Lecture 15 - Curyature 101
Geadesic: n sraight line Hreugh curved spacetime
ol %\%\L =0 J 9radient of e Vector along itself
=<&U=U (VU)
=,VZBMP = 0 —1o projeiion along W
Chnange \n 00s1S Vectors within fe Covanant dervadive
accounts for Curvature 1o keep fangenhol Components parnliel
“The projection should never chanoge for'a oeodesic
L No external forces
Types of ogodlesics :
%1 Fime-+ Tor ObjeCts With non-zero rest mass; hos

like null-like |
(Tight-like) 98=0

$>0 Hm

7

b3

swce—likc ﬁ\m proper
L

Curvature
We \Wanto hove gm\vt‘w oW, WICK 1S just Cvokure of spacefime
Finding the equahons:
* Begin With Newtons oravity
V*E=41Go
Lot our equanon 1o reduce to411is INNe Weak GOty limit
Whott is Necessary 1o deseribe curvoture?
~ Stork With the metric o o single point
inertial frame
X %o(p ¢ %mp
10 independertt 0t 0 SiNgjle Point, you tantt even deecribe
Natues (Sfmmemy) e, \oeal Neighloorhood \gecause you can
\s Lovdinote trans.  alwons Shitt te poird (change your
Al ndependent Nolues frame ) = coannot simultoneously desenie
Suanens With and Without mass

—>




- add a derivahive

( We Can ahwons force +1e local area 1o be Fo, Qupy =0
TThere ore frames fn Which this can tell you nothing (wnen flat),
50 You connotguarantee information on gravity With this
- introduce Christoftel symibols
X Uez=0, os implied by+he Levi- Civita equation
SquiNalenttoy
A=0,= 9= — oy inertial / geodesic coordlinates
This still lacks informationt
(net generally ovariont)

Must introduce 2 derivatives)!
Simplest e devivahive, covanant form o
V”KVP Vi = \Ju; g
L generic one- form
This is atensor (devivatives are covariant) which tontoing second
derivatives of the Christoffel symbols.
-~ Expond the tovariont derivative wrt.
Vox; 6% = (—Vﬂmld
6 (Vg
= \ogpt ~ Uy Nove = Ut Nogor
\ L one term for ench
Lmpenent, o and g
Each of he hree covariont derivakives can be expanded
> onswer of theform~y - one- form
\/“35‘1( = [-] \'/q_,p't * [.-l \/p‘o" + t]\lp
— L \Whiletne sumis o fensor, We CoNNot
son anyHINg alooud e nature of
ese components
Whiere the terms in orockets involve 2™ derivodives in 9
* Need an txpression inNolving Ne alone!




construct someﬁhing of the fol\ow‘mg form
[Vx,Vp] \lo( > \Io(; [ S \jm;‘&e
derivethives in N will coneel out
-consider e lefthand derivahve first
\'oc; Y [\J“m];“l i \Ims g~ oto; \’U'EP - P:’; \10&:0‘
Voxpond covariant derivatives ¥
= (Vg = 5 Ny )y = 125 (Vg = T \o) = P (N ToN )
~then similarly for the rignthand derivatve
\]a;'&ﬂ = [\’0‘3'8]‘.{5 = \}“;'K.ﬁ - P:é \}0‘3’5 o P’Xi\JO"»U'
= (\Jms" P:x\)o‘).p s P:;(\lu-,'x" ﬂ,fx \/,o) T P;; (\'u,o"‘ o::'\lp)
g plugging in y " -
\lu;m; - \Iu;-gp L (\Ioc,p"' rlu@\ly)“ - (\lu.‘t" l—‘w‘ \Id‘),p* P:; (\jc-&" P,’; \lp)
o (Nova= T Vo)~ Ty N = TaVo )+ T (N = TVl

gy =it by commutativiy of parhal differenfiation

: W)J\Jg; - %‘& - M ¥ S_P::),p\lr
+M”AP aape rltns\l/o* W"' e Mg No
55 = e, by symimiesry of 4he connection coefficients
= P:;x), \ (V‘r ).‘X\IO' Ll Vof; PU,‘;\J/O"' P;P;x \p
becouse tese are just arbitrary indices, we can
SWitth 0> < in+these toms
Nog, 68 = \oxstp = (Pog;.p = P«/;'a + [ Po"; - P:; T )\/,o
Tsince fne et -hand-side is o fensoy, ¥ne term inthe
varentheses must also e o tensor
Then, lwowing
[Vx i Vp] \/m & \’agi g3~ \Iu;’tp = R;n( \LO
We con Sory the 1ensor value in parentheses aloove must corvespond
fothe Ri
=7 Rf:px = Po?fs.p" Po':e:x v Mot r';p = P,,;‘; Pc,’»;
Lpotentially 260 independent components
*NOTE: The, eguation for the LeNi- Civita connechion means thot
R&}a contnins e medric and its first derivatives



‘31 (‘5“&# * Ospux” 0)«;55
= The appearnnce of derivatives of Hie, Connection

means hat R«m also Contains second devivahves
OF the Meric
_ =In Frwl\; Fm\mg frames, e First derivatives of ¥e metricare
~ 2exo,but the second devivadives (representing tidal Forces) donot
__Nanigh in general, s0 the. curvo\mn’rmsov and grovity cannot
_olways e "transformed away"

N\" ;

'b’_
M=

~ *ihere is no corvtion for Y sign of e Riemann fensor; soou

N YY\,O\\_{,Sﬁb_dﬁ?ﬂrm%ﬂf,s}gﬂ,,ID,A,\O,QOKS,,

 Whatif wehwve flot spacetime?

. 1'=0,090=0
SR =0, all shruthure islost (o expected for S\mp\tﬁcahon')

Vu,p'zf \Jm,ﬁp Km\l,o correspondsb R
- mismm =gt

- Neotor N is first Mnspomd A=D>C
Y pssocioted widh Ny o

The SaMe vector is then oken A2B>C
Y osseciated with \™ 55
_ *CUnodure COUSES the, Veetors a C o differ! "
~ ANetor pavallel fromsported e wows avound tne some. oop does
ot mafth upatthe encl $-here 1s curvoture..

ie., covaviant differenhiohon s commutatfive in flatr Space

_Awo different curotures

-y constont-



R&cal\ l’r:sm chan c m baens vemrs in +hc covamrﬂ— olcnvahve',  ,

~ Ahot allows for parallel transportover a curved surface
bon m(;ﬁswmoe of 0 Sphere, You WILL change ovientolnon

EN pavallel +mnsporhn9 0 ever pom+ o 0. CUrVatUre, one.
_ Could constructthe Riemann. c\mmmm Tensor

**“"‘g*“‘e’*,‘g’d"gs"c Devipfion:
o o\\f{’e/@nJr Dycoo\ esics can ‘sense gm\n’n.[ oerveen Hhem

Two geoo\c%\ce) Fol\owmg cunoture - mo\y
TR | ~  Sepoynfe or cometogether
AR _—The difference between paths describe te qcodcsm |

__devintion (ak.a.the effects of fides)
e equation oﬁaeodwc dﬁ\nahon .
 Consider Hhe relakive distance  etween o nearioy parholcs
 okPond @ undyrgomg qe,odcssc motion (free-fall)

ol denw. b . —f = X/ob\ . o
gy D’w ¥y # L kensor
= ff:fffmm O R"‘"”X w0 egquoton

ool aecdernfion term -
 wherehne ’fo’(a\lo\\oso\u‘rc derivatives allow for variations in componems .
o coused purely by curved coordinates.
EL o bsuththor Pw
4 D% in e absence of gm\m\; .
_ The tidal pecelomtion fenm therefore mpmmts tneepfecror
grow ity that 15 NOT removed by free-fall cank be “transformed vay*)

/- —~InNenfonian physics : tides oire cansed by avariotion in the
gmvﬁrmhonou field, U, and since =-g, fides are
_ veloted to V29

. onotner md\wﬂon o?m@ connecmn \oefr\/\te@n cwvaMm and
e left-hand-side of V2d=4160



W

‘Reooll - The Fu\\\; covanant R\emomn Curvature Tensor com /Bonen’rs ore >

P\mpxs = qogo R pr3 = qm(r‘pw r'pi.s * r‘ps o — r‘p‘i (s )

| >Spwox\\ae Yo geadesic coordinates inwWnichthe connection
Qo notin gemm\ ifs derivafives) vanish -~ -
Lie, work inooeal Loventz frame ot some point F such that Pris

_;ssoCiorted with e Coorolinates (0,... 0) and Gue= 7L anc ag«@ 0
Aen

ot P Tnthe locat Loventz frame, e Chnstoffel symbols

vonieh o P
Rupys = Q\mp( Mess — Pp‘t %)

7,‘su\oshm‘re e Levi-Civit cquah on
A \Lﬂxp 2@%( « Qspoo = x5 )

xs—%oio %ﬁ(q‘w‘% Qus,p qu,o&);x— gﬁd(gpx-x’f@m,p g,a'&u)s]

7_(%@* Qus, p%~ Djps,uX"W‘s Oy, 31 Qp, x5 )

pxts oy Commutaiivity of parhal differenhiakion

:Rup'xs = (Qwa,pz Ao, p3 + Qes.0xs — Ops, 3 )

The ripjt- nond- Side 19 N0 longer atensor, but it ol \ovxrs US m
estoblish symmetnes thot vavie t2nsoriol ond therefore,
hold in all frames

The fouowmg SyMmetries (re ensily estollished:

Rugis = Rysxp

-_R,m% R I N L Sm—— Cp—

=-Rxps¥ of covonont denvanves

V~f> From hese symmetries we can nize thot Hhere are. NOT
\

| 250 independent tomponents, buronly 208
' Lihis coweeponds 0 om\, one independent controchon

Rp“rq Rogss B
) mwmm nomhom ,

Lﬁf _ Reg=Ropo=9" Roupe * *The Ricci Tensor**
Al other conthpehnions of the Riemann C\Awamm‘rensor S
| arewodmem o\epeno\mc\es

R/J:xp g Ro;axp 0, erc. B



_"The Ricei Tensor can keeome tne Riczi Scalar b\; con’rro\chng agmn

_ LR=0%Rep= R

_ Fromall this 0ne 0N 0ONSIYUCH e Bianchi Toenty:

St with ma couan Nt devivahye of e R\emann+@nsor
T 3 ( _PQus P9t PQws . _F9es > -
P Zax“ TP BN wfa ™)

Wexmm)rc?( 3, and 1 |
- Rapys; ™ Roguz;a* Ropsud = 0 **The ?)\ahch\ldmhw**

. Nolueof %eodm\c codrtinaotes r—

_ NOTE: ¥his identity is important in ca\cv\\O\hnngm diverence

. oftheRicei tensor (needed for Einstein Reld Equations) |
_As vwrh he Ricth tensor, you tan also controct e Bianchi Idenhw

7 Q (K«pxs At Roput; s+ Rcgapmr)

| Retur s = Rpur =0 **The (oniracted mnchr_menhw .
R controct o ond o L o | | |
97 (Retiu Rpms Reu3)=0

e [:ﬁff*f Rp=Ring = Riaat =0

N

OY\O\Y\(AGEA’MQ
| RM R,Moc"‘R% =0
i Oonhradr M omo\ R
QM)\A(PR o&“‘%ﬁp‘i) =0 , o
R, R x— R /\O&CCMS@ us’rowm
- MW\OWYS@@ RE 4= R nndl(‘,@é
%‘Zgup-m

S | ,,,R“p 'ZR,,M

L ~ihis bulo\nces?m e\nerg\; -momentum coneenatfion
equ\ahons‘r“p,‘x—-o (From Lecture #11) S

S where differenhothng te Riemonn tenser yieldsthe



Oty s From the Newwinon equcuhon
-3 iscClosely related tothe metvic
- \* suopests tar we should look tor Some tensor mvo\vmg tne
_ suond derivortives of e mearic, Oueis
~The metrie showd e o (3) fensor like T o
LT contonanant form of e Riea: tensor sahshes taese Condifions
CAneatz:  some gonstant

*';ﬁfffﬂMakew work:
_ Define o new nnson,minsimnm

o= (RP-3R0®) -
Ra Rox )p\‘ o\@%nmon oF R Hrch\cm Sca\ow,,,,,,,,,,v,

v - —L&«q - V@ °

~ We, Seek 0t relafivistic version of e Newtonion cquahon
Vz.ér = 4B

B /ETW;m\ahvmhcar\a\o%eoFﬁﬂedwsHy epie

st —energy fensor, T St Wit thie

o->T% phich sisties e (variant derivative

T, = 0

R kT

T b @ond CPnsymeme.
\L'\TX\(@ Oll\f@Y%ﬁ(]()&OF botl1 Sld(’ﬁ \\,

| R i—)ﬂ“f’
-\/N—\;R,u 40, ospresented earlier
jm ol\ve aimc on \etHnand-sicle does not vanish!

0,0y definifion

T“" CanNot oo ngwr‘ B

- Gf=R*¥- zRg“p
L*Soxhsﬁasn

R 2R« q"‘“« zRq o
=0



-~ nsteins Field Eouafions <

S &“’—-'.)RT”‘B ~ *nefied equations are second order,
L LR Rq“e J&T“P _non-lwear difterenhal equotions
I ~ fortemehic
e Newdonin Limit -

| Eineteirs equations must reduce to V2 E=4nGo intne cose of

_slow mMotion in weok fields.

Tatke Contrachion With Oug 1o O/laﬂq@ W)C form 5
=R e Rieo sealor =T oscalay \!ou

qmp&“" (go&pw@) ZRM) = k( “p-\—ot@)

= dex =4 WSUm 0\/(’)’0“0(%0)’16“ JFWYIS -

 =R-2R=KT
L RedT
| R®P+4(R )qup = 1 .
| p\\ch in found e
R z\kYg“p = kT%
R R(TP-ETO)
S ,_wlov\er ndices fo oommn)r form
e \m, ST (e B)hhe=pGe
,,Requwed limifs:
O%2« ot Newtonian Wit
L prassum suppressed by (2 Very small
: "’To(pw/oMmUp
@@up*“‘ Neap ., e W@Utkqm\\nw hm it
B U« Ure, e slow mohon imit
,,,,, - T=o¢? .
@solution must e time-independent
—>Or\\\g T IS NON-Z€Y0! All spahal terms are ncghglb\e,
_under these assumptions
Owp N Tlee > o=



U= gwu“

 Ru=Liso= Mot (oo PRS0

N underhmc 1depmdmw asfsumphon —

2 Roo\ﬁ r’oo,l_ —

| : wh%m o
2.
= —=~"ul- 9 'E et 5 — szzi e —

_from &e%acsncs weknow
.t/cz

cz a\/\L axl'

~ Suostitute inio heid CQ\AO\hms@ B -5

Roo = R(Too - zJ@oo\ R

L PF g ( o= i pc%,) o f I
Vi"*‘&/@ U S——

YY\U\%V + 4%(‘7\

0o eouired!

_ The full Einstein Field EqmahOYlSD\m’rhm B
. = K”‘ﬁ.._ggj“ﬁ - ...X'“:e‘ 'T“p L= NS SO
/ 0

| L»Too"/ououn "‘/o(',2 e
~ What poout Rxe?

~ The 00- com’j)onen'r of Koge is |

o on[osmal SOWScmuerbeneghglb

f STl \{\e\ds-‘rhc Newonion cquahon R

 *Note MWrIOmdependeWrcqumon% hove replaccd S
~the singular equakion =41l



