy

T 9 [W.EF (‘zoeﬁ
R

, Lcmmeo\ ovound dominant Wave vector W) some svread o

= \,\lh
&roup \le\ocw — velated fo @nerg\; Sprmd

| Ao -‘Z\J% <C aivioys

NOW: S’rowhng with the gmeval d\swrsmn relation
& s RR-TH) €

Aeveu % \MQ |
o

W____ \<Vc \ B

b2 (Jm..)
For pwhms s’rreammg around, we do ot e,xpec’r the plasma
10 be fully quiescent

~ e expeet Hermal fuctuotions | waves!

_ Thenvol Fluctvetions

e have a system of characteristic Scale lengi L

o AT & —
i
i

B E,L(zf J—Qk—) the dnelex:’mc m'\sor ————

- { ——F-) L allows for a distrete Ser of modes, i.e., makes

—  {he spectrum 0f Wove Vectors k. inthe
. S\stem d\scrm

T
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, B%an ng with Poissons equation...
_ NE=4o
=41e (Me-T0)
(. L*D_Oi gcmerou\zed for all Z-Nalues
~ Perform a distrete fransformodhon
 (wont o evaluede over adl k-values )

— 3 _""“--\_.\ o
Ex *‘d\; R
I =0y T aik e
EO= B B
T 3y? o
= 2;— etk j__dLax e ER)

g =

= Jaew §(R-50); simila o previous evaluahons over k
=l SE-TNER
Ex= E(X |

= Exis intrinsicolly spoce-dependent

Consider e plasma response 10 a diserefe parhcle moving With
Some Neotity — a “dressed pavhele”
(Refers o a bare pouficle (o exeitahon of an
elementoury quantum field ) fogether Wit some exeifadions
of ofher quantum fields ot owe physicaly inseparable
| . Trom e bare paricle
Stouding with Poissops equachon

o3

VE=410 ~IikE-4ro

| LE -k
L KU=4no , . |
PRENTOUSLY: When looking for novmod Modes ; Ref: Lec #%
 Ko-410=0
-%(hﬁl&’:‘i)xbm
KL
N\

E(k,w) = £=0 wWhen lookmg for the nNormal
modes of the s\stem



NOW: N -disqrae povcie sourte (esponse
)é@xw"ﬁ%*qw Y | -
~ usuod iinear C 87, 15 @ added background source
- Yesponse of plasima - in wiiich each pourhcle 0eiS 0s a Source
B ()
ékz\é&g ‘ka s 4W65nkw
dielectnc plasma

| eSpONse 4o Sy RHS ne ,\onger Zar0! = T +he Cose 0f
pertwrbahon Grgiye  Hhermal fHuctuadions, 0% inthis. -
~indhuded withun ) deriNadion, we are looking od Hie 1esponse

O the system 10 the distrete poricked that

Oure Streaming throuop it. e tonsequence.

is that there 18 an effectivedriver and g

_ Oeremines 4he vesponse to this driver. Te driver

~hos pavficulour vadues OF w, k. which don't necessarily -

I _sonsfy £=0 when it is present.
LW VY 0 1L -density Jo L

K By Qo = + e S0 § P

. View S ¥25P0NSe 1O W

éab. O

where , |
FEI = TIELI(E- ) s

| | - locochon & velocity of each ‘Source”

¥ Ir s cruciad to represent paurticles as disorere n TR, t)

to get fhermal fluchiahons

e e W

Aside: Propexties of FEH)

|

I » - . - - E——

L Jdgae RS = JdF dSLTIE-XDE(F k)
| - = - !

: B Cne fotad numbser of parheles

| N the plasma

Kie
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| <FEB> = £(H) L
: - ‘Hqcsmndam dlshn\ounom ﬂMC’nom R
| Such ot |
; CEEEDFEELY> = FREF) |
: - jont probodoility in e case of
L B __ne influence berween £s
! +26w-xt<ma(x TN S(F-H)3(F-H)
1 Uine 2-Particle Disvibuion Function o
; describe the influence the parhicle distmbuhons
. ~Yowe dn each ofiner (ignoring this yields owr
 standard [eollisionless) Nlasov eq. — Hhe"\-parhcle
,,,: ~ Corvelhon funchon®) o

. #TIiS Crose - 0o reladion tert is wWinodk must be

' included 1o describe that ol\ poticles oxe weoddy

' Covredaded.

'ﬂ;FoQ}iérﬂ‘r;o\nrsForkﬁ PR35 into k-Space >
— i % e‘* "&Sw 3

L

XL XLO+\ﬁ't

— Fourier Transform (.t) inmo w-space >
- T here 1s hive, not ’rempemmm

T ?---r,zj ‘if g ‘“’*e‘”"w S

7
.z S o 1 bwﬁr :
) B l.? % ) SN" q‘\

Y
o —
» ':"_\;Z '*Xmé(\’, \QL) g id‘f e\.m
S Y Iy o
= (%) i (e P o BT)

- 8“[1/( Wiln)
Ty 3
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o (el Ty, ()
T (=5 g S3-) Gy

. '¢ Plugging boack m’fo €4, (D \L ~ i
' Aaexw%—‘meja\s»s[‘ 26”"‘"’8(\?/ \M—m_i.‘”i/zl]

(chT/Z}

~ Need 4o address both + & - w:

~ Taking G & Cew 1o 0ther Side

| JQZLQ}@w.kZ\Qm X l‘@m\z

Qa0 =10saol” From Yea,hﬂ DOhdlhOt’\S
{ Yoy = LQm

- B W E/Jq)o
~~we2<2ja\;ue%*»e;ﬂwsw WSE) 4@

L sin(WiT,) sin(WiTs) N
|Caol” (W)  (WiT7)

, \Nhere,, ,

SN otxw &%, £ (W) o\zj d\Hw)
\‘XVJJ e | C\J\;(’,V(]\ 1 J L' y "
>:P 91’2)(,0

Tnepect 3 &R ¥
= ¥ must = a - ¥ sine othenpise, < e Fe> =0
- % =N, ool # 0F paurnicles in e whole sqsfem
- fLa d%ie = 1, conseriachon of 7
P - no a\/emge over |
en...

o3 sinz (%)
%@ L fd\"cw’\em\zm I
N —-sm-’-(‘*"-/z) S
IO S(w?jd(“‘T 2)
=Y\3 - | A
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wPluggmg +\m5 all lack m | /recou\ W =W -

L \ ,kw\
Je(kz\ka\z\) = Je2 | Exl”
then .
\Eka\ JE  Qaewl®
e ch)é - |
S(w ) 21e?
jo\\m e

From LeCure #8 s
e:\*zﬁ@ﬂa@)@"——é}—=>am=\+ﬁl@"—[avt k&

el f2m W= ¥ A=m WL O
/F Maxwellion
3 - L -‘me\hc‘,_m}_{;
N W JLTe Te

W= T (ereckron remp., not hime)

oo e () [
=T DHOW: w;\ga%

\ .u/\spwr \moxgmam component fo reeo\\m esiclue 4
| koe def  w
e} - Im{ K W- k% %

=2 must close contouy
Hom above

S

W-Plane

Res‘\dme,? - (cwW mmgmhom



Tinfe} = 4o o] [AEE (i) 50K
K [deE
" 'i\:UOS SCw-kE)
L»deS(w-M)- — {} e

$ Plu gmg \omck m for <‘E‘ /3> L

] lE,m\" _ \ﬁ(w %) 2we
* <_ T BT jo\ww \z =
Y - Mm | oTer
"o T S Teal
, ) , —'%no,e/’r&
20 Vs 2w Te
T T 4R, ,
| o (. o
i S Im{ﬁkww
K-WYIP
3 gasw\ _ 2T\ Te . ,
>L< ” > TWIm{gm w} | .6%@

time =

‘*’? Note that from +1is we see. et even in Herml equillorium,
Here oure ¢lectric field fluctuahons inany plasma -

Pesides diserereness in k., we also ove diseretenessinw!

dw = ZTC — T=+mMme

B <> L) O Zwoud dlsappcw/nt m‘regmiec\ werw

_ Swis S’rnch\\, veal here (its o paramerer), S0 we write
_the imaginary componenJr foom & !
-~ Imie}- k"‘ TTw Jd\?’i Stw- )& \9')

\—/‘\/\J
Yesonance oondmon



kKL

- TTwWo pourtS give Nou Ex
-~ Growth vade

- Resonance. (mﬂmsxc \magmqr\; pow+)
- Jat 7 (g-wig e
o\enommam gwas ¥eSonaice.
=~>50uroe of Fluctuohons is a resonance!

N ,“Ne, hove parhc\cs s’rreammg around (electons & \an@

| );J/

\ s*rream\ng sucn 4nat ek matones w
~Nieds Yesonance With the. Wowe
(resonoxhng e)

o int rm @ over W at o gsven k- \/a\wc since Ae
_ defines o o\ vee, of freedom:

oW is otvaome > Must Smﬂ \N\m 0 Summcuhcn‘

h:)m)\ { \ e
ZL( > = =2 ]: ™ w 7
2 - 4w N
il J  distrete > COhNUOUS ,
o (dw T {__\_1.\_ _ \ Te dw {__‘_\
e W jWIm Eaan)
L3¢ 3 Bl | dw { X
L<W %TE> 'WVZ w £ Jan -
C*:Ech\r\ch\sm u,\ourm;@ w=0 for
| eIt Zeamd? o
Need o 08k :EerY\ereaer\O\ng\m port of £ as w07
s B = 1+ b | |

| \ o ProCEes =10 Waves Coul you %@r 15 Deoye S\mddmg

 >Thereis o imaginoury conMponent in Delye shielding, 80

Im{%ei=0 0 w>0
s No singuluity nere !



= — - | KiE
~“This adlows us o pull Tm1f ot of our integyal
- principed Vodue \Y\\’Cﬁ‘(&\

B3 Emb o “—‘f%xm{P Q@-—l—k

w QT Wﬁm

v\xheké;n.. . , .
The principal Vog\\ue,m’regm\ vg\a\; ke oroken down 0s
Plaw= fawCye [Pdw(y

b =00

L skips w=0 \ouue

 Consider : | - |
_ jg dw. (,\_ - \) = [ N0 SINGUIAY TR 1N CoNtour o
c W \E With & contour defined as

At high Frequencies,
€21, 90 this canceAs
__perfecty € w02

cr

£ =|-Wre/y | .
'FOV - \ /
readly 1oge w, the plasma C\ wlong Yeod Ans™ . o
does not evennove time o *Cy corvesponds to laxoe W; We Want
feact e e \wowe, 50 £ | Fig-4o concel out, S0 We odded Hie

| | -\ term in our %
~keep i mind: There. is N0 singuiarity Wit our aoove-defined
CONTDUY. A Singulaurity i e UHP would mean a growing woe,
wiuen nnot oceur iin thermoohjnanic equilibnum for lack

of fvee energy = All poles OF & must ben fhe LAP
(ol Wowes doumped)

L fof (). [ da(y o[ dey)

C

Ca N ) , ) J

L=Hmf5 0esto 0 L'Jr\ms. i35 Whot We Wont
Q“”‘?““) j dw(A 0\ o

Jc°w 3 \"c‘w(a ‘)“_O

e : - o
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/7~ Principad Nalue wntegrad

L8 L8

_dnisiste  Residue=-iT (cw '\n’r,egmhom
infrﬁegmrlrqu wWaves

: |
— L“[ L = __\, (I
LDk ] S R
€ rmser{-

Ny /,*ko/*z\ N (_%)(M%\ o
-LW~(\+“%/AQI) \\+‘<°/)&1 ke P )

oY J Co. m‘aw‘r

,7 ..| ‘Te - i

D

e Bt
>L<W %'m >

" doshophie faulwee”
% Each deoee oF £reedom of J has /2 eneray.
E— (ZKT foreach d.of for each value of k)
Sum owrk-v’.tso*romc eswit —
- s lewl*N T (2 ) \
<"°* I K 7 2\)5 2 % \ i \+J\‘~/\40

~Usumiming over J gives
e fotd woe energy inthe
Huchuahons

i

| 2 A+ )‘/\q, —\oreaks down o Sork \qumgﬂqs A_

] \Y\SCY'\’ J( \3 Jo\)k IR
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Exwl _Te
<%%|m\> Jdk *z/ko o
il 41\:)8-0\4’.
f R
be\(\amor .
=0 for \arqse, k—\la\\Aes | |
Dwexge)n% N e intearal for smou\ J(L vmues -
& sometuing st keep s rom m\ﬂg infinure emr%
o wined? o N B

 \ave- Partinle Tnverachong LoR cn.253

~ This issuie 1 directy linked 1o vesononces! | :

- *Plasma parhCles Can exchange energy Wit waves even in the

__olbsence of classical dissipadive processes +hn>uah resonance.
_INferacnoNns Wi WoNes ¥

~~For o collisionless plasma with 1o classical dissipodion, can you
~nove ivreNesible inferackion between pardicles & wones?
> Nes! Resonant internctions bervieen parnicles and woves -
\jields, £, LrreNersile energy exchange.
* Resonaunce 1 e 0Nty oy 40 et irveversible

processes wWitnin o plasma (Y\o’reJr\naH\n%xssuc s

~only well-defined inthe absence of collisions)
~ -How do we deserie these. resonat interactions?
~ie, How do we desenige e emhomge OF enerqy loeyond just our
,, pm\r\ows Lneouthy approximohen:: —
= Powticles movmg close o the phase. Speed of e, WoNe dontt
See on osciladory field — see @ quosi-DC field —and
~Hharefore con give ortake. energy from the wone (resenant)
= Parhickes moving With Very different Velocities from W see.
_an Ostilladory field and there is fypically N0 ivreersible.

-~ energy e,xohaf\gc (non- resenont) _—



CKE
Resonant interacrions take two distiner forms dependmg on
the nodure of the wWoNe Spectrum: ,

Lot gue wreversible energy e»&hcmge\ |
@:E% \\ov« Inoe. 0 ey Ko WONE Spectruim

| . ,
, . T Aw= 0, Wrﬁcm would see e
| (w° | | Wave oscillching foreNer
Ve NOUTow -
peak e W

- This very Narvow spectvum. has neariy constont quuencq 50
the \oamo\c sees it fory a \orlg hmeg — nchJus’ra pulse like winod
~ would be seen-for o brood wose apw“rum )
=This lour e, Himeframe for intexachon allows +or

_parhicle. ﬂgpp_m% oy e wowe,

- Consider o ,pa,rﬁc\e, ,[d,cc’rrom_movfmg in the frame of e wone:
¥ wone potentid is Staic [Sihonany in the wave frome.

“(nofime-dependence in #is Frame)
€ an\E

/\/\/\/\/\/\
= Q) = 0, Cas LX)

- Tafis frame, ihe energy of 4he PQth\c isconserved

| zm\?az e =\ =parhcle eneray = Constant
T =W e
=W+ edo foslkx)
| o = %ov W<eQ, parhc\e,s are+mpped SiNce Ws 0
~ (parficle MUST he veflected becouse We ,
1 ~ coopek howe <0y
How do We dlestribe this froppin

S Eypand porentiol algout X= g [costan)m \ = @0« @, T

nwrx o - },\g@p,\s*&onw

W= Tmw - 6\0(\—?_)&273'\ . i
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/mulhp\\; on oot 81des

(2w @Q)v-—m(w—ix)( Z)

_ tpstant
??VT(W*Q‘Q) =\ ¥ o0 £ e

\—/—-’V’\—J
T His 19 Nields on ellipsein »-¥ space!
\den’nca\\\] 0,

Aot Qovv%ponds o (x=0, ¥=\fp) = ellipse central point-
= Phase space OF Wapped parhcie monion
(; 1o Jonoer aound here

Ve
SeporouTIX Hm \oouno\(m{ sepamhn

4Wo modes of behavior N a
% differentiol equodon’)

Crifical points — erifical energy Value beyond wiich
~The particle is no longer +rapped

= Characteristic fime associated With s :

_i.e. e oounce time of deeply trapped parhcles

e K g

\ ~‘*‘(\N+ e, 0 QOHSTan’r
= faking e time derivastve o find the equomon of mofion...

9= ww J—&—euz o

—->\/\+J—Q'—6LQ Y=0— \qowmomc osetioror!

\_/V—\J
: — the bounce frequenc\, - -
= )L% * Note: e ounce Himeseale connot loe

i descrived oy linear Heory "



> fHom +hris we, cansecr hat We»Aw I8 Yzquived
for particle trapping

@ TF Nou howe o Very broad wave Spectrum

\E,wx\ :
AL W— | il |
: . Hexe, Aw > Wy = the pavicle 6ees
1w many Wones and Sees conerent

_(cceleraion onty for o shovt Hime

-+ Covrelahon fime, .
M ime inwnich the parhcle Wil see s Wove
-‘: 2%
BW — A = gpectrad width
=T Wele <<\, there Will & N0 porncle ‘rmppm
(no fime. for & \oouncc Y. Instead We, %e‘r .‘(_O\DQQVIQ_
interactions of Poxticies With WoNES — o Series
of small “kicks" as the wones tome in and leove.

~ How do We destriloe thig sexies of kicks?

KLE

> The energy extnonoge of Hie particles with wones can be.

- treated using o Stheical approach ,
F0fren e nonlineanies of e system con hen be considered

weok and one can expand the equicthons of mohen inpewers of

Wowe amplitucle

= Quiosilinear Theory!

e cannot deserioe vesonant inkeraction ® wirh linew +heory

our vesonant inferaction @ may be eshimosed as such
~Wnen Here i pournele frapping, e sionstal appreach dees
~ ot work; iefion is then tully nonlinea



