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Abstract

Suppose one is given a discrete group G, a cocompact proper G-
manifold M, and a G-self-map f: M — M. Then we introduce the equiv-
ariant Lefschetz class of f, which is globally defined in terms of cellular
chain complexes, and the local equivariant Lefschetz class of f, which is
locally defined in terms of fixed point data. We prove the equivariant Lef-
schetz fixed point theorem, which says that these two classes agree. As a
special case, we prove an equivariant Poincaré-Hopf Theorem, computing
the universal equivariant Euler characteristic in terms of the zeros of an
equivariant vector field, and also obtain an orbifold Lefschetz fixed point
theorem. Finally, we prove a realization theorem for universal equivariant
Euler characteristics.
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0. Introduction

Let us recall the classical Lefschetz fixed point theorem. Let f: M — M be
a smooth self-map of a compact smooth manifold M, such that Fix(f)NoM = §
and for each = € Fix(f), the determinant of the linear map (id —T,f): T, M —
T, M is different from zero. Denote by T, M€ the one-point compactification of
T, M, which is homeomorphic to a sphere. Let (id =T, f)¢: T, M¢ — T, M€ be
the homeomorphism induced by the self-homeomorphism (id =T, f): T, M —
T,.M. Denote by deg((id —T. f)¢) its degree, which is 1 or —1, depending on
whether det(id —T, f) is positive or negative. Let

L) = Y ()7 trg(Hp(£5Q) = Y (=17 - trz(Cy(f)
p=0 p=0
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be the classical Lefschetz number of f, where H,(f; Q) is the map on the singular
homology with rational coefficients and C,(f) is the chain map on the cellular Z-
chain complex induced by f for some smooth triangulation of M. The Lefschetz
fixed point theorem says that under the conditions above the fixed point set
Fix(f) ={x € M| f(x) = x} is finite and

L) = > deg((id —T. f)°). (0.1)

zeFix(f)

For more information about it we refer for instance to [1].

The purpose of this paper is to generalize this to the following equivariant
setting. Let G be a (not necessarily finite) discrete group G. A smooth G-
manifold M is a smooth manifold with an action of G by diffeomorphisms. It is
called cocompact if the quotient space G\M is compact. It is proper if the map
GxM — M x M, (g,m)+— (g-m,m) is proper; when the action is cocompact,
this happens if and only if all isotropy groups are finite. One can equip M
with the structure of a proper finite G-C'W-complex by an equivariant smooth
triangulation [4]. The main result of this paper is
Theorem 0.2 (Equivariant Lefschetz fixed point theorem) Let G be a
discrete group. Let M be a cocompact proper G-manifold (possibly with bound-
ary) and let f: M — M be a smooth G-map. Suppose that Fix(f)NOM = and
for each x € Fix(f) the determinant of the linear map id =T, f: T,M — T, M
1s different from zero.

Then G\ Fix(f) is finite, the equivariant Lefschetz class of f (see Definition
3.6)

AC(f) e U“(M)

s defined in terms of cellular chain complexes, and the local equivariant Lef-
schetz class of f (see Definition 4.6)
AL (f) € U (M)

is defined. Also A“(f) and AC

loc(f) depend only on the differentials Ty f for
x € Fix(f), and

AC(f) = AL.(F).

If G is trivial, Theorem 0.2 reduces to (0.1). We emphasize that we want to
treat arbitrary discrete groups and take the component structure of the various
fixed point sets into account.

In Section 1 we will define the orbifold Lefschetz number, which can also be
viewed as an L2-Lefschetz number, and prove the orbifold Lefschetz fixed point
theorem 2.1 in Section 2. It is both a key ingredient in the proof of and a special
case of the equivariant Lefschetz fixed point theorem 0.2.

In Section 3 we introduce the equivariant Lefschetz class A%(f), which is
globally defined in terms of cellular chain complexes, and in Section 4 we in-
troduce the local equivariant Lefschetz class AC (f), which is locally defined

loc



in terms of the differentials at the fixed points. These two are identified by
the equivariant Lefschetz fixed point theorem 0.2, whose proof is completed in
Section 5.

A classical result (the Poincaré-Hopf Theorem) says that the Euler charac-
teristic of a compact smooth manifold can be computed by counting (with signs)
the zeros of a vector field which is transverse to the zero-section and points out-
ward at the boundary. This is a corollary of the classical Lefschetz fixed point
theorem (0.1) via the associated flow. In Section 6 we will extend this result
to the equivariant setting for proper cocompact G-manifolds by defining the
universal equivariant Euler characteristic, defining the index of an equivariant
vector field which is transverse to the zero-section and points outward at the
boundary, and proving their equality in Theorem 6.6. As an illustration we
explicitly compute the universal equivariant Euler characteristic and the local
equivariant index of an equivariant vector field for the standard action of the
infinite dihedral group on R in Example 6.9.

To prove Theorem 6.6 was one motivation for this paper, since it is a key
ingredient in [10]. There a complete answer is given to the question of what infor-
mation is carried by the element Eul® (M) € KOS (M), the class defined by the
equivariant Euler operator for a proper cocompact G-manifold M. Rosenberg
[11] has already settled this question in the non-equivariant case by perturbing
the Euler operator by a vector field and using the classical result that the Euler
characteristic can be computed by counting the zeros of a vector field. The
equivariant version of this strategy will be applied in [10], which requires having
Theorem 6.6 available.

In Section 7 we discuss the problem whether there exists a proper smooth G-
manifold M with prescribed sets mo(MH) for H C G such that x&(M) realizes
a given element in U%(M). A necessary and sufficient condition for this is given
in Theorem 7.6. Again this will have applications in [10].

The paper is organized as follows:

The orbifold Lefschetz number

The orbifold Lefschetz fixed point theorem

The equivariant Lefschetz classes

The local equivariant Lefschetz class

The proof of the equivariant Lefschetz fixed point theorem

Euler characteristic and index of a vector field in the equivariant setting
Constructing equivariant manifolds with given component structure and
universal equivariant Euler characteristic
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1. The orbifold Lefschetz number

In order to define the various Lefschetz classes and prove the various Lef-
schetz fixed point theorems for cocompact proper G-manifolds, we need some



input about traces.

Let R be a commutative associative ring with unit, for instance R = Z or
R =Q. Let u: P — P be an endomorphism of a finitely generated projective
RG-module. Choose a finitely generated projective RG-module @) and an iso-
morphism v: P ® Q =N é
RG-endomorphism

i1 BRG for some finite index set I. We obtain an

vo(u@®0)ov t: @RGH@RG.
iel i€l

Let A = (a;,5)i,jer be the matrix associated to this map, i.e.,
je I} .

trre: RG — R, ng~g — 7y (1.1)
geG

’UO(U@O)O’Ufl({’LUZWZ'EI}) = {Zwi~ai7j

i€

Define

where 71 is the coefficient of the unit element 1 € G. Define the RG-trace of u
by

tng(u) = ZtI‘Rg(aii) € R. (12)

iel

We omit the easy and well-known proof that this definition is independent
of the various choices such as () and v and that the following Lemma 1.3 is true.
Lemma 1.3 (a) Letu: P — Q and v: Q@ — P be RG-maps of finitely gener-

ated projective RG-modules. Then

trrg(vou) = trrg(uow);

(b) Let Py and Py be finitely generated projective RG-modules. Let

<u1,1 u1’2):P1€BP2—>PleBP2

U2,1 U222

be a RG-self-map. Then

u u
trRG( Lho L2 ) = trrg(ui1) + tree(us2);
U1 U232

(¢) Letuy,us: P — P be RG-endomorphisms of a finitely generated projective
RG-module and r1,79 € R. Then

tI‘R(;(Tl cuUp + 7o - Ug) = 7ry- tng(ul) —+ 79 'tI‘Rg(UQ);



(d) Let a: G — K be an inclusion of groups and u: P — P be an endomor-
phism of a finitely generated projective RG-module. Then induction with «
yields an endomorphism au of a finitely generated projective RK -module,
and

trpr (auu) = trpa(u);

(e) Let a: H — G be an inclusion of groups with finite index [G : H| and
u: P — P be an endomorphism of a finitely generated projective RG-
module. Then the restriction to RH with « yields an endomorphism a*u
of a finitely generated projective RH-module, and

trrp(a®u) = [G: H| - trre(u);

(f) Let H C G be finite such that |H| is invertible in R. Let u: R[G/H] —
R[G/H] be a RG-map which sends 1H to 3 pcg pron - 9H. Then

R[G/H] is a finitely generated projective RG-module and

trra(u) = |H|™'-rig;
tI‘Rg(idR[G/H]) = |H|_1.

Let G be a discrete group. A relative G-CW-complex (X, A) is finite if and
only if X is obtained from A by attaching finitely many equivariant cells, or,
equivalently, G\(X/A) is compact. A relative G-CW-complex (X, A) is proper
if and only if the isotropy group G, of each point x € X — A is finite (see
for instance [7, Theorem 1.23 on page 18]). Let (f, fo): (X,A) — (X, A) be
a cellular G-self-map of a finite proper relative G-CW-complex (X, A). Let R
be a commutative ring such that for any z € X — A the order of its isotropy
group G, is invertible in R. Then the cellular RG-chain complex C, (X, A)
is finite projective, i.e., each chain module is finitely generated projective and
Cp(X,A) =0 for p > d for some integer d.

Definition 1.4 Define the orbifold Lefschetz number of (f, fo) by

LRC(f,fo) = D (-1 -trra(Cplf, fo)) €R. (1.5)

p=>0

One easily proves using Lemma 1.3

Lemma 1.6 Let (f, fo): (X, A) — (X, A) be a cellular G-self-map of a finite
proper relative G-CW -complex such that |G| is invertible in R for each x €
X — A. Then:

(a) The equivariant Lefschetz number LG (f, fo) depends only on the G-homo-
topy class of (f, fo);

(b) Let (g,90): (X,A) — (Y,B) and (h,ho): (Y,B) — (X, A) be cellular G-
maps of finite proper relative G-CW -complezes such that |G | is invertible
in R for each x € X — A and |G| is invertible in R for eachy € Y — B.
Then
L%(goh,gooho) = L™ (hog,hoogo);



(¢) Let a: G — K be an inclusion of groups. Then induction with « yields
a cellular K-self-map a.(f, fo) of a finite proper relative K-CW -complex,
and

LR (a(f, fo)) = LC(f, fo);

(d) Let a: H — G be an inclusion of groups with finite index [G : H|. Then
restriction with o yields a cellular H-self-map o*(f, fo) of a finite proper
relative H-CW -complex, and

LR (a"f) = [G: H]- LRO(f).

Remark 1.7 The rational number L@Y(f, fo) agrees with the L2-Lefschetz
number L3 (f, fo; N(G)) introduced in [9, Section 6.8]. Tt can be read off from
the map induced by (f, fo) on the L2-homology of (X, Xg) by the analog of the
usual formula, namely by

LO(f.fo) = LOU S N(@) = D (=17 - trnia) (B (. foi N (@) .

p2>0

where trpr(¢) is the standard trace of the group von Neumann algebra N'(G). A
similar formula exists in terms of H, (X, Xo; Q) only under the very restrictive
assumption, that each QG-module H,(X, Xo;Q) is finitely generated projec-
tive. If G acts freely, then LCE(f) agrees with the (ordinary) Lefschetz number
LG\ (f, fo)) of the cellular self-map G\(f, fo) of the finite relative C'W-
complex G\ (X, A). If G is finite, then (X, Xo) is a finite relative CW-complex
and

LQG(fafO) = |_(1;|LZ[{1}](f7f0)

The following description of L (f) will be useful later. Let I, (X, A) be the
set of path components of X,, — X,,_;. This is the same as the set of open cells
of (X, A) regarded as relative CW-complex (after forgetting the group action).
The group G acts on I,,(X, A). For an open p-cell e let G, be its isotropy group,
€ be its closure and Je = e — €. Then €/de is homeomorphic to S? and there is
a homeomorphism

he \/  €/o¢ = X,/X,0
e’ €1, (X,A)
For an open cell e € I,(X, A) define the incidence number
inc(f,e) € Z (1.8)
to be the degree of the composition
eloe s\ &)oL X,/ Xy
e’ €I, (X,A)

—1 o
ER 0/ X1 s ¢ /0’ 22 €/ 0e,
e'el,(X,A)



where 4. is the obvious inclusion and pr, is the obvious projection. Obviously
inc(f, e) = inc(f, ge) for g € G. One easily checks using Lemma 1.3

Lemma 1.9 Let (X, A) be a finite proper relative G-CW -complez. Consider a
cellular G-map (f, fo): (X, A) — (X, A). Then

LOG(f, fo) = D (=1)P- Y |G|t -inc(fe).

p=>0 GeeG\I,(X,A)
2. The orbifold Lefschetz fixed point theorem

This section is devoted to the proof of:
Theorem 2.1 (The orbifold Lefschetz fixed point theorem) Let M be a
cocompact proper G-manifold (possibly with boundary) and let f: M — M be
a smooth G-map. Suppose that Fix(M)NOM = 0 and for any x € Fix(f) the
determinant of the map (idr, pr =T f) is different from zero. Then G\ Fix(f)
is finite, and

LOG(f) = Y |Ga|7" - deg((idrn —T:f))) -
G\ Fix(f)

Theorem 2.1 above will be a key ingredient in the proof of the equivariant
Lefschetz fixed point theorem 0.2. On the other hand Theorem 0.2 implies
Theorem 2.1.

Let us first consider as an illustration the easy case, where G is finite. Then

LOG(f) = |Gt - LU (f) = |G|7L - LEHBI(f)

by Lemma 1.6 (d) and LZ{M(f) is the (ordinary) Lefschetz number of the self-
map f: M — M of the compact manifold M. The non-equivariant Lefschetz
fixed point theorem says

LZ{l}(f) = Z deg ((idg, v —T% f)°) -
Fix(f)

Thus Theorem 2.1 follows for finite G. The proof in the case of an infinite group
cannot be reduced to the non-equivariant case in such an easy way since M is
not compact anymore. Instead we extend the proof in the non-equivariant case
to the equivariant setting.
Proof of Theorem 2.1:

Fix a G-invariant Riemannian metric on M. Choose €; > 0 such that for all
x € M the exponential map is defined on D, T, M = {v € T, M | ||v|| < e1},
where ||v|| for v € T, M is the norm coming from the Riemannian metric. Such
€1 > 0 exists because G\M is compact. The image N, ., of the exponential



map on D, T, M is a G-submanifold of M and a compact neighborhood of z.
The exponential map induces a G,-diffeomorphism

expy D, T, M = Nge,

with exp, ., (0) = = whose differential at 0 is the identity under the canonical
identification ToDe, T, M = T, M.

Since G\M is compact, we can choose €2 > 0 such that f(Nze,) € Ny,
and T, f(De, T, M) C D¢, T, M holds for all z € Fix(f). Notice that exp, .,
restricted to D¢, T M is exp, .. We want to change f up to G-homotopy
without changing Fix(f) such that exp;}il ofoexp, ., and T, f agree on D¢, T, M
for some positive number €5 > 0 and all z € Fix(f). Consider x € Fix(f). Notice
that exp ¢ of oexp, ., sends 0 to 0 and has T, f as differential at 0 under the
canonical identification ToD., T, M = T, M. By Taylor’s theorem we can find
a constant C7 > 0 such that with respect to the norm on 7, M induced by the
Riemannian metric on M

[l exp;é1 of oexp, ., () -T.f)| < Ci- Hv||2 forve D, T,M. (2.2)
Since det(id =T f) # 0, we can find a constant Co > 0 such that
|Tof(v) —v|| > Co-||v] forve T, M. (2.3

)
Choose a smooth function ¢: [0,e3] — [0, 1] with the properties that ¢(¢) = 1
for t < min{C2/3C1,e2/3} and ¢(t) = 0 for t > min{C3/2C, e2/2}. Define

h: Do, T,M x [0,1] — D, T,M
by

h(y,t) = (1—to(|[v]]) -expre, of o exp, o, (v) +to(|[vl]) - To f (v).

Obviously h is a Gy-homotopy from ho = exp, L of oexp, . to a Gy-map
hy. The homotopy h is stationary outside Dyingc, /204,72y 1M and hy agrees
with T, f on D, T, M if we put e3 = min{C3/3C1, e2/3}. Each map h; has on
Driin{cs /201,622y T M only one fixed point, namely 0. This follows from the
following estimate based on (2.2) and (2.3) for v € Dyin{c, /20y 602} T M:

[lht(v) = vl
= |Tuf(v) vl =
11 = to(l[vll)) - expze, of 0 exp, (, (v) = (1 = te(|[v]])) - T f(v)l]
1T f(v) = vll = (1 = te(|[v]]) - [l expz e, of 0 expy e, (v) = Tuf (v)]]
Cy - [Jo]] = (1 = to(l[v]]) - Cr - |[olf?
(Ca = (L =to([[vl)) - Cr - [[ol]) - ||v]]
Ca - [vl[/2.

(A\YARAVARLY

In particular we see that the only fixed point of f on Nyin(c,/2¢,,e0/2},2 18
x. After possibly decreasing €; we can assume without loss of generality that



Ne o M Ne, y =0 for z,y € Fix(f),z # y. Since M is cocompact, G\ Fix(f) is
finite.

Since hy = hg has no fixed points outside Dyingc, /204 ,e,/2) Te M, each map
h: has only one fixed point, namely 0. Since the G -homotopy h is stationary
outside Dyin{c,/2¢, ,e5/2) T M, it extends to a G-homotopy from f to a G-map
f’ such that Fix(f) = Fix(f’) and

expy e, of 0 exp, o, (v) = Tof'(v) = To f(v)

holds for each = € Fix(f) and each v € D, T, M. In the sequel we will identify
D, T, M with the compact neighborhood N¢, . of z by exp, ., for x € Fix(f).
Since L2E(f) depends only on the G-homotopy class of f, we can assume in
the sequel that f agrees with T, f: D, T, M — D. T, M on D.T,M for each
z € Fix(f).

Next we analyze the G-linear map T, f: T,M — T, M for x € Fix(f). We
can decompose the orthogonal G, -representation T, M as

n

T,M = @ Vi

i=1
for pairwise non-isomorphic irreducible G ;-representations Vi, V5, ..., V,, and
positive integers my, mo, ..., my,. The G -linear automorphism T, f splits as

&7, fi for Gy-linear automorphisms f;: V" — V™. Let D; = Endgg, (Vi) be
the skew-field of G -linear endomorphisms of V;. It is either the field of real
numbers R, the field of complex numbers C or the skew-field of quaternions H.
There is a canonical isomorphism of normed vector spaces

EndRGi (‘/;ml) = Mmi (DZ)

Since the open subspace GLy,,(D;) C M,,,(D;) is connected for D; = C and
D; = H and the sign of the determinant induces a bijection mo(G Ly, (R)) —
{£1}, we can connect f; € Autg, (Vi) by a (continuous) path to either id: V" —
V™ or to —idy, ®idym;—1: V™ — V™. This implies that we can find a de-
composition '

of the orthogonal G,-representation T, M into orthogonal G ,-subrepresentations
and a (continuous) path wy: T,M — T,M of linear G -maps from T,f to
2 -idy, @ Ow, such that id —w; is an isomorphism for all ¢ € [0,1]. Since w; is
continuous on the compact set [0, 1], there is a constant C3 > 1 such that for
each v € T, M and each t € [0, 1],

lw ()| < Cs-v]l.

Choose a smooth function %: [0,e3/C3] — [0,1] such that ¢ (¢t) = 1 for ¢t <
€3/3C3 and ¥(t) = 0 for t > 2e3/3C5. Define a G,-homotopy

u: DES/CSTJCMX [O, 1] — DT, M, (y,t) — wt~w(|\vll)(“)-



This is a G -homotopy from f Doy TuM = T.f D.,T.M = Wo|p,, T, M tO a linear
Gp-map u;. The map u; and the map 2idy, ® Ow,: T,M — T, M agree on
D, /3¢, ToM. For each t € [0,1] the map w;: D, e, ToM — D, T, M has
only one fixed point, namely 0, since this is true for w; for each ¢t € [0,1] by
construction. The G,-homotopy u is stationary outside Dy./3¢c, T M. Hence
it can be extended to a G-homotopy U: M x [0,1] — M which is stationary
outside Dy /3¢, T M. Since

LEC(f) = LEC(Uw);
deg((id =T f)%) = deg((id=T;U1)%),

we can assume without loss of generality that f looks on D, ,c, T, M like
2idy, ® Oy, T, M=V, oW, - T, M=V, W,

for each = € Fix(f). By scaling the metric with a constant, we can arrange
that we can take €/3C5 = 1/2 and €; = 2, in other words, we can identify
DT, M with a neighborhood of x in M and f is given on Dy ;T M by T, f =
2-idy, ®0w, .

Let d be the metric on M coming from the Riemannian metric. Choose an
integer § > 0 such that the inequality d(y, f(y)) > ¢ holds for each y € M,
which does not lie in Dy /T, M for each x € Fix(f). Consider z € Fix(f).
Choose G -equivariant triangulations on the unit spheres SV, and SW, such
that the diameter of each simplex measured with respect to the metric d is
smaller than 6/8. Equip [0, 1] with the CW-structure whose O-skeleton is {5 |
i = 0,1,2,...,2n} for some positive integer n which will be specified later.
Equip D1V, with the G,-CW-structure which is induced from the product G-
CW-structure on SV, x [0, 1] by the quotient map

SVe x [0,1] = DV, (y,t) —t-y.

This is not yet the structure of a simplicial G,-complex since the cells look like
cones over simplices or products of simplices. The cones over simplices are again
simplices and will not be changed. There is a standard way of subdividing a
product of simplices to get a simplicial structure again. We use the resulting
simplicial G -structure on D1V,. It is actually a G,-equivariant triangulation.
Define analogously a G,-simplicial structure on D, W.

Notice that D;,,V, C D1V, inherits a G,-CW-simplicial substructure. We
will also use a second G';-simplicial structure on D 5V, which will be denoted
by Dy 5V, It is induced by the product G,-CW-structure on SV, x [0, 1] above
together with the the quotient map

SVy x [0,1] = Dy)5Va, (y,t) —t/2-y.

The G, -simplicial -structure on D1/2V‘,Lf is finer than the one on Dy /5V, but
agrees with the one on D;/,,V, on the boundary. The map 2id: V, — V,

induces an isomorphism of G-simplicial complexes 2id: Dy 5V =R Dy o Va,

10



but it does not induce a simplicial map 2id: Dy,5V,; — D1V,. The latter map
is at least cellular with respect to the G,-C'W-structures induced from the G-
simplicial structures since the p-skeleton of D, 5V, is contained in the p-skeleton
of D1/2 Vag

We equip D1V, x DiWy, Dy Ve x DiW, and D5V, x D1W, with the
product G -simplicial structure. Again this requires subdividing products of
simplices (except for products of a simplex with a vertex).

Recall that we have identified D>T, M with its image under the exponen-
tial map. Choose a complete set of representatives {x1,zs2,..., 2z} for the
G-orbits in Fix(f). By the construction above we get a G-triangulation on
the G-submanifold ]_[f:1 G XG., D1 Vy, x D1W,, of M such that the diameter
of each simplex is smaller than /4 if we choose the integer n above small
enough. It can be extended to a G-triangulation K of M such that each
simplex has a diameter less than §/4. Let K’ be the refinement of K which
agrees with K outside Dy 9V, x D1W and is Dl/QVaﬁi x D1W on the sub-
space Dy/5V,, x DiW. Then f: K’ — K is a G-map which is simplicial on
]_[leG XG,, (D1/2Vy, x D1W,, T, M). The construction in the proof of the
(non-equivariant) simplicial approximation theorem yields a subdivision K" of
K’ such that K and K’ agree on ]_[f=1 G Xq,, (D1)2Vy, x DiW,,) and a G-
homotopy h: M X [0,1] — M from hg = f to a simplicial map hy: K" — K
such that h is stationary on ]_[f:1 G xa,, (D1/2V,, x D1W,,) and the track of
the homotopy for each point in M lies within a simplex of K. Recall that any
simplex of K has diameter at most /4 and d(y, f(y)) > ¢ holds for y € M which
does not lie in ]_[le G xgq,, (D1/2V,, x D1Wy,). Hence for any simplex e € K"
outside ]_[f:1 G xg,, (D1/2Vy, x D1Wy,) we have hi(e) Ne = 0. The G-map
hi: K" — K" is not simplicial anymore but at least cellular with respect to the
G-CW-structure on M coming from K”. This comes from the fact that each
skeleton of K" is larger than the one of K.

Next we compute inc(hi,e) for cells e in M with respect to the G-CW-
structure induced by K”. Obviously inc(hi,e) = 0 if e does not belong to
]_[le G xq,, (D12V,, x D1Wy,) since for such cells e we have hq(e)Ne = 0. If e
belongs to Dy oV, x D1W,, its image under hy = f = 2idy, @ Ow,  does not
meet the interior of e unless it is the zero simplex sitting at (0,0) € V,,, ®W,, or
a simplex of the shape {t-x |t € [0,1/4n],z € e} x {0} for some simplex in e €
SV,,. Hence among the cells in Dy 5V, x D1 W, only the zero simplex sitting at
(0,0) € V,,, W, and the simplex of the shape {¢t-x | t € [0,1/4n],z € e} x {0}
for some simplex in e € SV, can have non-zero incidence numbers inc(f, e) and
one easily checks that these incidence numbers are all equal to 1. Hence we get
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using Lemma 1.9 and the equality inc(f, e) = inc(f, ge)

LC(f) = L%(l)
= S Y G ine(fe)
p>0 GeeG\I,(K")
k
= D> -y >, [(Gay)el " -inc(f,e)
p=0 i=1 Gy, e€
G \IP(DI/QV xD1W)
k
= Z(_l)p'Z|Gwi - Z |Ga; /(Ga;)e| - inc(f,e)
p>0 i=1 Gy, e€

Gmi\Ip(Dl/ZVg;i x D1 W)

.
= S 17 NG > inc(f, e)

p>0 i=1 e€Ip(D1 2V xD1W)
- Zle Y S e
p=>0 e€ly(Dy 3V xD1W)
= Z|Gx1| 14D (-1)P L (S
p>1

- Z |G| 71 (1= X(SVa,))

— Z|Glz| 1 d1m ;)

_ 1d“—xif)
- Z' ol TaetGa T, 1))

_ Z |G, |t deg((id =T, f)°)

i=1

=Y (G der((id T ).

Gz€G\ Fix(f)

This finishes the proof of Theorem 2.1. ]

3. The equivariant Lefschetz classes

In this section we define the equivariant Lefschetz class appearing in the
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equivariant Lefschetz fixed point Theorem 0.2. We will use the following nota-
tion in the sequel.
Notation 3.1 Let G be a discrete group and H C G be a subgroup. Let NH =
{9 € G| gHg™' = H} be its normalizer and let WH := NH/H be its Weyl
group.
Denote by consub(QG) the set of conjugacy classes (H) of subgroups H C G.
Let X be a G-CW -complex. Put

X" = {zeX|HCG,)
X" = {reX|HCG,},

where G, is the isotropy group of x under the G-action.
Let x: G/H — X be a G-map. Let X (z) be the component of X con-
taining x(1H). Put
X>H(g) = xH(z)n X>H,

Let WH,, be the isotropy group of X (x) € mo(XH) under the WH -action.

Next we define the group U%(X), where the equivariant Lefschetz class will
take its values.

Let IIy(G, X) be the component category of the G-space X in the sense
of tom Dieck [2, 1.10.3]. Objects are G-maps x: G/H — X. A morphism
o from z: G/H — X to y: G/K — X is a G-map o: G/H — G/K such
that y o 0 and = are G-homotopic. A G-map f: X — Y induces a functor
IIH(G, f): (G, X) — IIp(G,Y) by composition with f. Denote by IsIIo(G, X)
the set of isomorphism classes [z] of objects z: G/H — X in IIj(G, X). Define

U%(X) := Z[IsTy(G, X)], (3.2)

where for a set S we denote by Z[S] the free abelian group with basis S. Thus

we obtain a covariant functor from the category of G-spaces to the category of

abelian groups. Obviously U%(f) = U%(g) if f,g: X — Y are G-homotopic.
There is a natural bijection

s, (G, X) = [T wE\mx™), (3.3)
(H)€&consub(G)

which sends z: G/H — X to the orbit under the WH-action on mo(X*) of the
component X () of X* which contains the point #(1H). It induces a natural
isomorphism

Ue(x) = P ZWH\m(x™). (3.4)
(H)€Econsub(G)

Let a: G — K be a group homomorphism and X be a G-CW-complex. We
obtain from « a functor

ay: (G, X) — (K, e, X)

13



which sends an object z: G/H — X to the object a,(z): K/a(H) = a,(G/H) —
a, X and similarly for morphisms. Thus we obtain an induction homomorphism
of abelian groups

o U9(X) — UK(a.X). (3.5)

Next we define the equivariant Lefschetz class. Let X be a finite proper G-
CW-complex. Let f: X — X be a cellular G-map such that for each subgroup
K C G the map mo(f5): mo(XE) — mo(XK) is the identity. For any G-map
z: G/H — X it induces a map

(ff (@), f7H (@) : (X (2), X7 H (2)) — (X (2), X7 (2))
of pairs of finite proper WH,-CW -complexes. Then
LEWHe (fH (2), 71 (2) € Z

is defined (see (1.5)) since the isotropy group under the WH ,-action of any point
in X (x) — X>H(x) is trivial.

Definition 3.6 We define the equivariant Lefschetz class of f
AY(f) e USX)
by assigning to [x: G/H — X| € Islly(G, X) the integer
LPWHe (fH (@), 21 () (X (@), X2 H (@) — (X (2), X7 (2)))
if fH: XH — XH maps X (x) to itself, and zero otherwise.

Since X~ (z) # X (z) and therefore LZWH«(fH (z), f>H(z)) # 0 holds
only for finitely many elements [z] in IsIIy(G, X), Definition 3.6 makes sense.
Notice for the sequel that fH(XH(z)) N X (z) # 0 implies fH(XH(z)) C
XH(x). The elementary proof that Lemma 1.6 implies the following lemma is
left to the reader.

Lemma 3.7 Let X be a finite proper G-CW -complex. Let f: X — X be a
cellular G-map. Then

(a) The equivariant Lefschetz class A(f) depends only on the cellular G-
homotopy class of f;

D) If f': Y — Y is a cellular G-self-map of a finite G-CW -complex and
h: X =Y is a cellular G-homotopy equivalence satisfying ho f ~¢ f'oh,
then U%(h): U%(X) = UG (Y) is bijective and sends AC(f) to AC(f');

(¢) Let a: G — K be an inclusion of groups. Denote by a.f the cellular
K-self-map obtained by induction with a. Then

A¥(anf) = aAC(f).
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By the equivariant cellular approximation theorem (see for instance [7, The-
orem 2.1 on page 32]) any G-map of G-CW-complexes is G-homotopic to a
cellular G-map and two cellular G-maps which are G-homotopic are actually
cellularly G-homotopic. Hence we can drop the assumption cellular in the se-
quel because of G-homotopy invariance of the equivariant Lefschetz class (see
Lemma 3.7 (a)).

4. The local equivariant Lefschetz class

In this section we introduce the local equivariant Lefschetz class in terms of
fixed point data. Before we can define it, we recall the classical notion of the
equivariant Lefschetz class with values in the Burnside ring for a finite group.

Let K be a finite group. The abelian group UX ({}) is canonically isomor-
phic to the abelian group which underlies the Burnside ring A(K). Recall that
the Burnside ring is the Grothendieck ring of finite K-sets with the additive
structure coming from disjoint union and the multiplicative structure coming
from the Cartesian product.

Let X be a finite K-CW-complex. Define the equivariant Lefschetz class
with values in the Burnside ring of f

AS(f) e AK)=UR({x}) (4.1)
by
AS(F) = Y LEWE(H M) - [K/H).
(H)Econsub(K)

(Here and elsewhere the subscript ¢ shall indicate that the corresponding in-
variant takes values in the Burnside ring and the component structure of the
various fixed point sets is not taken into account.) Denote by

chi: A(K) — 11 Z (4.2)
(H)€Econsub(K)

the character map which sends the class of a finite set S to the collection {|S#| |
(H) € consub(K)} given by the orders of the various H-fixed point sets. The
character map is a ring homomorphism, and it is injective (see Lemma 5.3).
The equivariant Lefschetz class AL (f) is characterized by the property (see for
instance [5, Theorem 2.19 on page 504]), [6, Lemma 3.3 on page 138])

chy (A (f)) = (LA™ | (H) € consub(K)}. (4.3)

If pr: X — {*} is the projection, then UX (pr): UK(X) — UK ({x}) = A(K)
sends A (f) (see Definition 3.6) to ALK (f) defined in (4.1).

Let V be a (finite-dimensional) K-representation and let f: V¢ — V¢ be a
K-self-map of the one-point-compactification V¢. Define its equivariant degree

Degy (f) € A(K)=U"({+}) (4.4)
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by
Degg (f) = (AF(f)—1)- (AF (idve) —1).

Since the character map (4.2) is an injective ring homomorphism, we conclude
from (4.3) above that Deg(lf (f) is uniquely characterized by the equality

chy (Degg (f)) = {deg(f"") | (H) € consub(K)}, (4.5)

where deg(f) is the degree of the self-map f&: (V)H — (V) of the con-
nected closed orientable manifold (V¢)# if dim((V¢)) > 1, and deg(f¥) is
defined to be 1, if dim((V¢)#) = 0. The equivariant degree of (4.4) induces
an isomorphism from the K-equivariant stable cohomotopy of a point to the
Burnside ring A(K) [3, Theorem 7.6.7 on page 190], [13].

Let M be a cocompact proper G-manifold (possibly with boundary). Let
f: M — M be a smooth G-map. Denote by Fix(f) = {& € X | f(z) = «} the
set of fixed points of f. Suppose that for any = € Fix(f) the determinant of the
linear map id =T, f: T, M — T, M is different from zero. (One can always find
a representative in the G-homotopy class of f which satisfies this assumption.)
Then G\ Fix(f) is finite. Consider an element z € Fix(f). Let agz: Gy, — G
be the inclusion. We obtain from (a,). (see (3.5)) and U%(z) for x € Fix(f)
interpreted as a G-map z: G/G, — X a homomorphism

(o)« UG(-T)
U ({x}) —=U%(G/G,) —

U%(X).

Thus we can assign to z € Fix(f) the element US (x)o(cv, ). (DegS™ ((id =15 £)°)),
where Deg§™ ((id —T, f)°) is the equivariant degree (see (4.4)) of the map in-
duced on the one-point-compactifications by the isomorphism (id =T, f): T, M
— T, M. One easily checks that this element depends only on the G-orbit of
z € Fix(X).

Definition 4.6 We can define the local equivariant Lefschetz class by

AL (f)
= Y U%)o(an)- (Degg’ ((id—Txf)C))) e US(M).

GzeG\ Fix(f)

Now have defined all the ingredients appearing in the Equivariant Lefschetz fixed
point theorem 0.2. Before we give its proof, we discuss the following example

Example 4.7 Let G be a discrete group and M be a cocompact proper G-
manifold (possibly with boundary). Suppose that the isotropy group G, of
each point z € M has odd order. This holds automatically if G itself is a fi-
nite group of odd order. Let f: M — M be a smooth G-map. Suppose that
Fix(f) N OM = () and for each x € Fix(f) the determinant of the linear map
id-T,f: T,M — T, M is different from zero. If H is a finite group of odd or-
der, then the multiplicative group of units A(H)* of the Burnside ring is known
to be {£1} [3, Proposition 1.5.1]. The element Deg$” ((id =T, f)¢) € A(G,) =
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2
U%= ({x}) satisfies (Deggz((id —Tmf)c)) = 1 since this holds for its image un-

der the injective ring homomorphism chg’”  A(Gy) — H(H)Gconsub(GT,) Z, whose

coefficient at (H) € consub(G,) is deg((id =T, f)¢)#) € {£1} (see (4.5)). Hence
Deg§ ((id =T, f)) belongs to A(G,)* = {£1}. This implies that

det(id =T, f: Ty M — T, M)

D Gz o —T C —
egg” ((id =T f)°) |det(id =T, f: T,M — T, M)|

Hence the definition of the local equivariant Lefschetz class reduces to

AS(F) = 3 det(id =T, f : ToM — T, M)

loc : [det(id =T, f: TuM — T,M)| [z: G/Gy — M].

GzeG\ Fix(f
where x: G/G, — M sends g - G, to gz.

Remark 4.8 Equivariant Lefschetz classes for compact Lie groups were studied
in [5]. In the non-equivariant setting, universal Lefschetz classes with values in
certain K-groups were defined and analyzed in [8]. It seems to be possible to
combine the K-theoretic invariants there with the equivariant versions presented
here to obtain a universal equivariant Lefschetz class.

5. The proof of the equivariant Lefschetz fixed
point theorem

This section is devoted to the proof of the equivariant Lefschetz fixed point
Theorem 0.2.
First we define the character map for a proper G-CW-complex X:

X)) UX) - P @ (5.1)

Is o (G, X)

We have to define for an isomorphism class [z] of objects x: G/H — X
in IIy(G, X) the component chG(X)([x])[y] of ¢ch®(X)([x]) which belongs to an
isomorphism class [y] of objects y: G/K — X in IIj(G, X), and check that
X (X)([2])y is different from zero for at most finitely many [y]. Denote by
mor(y, ) the set of morphisms from y to z in IIp(G,X). We have the left
operation

Aut(y) x mor(y, z) — mor(y,z), (0,7)—To0 L.

There is an isomorphism of groups

WK, =, Aut (y)
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which sends gK € WK, to the automorphism of y given by the G-map
R,1:G/K - G/K, ¢Kw—gg'K.

Thus mor(y, z) becomes a left WK, -set.
The WK ,-set mor(y, z) can be rewritten as

mor(y,z) = {g€ G/HX | g-2(1H) € XX (y)},

where the left operation of WK, on {g € G/H¥ | g-2(1H) € YX(y)} comes
from the canonical left action of G on G/H. Since H is finite and hence contains
only finitely many subgroups, the set WK\ (G/HX) is finite for each K C G and
is non-empty for only finitely many conjugacy classes (K) of subgroups K C G.
This shows that mor(y, z) # 0 for at most finitely many isomorphism classes [y]
of objects y € IIp(G, X) and that the WK ,-set mor(y, ) decomposes into finitely
many WK, orbits with finite isotropy groups for each object y € IIo(G, X). We
define

ch®(X) (2] = > (WKy)o| ™, (5:2)

WK, o€
W, \ mor(y,z)

where (WK,), is the isotropy group of o € mor(y,«) under the WK ,-action.
Notice that chG(X)([x})[y] is the same as dimgwx, (Q(mor(y,x))), if one de-
fines dimgwr, (P) of a finitely generated QWK ,-module P by trowr, (idp) (see
Lemma 1.3 (f)). This agrees with the more general notion of the von Neumann
dimension of the finitely generated Hilbert N (WK, )-module [*(mor(y, x)).

The character map ch®(X) of (5.1) should not be confused with the isomor-
phism appearing in (3.4). If G is finite and X = {*}, then character map ch®(X)
of (5.1) and the character map ch§ of (4.2) are related under the identifications
U%({*}) = A(G) and IsTly(G, {*}) = consub(G) by

(chg)mry = |WH] - ch®({*})m)

for (H) € consub(G).
Lemma 5.3 The map ch® of (5.1) is injective.

Proof : Consider u € U%(X) with ch®(X)(u) = 0. We can write u as a finite
sum

i=1
for some integer n > 1 and integers m,; such that [x;] = [z;] implies ¢ = j and
such that H; is subconjugate to H; only if ¢ > j or (H;) = (H;). We have to
show that u = 0. It suffices to prove

Wb = { ] 2

1 ifi=1
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because then m; = 0 follows and one can show inductively that m; = 0 for
1 =1,2,...,n. Suppose that chG(X)([xi])[ml] # 0. Then mor(z1,2;) is non-
empty. This implies that im(z;) N X is non-empty and hence that H; is
subconjugate to H;. From the way we have enumerated the H;’s we conclude
(H;) = (Hy). Since im(z;)N X1 (1) is non-empty, we get [z;] = [1] and hence
i = 1. Since by definition chG(X)([xl])[ml] = 1, the claim follows. ]

Lemma 5.4 Let f: X — X be a G-self-map of a finite proper G-CW -complex
X. Let [y] be an isomorphism class of objects y: G/K — X inIlo(G, X). Then
b X)) ANy = L (flxrgy: X)) — X5 W),

if (X% (y)) € XX (y) and
ch(X)(AS(f))y = 0
otherwise.

Proof : We first consider the case f&(X%(y)) C XX (y). Let X, be the p-th
skeleton of X. Then we can write X, as a G-pushout

n

Hq‘,:p1 p,i
—

H?ﬁl G/Hz x SP~1 Xp—l

| I

1», G/Hi x DP  — X,

for an integer n, > 0 and finite subgroups H; C G. For each i € I, let
zpi: G/H; — X be the G-map obtained by restricting the characteristic map
Qp to G/H; x {0}. For i =1,2,...,p define

inc(f,p,i) = inc(f,e;) (5.5)

where e; is the open cell Q,,;(gH; x (DP — SP~1)) for any choice of gH; € G/H;
and inc(f, e;) is the incidence number defined in (1.8). Since f is G-equivariant,
the choice of gH; € G/H; does not matter.

Now the G-CW-structure on X induces a WK ,-CW-structure on X (y)
whose p-skeleton X% (y), is X¥(y) N X,,. Let z: G/H — X be an object in
I (G, X). Recall that mor(y, ) is the set of morphisms from y to z in Iy (G, X)
and carries a canonical WK, -operation. One easily checks that there is a WK -
pushout diagram

-
112, mor(y, ) x sp~t L@ yrey

! !

[1iZy mor(y, zp.i) x DP ———— XF(y),,
s Q;{(,i(y)
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where the maps qgfi(y) and Q]If,i(y) are induced by the maps ¢, ; and @), ; in the
obvious way. We conclude from Lemma 1.9

LAV (% ()

Np

= > (P> > (WK,)o|t - inc(f,p,i), (5.6)
i=1

p>0 WK, -oc€
WK\ mor(y,zp,q)

where the incidence number inc(f, p, i) has been defined in (5.5).
Analogously we get for any object z: G/H — X a WH,-pushout diagram

n H
Hi:pl qp,i(x)
_= %

[Ti=1.2....n, Aut(z, z) x SP~*

[zp.s]=[=]
! l

[Ti=12...n, Aut(z,z) x DP  — XH(z), UX>H ()
[@p,i]=[x] 0,2, Qfl(x)

XM (@), UX> ()

describing how the p-skeleton of the relative WH,-CW-complex (X (z), X>H (z))
is obtained from its (p — 1)-skeleton. We conclude from Lemma 1.9

LWL (fH (), 178 (@) (X (2), X7 (@) — (X (2), X7 (2)))
= > (=7 > ine(fipd), (5.7)
p>0 1=1,2,..., np

[zp,:]=[=]

where inc(f, p, ) is the number introduced in (5.5). We get from the Definition
3.6 of A9(f) and (5.7)

ch(X)AY (N = Z(—l)p-iim(f,p,i)-ChG(X)([xp,i])[yy (5.8)
p>0 i=1

Now Lemma 5.4 follows from the definition (5.2) of chG(X)([xp,i])[y] and equa-
tions (5.6) and (5.8) in the case f& (X% (y)) C XX(y).

Now suppose that f5 (X% (y)) N XX (y) = 0. For any object z: G/H — X
with mor(y,z) # ) we conclude f7(XH(x)) N X (x) = () and hence A% (f)
assigns to [z] zero by definition. We conclude ch®(X)(A%(f Ny = 0 from the

definition of ¢ch®. This finishes the proof of Lemma 5.4. ]

Lemma 5.9 Let M be a cocompact smooth proper G-manifold. Let f: M —
M be a smooth G-map. Suppose that for any x € Fix(f) the determinant
det(idy, f =T, f) is different from zero. Let y: G/K — M be an object in
Io(G, M). Denote by (WK,), the isotropy group for x € Fix(f|px () under
the WK, -action on M* (y).
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Then G\ Fix(f) is finite and we get

ChG(M)[y] (Agc(f))

= Z |(WKy)1|_1 - deg ((idT,lMK(y) _Tz(f|MK(y)))c) )
WK, -xzc
WK\ Fix(f] 55 ()

Proof : We have already shown in Theorem 2.1 that G\ Fix(f) is finite.
Consider x € M. Let G, be its isotropy group under the G-action and denote
by z: G/G, — M the G-map g — gx. Let o, : G, — G be the inclusion. Given
a morphism o: y — z, let (WK,), be its isotropy group under the WK, -action
and let (K,) be the element in consub(G,) given by g~ 1Kg for any element
g € G for which 0: G/K — G/G, sends ¢'K to ¢'gG,. Notice that (K,)
depends only on WK, - 0 € WK,\ mor(y, z). We first show for the composition

Ue (<)) L2 066 /Gy) L ve ) S g
that for each u € U%= ({x})
ch(M)py) 0 U%(2) 0 (ag) (u)
= > |(WKy)o| ™" - ch§™ (u) (k). (5.10)

WK, o€
WK, \ mor(y,z)

It suffices to check this for a basis element u = [G,/L] € U%({x}) = A(G,) for
some subgroup L C G,. Let pr: G/L — G/G, be the projection. We get from
the definitions

ch®(M)py) 0 U%(2) o (a0).([G/L])

= chG(M)[y]([x opr: G/L — M))
=Y R (5.11)
WK, -t
WK, \ mor(y,zopr)

We get a WK ,-map

q: mor(y,x opr) — mor(y,x), T +— prort.
We can write
mor(y,z opr) = H WKy X(wk,), g (o).
WK, o€

WK, \ mor(y,z)

The (WK,)s-set ¢~ (o) is a finite disjoint union of orbits

o) = [ WK,),/A:

i€l(o)
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This implies

mor(y,z opr) = H H WK, /A;
WK, o€ i€l(o)
WK, \ mor(y,z)

and hence
Yoo WK = > oAl
WK, 1€ WK, -oc i€l(o)
WK, \ mor(y,zopr) WK, \ mor(y,x)

Putting this into (5.11) yields

ch®(M)yy) 0 U% () © (a0)([G/L])

= > > Al (5.12)

WK,0c€  icl(o)
WK, \ mor(y,x)

Obviously

g (@) = [(WEy)al - D 14l (5.13)

i€l(o)

If o: G/K — G/G, sends ¢'K to ¢'gG, for appropriate g € G with g1 Kg C
G, then there is a bijection

Go/L7 K = g7 (o)

which maps ¢’L to the morphism Ryy: G/K — G/L, ¢"K — g¢"”gg’L. This
implies

g7 N o) = |G./L9 K9 = h§*([Ga/L]) k. ). (5.14)

We conclude from the equations (5.12), (5.13) and (5.14) above that (5.10)
follows for u = [G,/L] and hence for all u € U% ({}) = A(G..).
Now we are ready to prove Lemma 5.9. We get from the Definition 4.6 of

AC (f) and from (5.10)

loc

chG(M)[y] (Afic(v) = Z Z

GzeG\ Fix(f) WK, -c€
WK, \ mor(y,z)

(WK, )o| - b (Des§” ((d~Tef))) - (5.15)

o

We conclude from (4.5)

ch§ (Degf);” ((id —Txf)c)))(m) = deg ((ideMK“ _Tf’"fKU)C) -(5.16)
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If o: G/K — G/G, is of the form ¢'K — ¢'gG, for appropriate ¢ € G with
g 'Kg C G, then

deg ((idr, aro ~Tof 7)) = deg ((ida,, arx ) Ty (fary)?)  (5:17)

since f is G-equivariant. There is a bijection of WK -sets

[T  mor(y.z) = Fix(flarx(y)
GzeG\ Fix(f)

which sends o € mor(y,z) to o(1K) - z. Now Lemma 5.9 follows from (5.15),
(5.16) and (5.17). ]

Because of Lemma 5.3, Lemma 5.4 and Lemma 5.9 the equivariant Lefschetz
fixed point Theorem 0.2 follows from the orbifold Lefschetz fixed point Theorem
2.1. [ |

6. FEuler characteristic and index of a vector
field in the equivariant setting

Definition 6.1 Let X be a finite G-CW -compler X. We define the universal
equivariant Euler characteristic of X

X4(x) e US(X)

by assigning to [z: G/H — X| € IsIly(G, X) the (ordinary) Euler characteris-
tic of the pair of finite CW -compleves (WH\XH (x), WH\X>H (z)). If X is
proper, we define its orbifold Euler characteristic

X)) = S Y el eq

p=>0 G-ecG\Ip(X)

where I,(X) is the set of the open cells of the CW-complex X (after forgetting
the group action) and Ge is the isotropy group of e under the G-action on I,(X).

One easily checks that x“(X) agrees with the equivariant Lefschetz class
A%(idx) (see Definition 3.6). It can also be expressed by counting equivariant
cells. If z: G/H — X is an object in IIj(G, X) and £,([z]) is the number of
equivariant p-dimensional cells of orbit type G/H which meet the component
XH(x), then

X)) = (=17 tp(la)). (6.2)

p=>0
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The universal equivariant Euler characteristic is the universal additive invariant
for finite G-CW-complexes in the sense of [7, Theorem 6.7].

The orbifold Euler characteristic 2% (X) can be identified with L2 (idy)
(see Definition 1.4) or with the more general notion of the L2-Euler characteristic
XP(X;N(G)). In analogy with L) (f, fo; N(G)) (see Remark 1.7), one can
compute x? (X;N(G)) in terms of L2-homology

NEXGN(G) = (1) - dimye) (BP (XN (G)),

p>0

where dim () denotes the von Neumann dimension (see for instance [9, Section
6.6]).
We conclude from Lemma 5.4:

Lemma 6.3 Let X be a finite proper G-CW -complex X . Let [y] be an isomor-
phism class of objects y: G/K — X in mo(G, X). Then

e (X (F (X)) = XIEu (X (y)).

Next we want to express the universal equivariant Euler characteristic of a
cocompact proper G-manifold M, possibly with boundary, in terms of the zeros
of an equivariant vector field.

Consider an equivariant vector field = on M, i.e., a G-equivariant section of
the tangent bundle T'M of M. Suppose that = is transverse to the zero-section
i: M —TM,ie., if Z(z) = 0, then Tz,)T'M is the sum of the subspaces given
by the images of T,Z: T, M — Tz, (T'M) and Tpi: ToM — Tz, (TM). Any
equivariant vector field on M can be changed by an arbitrary small perturbation
into one which is transverse to the zero-section. We want to assign to such a =
its equivariant index as follows.

Since Z is transverse to the zero-section, the set Zero(Z) of points x € M
with Z(z) = 0 is discrete. Hence G\ Zero(E) is finite, since G acts properly on
M and G\M is compact by assumption. Fix xz € Zero(E). The zero-section
i: M — TM and the inclusion j,: T,M — TM induce an isomorphism of
(i -representations

Tyi ® Tyl ToM & Ty M =5 Ty (TM)

if we identify Tj,)(T,M) = T, M in the obvious way. If pr; denotes the pro-
jection onto the k-th factor for £ = 1,2 we obtain a linear G -equivariant
isomorphism

(Twi®Twjs) "
_—

4,2 T,M 5 To o (TM) T,M & T,M 22 T,M.(6.4)

Notice that we obtain the identity if we replace pry by pry in the expression (6.4)
above. The G,-map d,= induces a G,-map (d,=)°: T, M® — T, M° on the one-
point compactification. Define analogously to the local equivariant Lefschetz
class (see Definition 4.6) the equivariant index of =

i%E2) € U%M) (6.5)
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by
€@ = Y US@)o (o) (Degf*(@E)°)).

Gz€eG\ Zero(E)
We say that = points outward at the boundary if for each x € OM the tangent
vector E(x) € T, M does not lie in the subspace T,,0M and is contained in
the half space T, M™ of tangent vectors v € T, M for which there is a path
w: [-1,0] = M with w(0) = z and w’(0) = u. If 9M = 0, this condition is
always satisfied.

Theorem 6.6 (Equivariant Euler characteristic and vector fields) Let
M be a cocompact proper smooth G-manifold. Let = be a G-equivariant vector
field which is transverse to the zero-section and points outward at the boundary.
Then we get in U% (M)
G G (o
X7 (M) = i7(8).

Proof : Let ®: M x (—o0,0] — M be the flow associated to the vector field =.
It is defined on M x (—o0,0] since E is equivariant and points outward and M
is cocompact. Moreover, each map ®_.: M — M is a G-diffeomorphism and
G-homotopic to idys for € > 0. This implies

AC(@_) = A%Gdy) = xC(M).

Because of the equivariant Lefschetz fixed point Theorem 0.2 it remains to prove
for some € > 0

i9(2) = Alc(P-).
If we choose € > 0 small enough, the diffeomorphism ¢_.: M — M will have

as set of fixed points Fix(¢_.) precisely Zero(Z). It suffices to prove for €
Zero(E) = Fix(®_,)

DegS§* ((d,Z)°) = Deg§=((id =T, ®_.)°).

Recall that the character map ch$=: A(G,) — [ econsun(c,) Z of (4.2) is
injective. We conclude from (4.5) that it suffices to prove for any subgroup

H C G, the equality of degrees of self-maps of the closed orientable manifold
(T M) = (T M) )

deg (((d,E))") = deg (((id—T,®_c))"). (6.7)

It suffices to treat the case H = {1} and dim(M) > 1 — the other cases are
completely analogous or follow directly from the definitions. Since (6.7) is of
local nature, we may assume M = R" and x = 0. In the sequel we use the
standard identification TR™ = R™ x R™. Then the vector field = becomes a
smooth map =: R™ — R™ with £(0) = 0 and dy= becomes the differential Tp=.
Let ® be the flow associated to Z. Choose ¢ > 0 and an open neighborhood
U C R™ of 0 such that ® is defined on U x [—¢, 0]. By Taylor’s theorem we can
find a smooth map 7: U x [—¢,0] — R™ such that for ¢ € [—¢,0] and v € U,

Ge(u) =u+t-Z(u) +t2-n(u) .
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This implies
T0¢t =id 4+t - (TQE +t- T077t) .

Since [—¢, 0] is compact, we can find a constant C' independent of ¢ such that the
operator norm of Ty, satisfies | Ton:|| < C for t € [—¢,0]. The differential TH= is
an isomorphism by assumption. Hence ToE +1¢ - Ton; is invertible for ¢ € [—D, 0]
if we put D := min{e, C~! - |[(T)Z)~!||~!}. Hence we get for ¢t € [-D,0] that
id =Ty P, is invertible and

det(id —Tp®;) det(ToE +t-Ton:)  det(THE)

|det(id —To®;)|  |det(To= +t-Tone)| | det(TpE)|

Hence (6.7) follows if we take ¢ > 0 small enough. This finishes the proof that
Theorem 6.6 follows from Theorem 0.2. [ |

Remark 6.8 Let M be a proper cocompact G-manifold without boundary. If
M possesses a nowhere-vanishing equivariant vector field, then y%(M) = 0 by
the Theorem 6.6. The converse is true if M satisfies the weak gap hypothesis
that dim(M>% (x)) < dim(M % (x)) — 2 holds for each z € G,. The proof is
done by induction over the orbit bundles and the induction step is reduced to the
non-equivariant case. The weak gap condition ensures that M %= (z) — M>%=(x)
is connected for x € M. It is satisfied if all isotropy groups of M have odd
order. For finite groups G more information about this question can be found
in [12, Remark 2.5 (iii) on page 32].

Example 6.9 Let D be the infinite dihedral group D =Z x Z/2 =7/2 x Z/2.
We use the presentation D = (s,t | s = 1,s7!ts = t~1) in the sequel. The
subgroups Hy = (t) and H; = (ts) have order two and {{1}, Hy,H;} is a
complete system of representatives for the conjugacy classes of finite subgroups
of D. The infinite dihedral group D actson R by s-r = —rand t-r =r+1 for
r € R. The interval [0,1/2] is a fundamental domain for the D-action. There is
a D-CW-structure on R with {n |n € Z}[[{n+ 1/2 | n € Z} as zero-skeleton.
Let z;: D/H; — R be the D-map sending 1H; to 0 for ¢ = 0 and to 1/2 for
t=1. Let y: D — R be the D-map sending 1 to 0. Then R has two equivariant
0-cells, which have ¢ and x; as their characteristic maps, and one equivariant
1-cell of orbit type D/{1}.

We get Is o (D; R) = {[zo], [x1], [y]}. Recall that UP (R) is the free Z-module
with basis IsITp(D;R). Hence we write

UP(R) = Z{[wo]) @ Z{[x:1]) © Z{[y]).
We conclude from (6.2)
XP(R) = [zo] + [21] — [y].
This is consistent with the original Definition 6.1, since

X(WpHA\R™ (), R (2))) = x({pt.}) = 15
X(Wo{ITNRM (), R7M () = x([0,1/2],{0,1/2}) = ~1.
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The character map (5.1) is given by

1 0 0
X"(R) = 0 1 03 : UP(R)=Z([zol) ® Z([z1]) ® Z([y))
12 1/2 1

= Z([xo]) ® Z{[z1]) @ Z([y])

since the D-set mor(y, z;) is D/H; and the sets mor(x;,y) and mor(z;,x;) for
i # j are empty. The character map sends x”(R) to the various orbifold Euler
characteristics which therefore must be

IR () = 1
X*P(R) = 0.

One easily checks that this is consistent with the Definition 6.1 of the orbifold
Euler characteristics.

Let = be a vector field on R. Under the standard identification TR = R x R
this is the same as a function Z: R — R. The vector field = is transverse to the
zero-section if and only if the function = satisfies 2(z) = 0 = E'(2) # 0. The
vector field = is D-equivariant if and only if Z(—z) = —E(z) and Z(2) = Z(z2+1)
holds for all z € R. Let Z be a D-equivariant vector field transverse to the zero-
section. For example, we can take Z(z) = sin(27z2).

We conclude Z(0) = 0 from E(—z) = —E(z) and Z(1/2) = 0 from Z(1—z) =
—Z(2). Let 20 =0 < 21 < 23 < ... < z = 1/2 be the points z € [0,1/2] for
which Z(z) = 0. (The example of sin(27z) shows the minimum value of r is 1.)

Fori e {0,1,...,r} put 6; = éjg?g‘ Since = is different from zero on (z;, z;4+1),
we have 0;11 = —0; fori € {0,1,...,7—1}. Let d,,E: T,,R — T,,R be the map
associated to E at z; (see (6.4)); this is simply multiplication by Z’(z;) under
the standard identification T,,R = R. The degree of the map (d.,E)° induced
on R¢ = St is §;. For i =0, the isotropy group D,, = Z/2 acts on R by —id.
Hence the degree deg ((d.,Z)P=)¢) is by definition 1 since dim(RP=) = 0. We
conclude from (4.5) for i =0,r

-1+

Deg”+(d.,Z) = [H/H]+—

[H/{1}] € A(D-,)
and for ¢ € {1,2,...,r — 1}

Deg”= (d.,

[1]

) = 4-[{1})  eA({1)).
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Hence we get for the equivariant index

P(E) = ool + T+ ]+ T B Y6l

= [zo] + [z1] + <1+5—;+%+§5¢) - v

<jy+2}wﬁwm

— foo] + o] — [y] + 60 0- [0

= [wo] + [x1] — [y] + o - (% +

= [wo] + [z1] = [y]-

This is consistent with Theorem 6.6.

7. Constructing equivariant manifolds with
given component structure and universal
equivariant Euler characteristic

In this section we discuss the problem of whether there exists a proper
smooth G-manifold M with prescribed sets 7o(M*) for H C G, and whether
X% (M) can realize a given element in U®.

Let Ov(G;Fin) be the orbit category for the family of finite subgroups,
i.e., objects are homogeneous spaces G/H for finite subgroups H C G and mor-
phisms are G-maps. A contravariant Or(G; Fin)-set S is a contravariant functor
from Or(G; Fin) to the category of sets. Given a G-space X, define a contravari-
ant Ot(G; Fin)-set mo(X) by sending G/H to mo(X) = mo(mapg(G/H, X)).
Next we investigate under which conditions a contravariant Or(G; Fin)-set S
arises from a finite proper G-C'W-complex.

Lemma 7.1 For a contravariant Or(G; Fin)-set S: Or(G; Fin) — Sets the
following assertions are equivalent:

(a) There are only finitely many elements (H) € consub(H) with S(G/H) #
(. For any finite subgroup H C G the set WH\S(G/H) is finite and the
isotropy group WHy of each element s € S(G/H) is finitely generated;

(b) There is a proper finite G-CW -complex X such that there exists a natural

equivalence T mo(X) = 8.

Proof : (b) = (a) Since X is finite, there are finitely many elements (K1),
(K2), ..., (Ky) in {(K) € consub(G) | |K| < oo} such that for each equivariant
cell G/H x D™ thereis i € {1,2,...,m} with (H) = (K;). Hence any subgroup
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H C G with X #£ () is conjugate to a subgroup of one of the K;’s. Since a finite
group has only finitely many subgroups, the set {(H) € consub(G) | X # ()}
is finite.

Since X is finite and proper and WH\(G/K*) is finite for each finite group
H C @ and subgroup K C G, the WH-CW-complex X is finite proper for
each finite subgroup H C G. Hence the quotient space WH\ X is a finite
CW-complex and has only finitely many components. Since WH\m(XH) =
mo(WH\XH), the set WH\mo(XH) is finite.

Consider a finite subgroup H C G and a component C € mo(X*). Let
WH ¢ be the isotropy group C. Then C'is a connected proper finite WHo-C'W -
complex. The long exact homotopy sequence of the fibration

C — EWHC XWHe C — BWHC

shows that WH¢ is a quotient of m1(EWH¢ Xwr, C). Since for any finite sub-
group K C WH¢ the WH-space EWH e X wi, WHe /K is homotopy equivalent
to BK and hence to a CW-complex of finite type (a C'W-complex for which
each skeleton is finite), C is built out of finitely many cells G/K x D', K C G
finite, and EWH¢ Xwy. WHe /K has the homotopy type of CW-complex of
finite type. This implies that m (EWH¢ xwp,. C) is finitely generated. Hence
WH is finitely generated.

(a) = (b) Choose an ordering (Hi), (Ha), ..., (H,) on theset {(H) € consub(G) |
S(G/H) # 0} such that H; is subconjugate to H; only if ¢ > j holds. Define

Xo = H H G/HZ
i=1WH;\S(G/H;)

Define a transformation ¢g: m(Xo) — S as follows. Fix an object G/K €
Or(G; Fin). Then my(Xy) evaluated at this object G/K is given by

I I waepe(G/E G/H)

i=1 WH;\S(G/H)

since mo(G/HEX) = mapy(G/K,G/H;). Now require that ¢o(G/K) sends
a G-map o € mapq(G/K,G/H;) belonging to the summand for WH; - s €
WH\S(G/H;) to S(c)(s). One easily checks that ¢o(G/H): mo(XH) — S(G/H)
is surjective for all H C G.

In the next step we attach equivariant one-cells to Xy to get a G-CW-
complex X together with a transformation ¢: mo(X) — S, such that the com-
position of ¢ with the transformation 7o (Xo) — mo(X) induced by the inclusion
is ¢o, and ¢(G/H) is bijective for all H C G. We do this by constructing by in-
duction a sequence of proper cocompact G-C'W-complexes Xg C X; C ... C X,
together with transformations ¢;: mo(X;) — S such that the composition of ¢;
with the transformation mo(X;—1) — mo(X;) induced by the inclusion is ¢;_1,
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¢:(G/Hj) is bijective for all j < i, and X; is obtained from X;_; by attach-
ing finitely many equivariant cells of the type G/H; x D'. Then we can take
X =X, and ¢ = ¢,.

The induction beginning is Xy together with ¢y. The induction step from
i — 1 to i is done as follows. Consider WH, - s € WH;\S(G/H;). Let (WH;)s
be the isotropy group of s under the WH;-action on S(G/H;). The preimage of
s under ¢;_1(G/H;): mo(X)) — S(G/H;) consists of finitely many (WH;),-
orbits since WH;\mo(X;") is finite by the implication (b) = (a) which we have
already proved. Let u(s)1, u(s)s, ..., u(s), be a system of generators of (WH;)s
which contains the unit element 1 € (WH;)s. Fix elements C(s)1, C(8)2, ...,
C(8)n(s) in @7 (G/H;)(s) such that

(WH)\¢i—1(G/H;) "' (s) = {(WH;)s-C(s); |i=1,2...,n(s)}

and (WH;)s-C(s); = (WH,;)4-C(s)y implies j = k. Now attach for each WH;-s €
WH;\S(G/H;), each generator u(s);, each C(s); an equivariant cell G/H; x D*
to X;_1 such that {1H,} x D' connects C(s) and u(s); - Cj(s). The resulting
G-CW-complex is the desired G-CW-complex X;, one easily constructs the
desired transformation ¢; out of ¢;_1. [ |

Notice that for a finite group G the statement (a) in Lemma 7.1 is equivalent
to the statement that S(G/H) is finite for all subgroups H C G. If we take as
Or(G; Fin)-set the functor S which sends G/{1} to {*} and G/H for H # {1}
to @, then Lemma, 7.1 boils down to the statement that there exists a connected
finite free G-CW-complex X if and only if G is finitely generated.

Now given a contravariant Ot(G; Fin)-set S, we define U%(S) to be the
free abelian group on [z cconsun(qy WH\S(G/H). If S satisfies the equivalent
conditions of Lemma 7.1, then clearly this is naturally isomorphic to U%(X),
with X as in part (b) of Lemma 7.1.

Next we prove that is X is a finite proper G-C'W-complex, then any element
u € U%(X) can be realized from x© of a manifold. More precisely, there is a
G-map f: M — X with M a G-manifold, such that U%(f) is an isomorphism
sending x“(M) to u. We are grateful to Tammo tom Dieck for pointing out to
us the use of the multiplicative induction in the proof of the next result.

Lemma 7.2 Let X be a finite proper G-CW -complex and u € U%(X). Then
there is a proper cocompact G-manifold M without boundary together with a
G-map f: M — X with the following properties:

For any x € M the G, -representation T, M is a multiple of the reqular G-
representation R[G.] for G, the isotropy group of x € X. The dimensions of
the components C € mo(M) are all equal. The components of M are orientable
manifolds for each H C G. The induced map wo(f7): (M) — mo(XH) is
bijective for each finite subgroup H C G. The induced map

US(f): US(M) = U%(X)

is bijective and sends x& (M) to u.
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Proof : In the first step we want to reduce the claim to the case, where X is
a finite proper 1-dimensional G-CW-complex such that for any z: G/H — X
there is a zero cell G//H which meets X,

If the G-map f: X — Y of proper G-CW-complexes induces bijections
mo(FH): mo(XH) =5 mo(YH) for all finite subgroups H C G, then the induced
map U%(f): U%(X) — U%(Y) is bijective by (3.3). In particular the inclusion
of the I-skeleton i;: X; — X induces a bijection U (iy).

Since X is finite and proper, WH \m(X ™) is finite for all finite subgroups
H C G and the set {(H) € consub(G) | X# # ()} is finite (see Lemma 7.1).
We conclude from (3.3) that Is7o(G, X1) is finite. Fix for any [z: G/H — X1
a representative z: G/H — X whose image lies in Xo. This is possible by
the equivariant cellular approximation theorem. Define a finite proper G-CW-
complex Y by the G-pushout diagram

H[a:: G/H—X]e T

Is7mo(G,X
Hi: ¢/a—x1e G/H x {0} (@) X3
Is (G, X)
i2l lig
ISTro(G X)

where 75 is the inclusion. Since is is a G-homotopy equivalence, i3 is a G-
homotopy equivalence. Let i3 .Y — X; be a G-homotopy inverse. Then
UC(iy 0iz'): US(Y) — U%(X) is a bijection and Y is a finite proper G-C'W-
complex such that for each G-map y: G/H — Y there is a zero cell G/H
which meets Y (y), namely G/H x {1} C G/H x [0,1] for the corresponding
[] € IsIIp(G, X) in the pushout diagram above. Hence we can assume without
loss of generality X =Y in the sequel.

Fix a number n such for any H C G with X = () the order |H| divides
n. Let G/Hy, G/Hs, ..., G/H, be the equivariant zero-cells of X. Let N; be
a 4n/|H;|-dimensional closed oriented manifold. Let [[; N; be the closed Hi;-
manifold with the H;-action coming from permuting the factors. This is called
the multiplicative induction or coinduction of N;. One easily checks that for
K C H; the K-fixed point sets of [[, N; is diffeomorphic to H‘kH {K‘ N; and
hence a closed connected orientable manifold which is non-empty. Moreover,
the (H;)y-representation T} (]] o, N;) is a multiple of the regular real (H, )l.—
representation for all z € [] g, NVi- The manifolds N; will be specified later.
Given an orthogonal H-representation V of a finite group H, we denote by DV
and SV the unit disk and the unit sphere and by int(DV) = DV — SV the
interior of DV. Define the 4n-dimensional proper cocompact G-manifold My to

be .
= HG X H; <H Nz) .
1=1 H;

Let fo: My — X be the map which is on G x g; (HH ) given by the canonical
projection onto the cell G/H; = G x g, {*}.
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Fix a G-pushout describing, how X = X is obtained from X by attaching
equivariant one-cells

Hj:l G/KJ X SO —>q XO

| l

[[j-1 G/K; x DY —— X

Consider a G-map o: G/K — G/H for finite subgroups H, K C G. Suppose
that |H| and |K| divide n. Choose g € G such that g~'Kg C H and o sends g’ K
to g’gH. Let c,: K — H be the injective group homomorphism g’ — g~1g'g.
The K-representations R[K]**/IKl and c;R[H]4"/|H‘, which is obtained from
the H-representation R[H ]4”/ IH| by restriction with cg, are isomorphic. Choose

an isometric c4-equivariant linear isomorphism
¢: R[K]4"/|K| N R[H]Lln/‘Hl.

Choose a small number € > 0 and an element w € R[H]**/1H] such that ||w|| = 1,
the H-isotropy group of w is g ' K¢ and the distance of two distinct points in
the H-orbit through w is larger than 3e. The following map is a G-embedding

V: G X DR[K]M”K' — G xg R[H]M/‘Hl, (9", v) = (g'g.€- d(v) +w)

such that the following diagram with the canonical projections as vertical arrows
commutes:

G xx DRIK]*/IKl Y, G x  R[H]*/1H]

Prl lpr

G/K — G/H

o

Using the construction above with appropriate choices of w and € we can find a
G-embedding

U ]_[ G i, (DRI 5 50) = My

j=1
such that the following diagram commutes:

[I_, G xx, (DR[K;]*/ K x 80) —T— My

prl lfo

Hj:l G/KJ X SO _— Xo

q

where pr is the obvious projection. Let M be the proper cocompact G-manifold
with boundary

M, = My— U ]_[ G xx, (int (DR[Kj]4”/|Kj|) X 50)

Jj=1
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Define a smooth G-manifold M by the following pushout

[I5_, G xx, (SRIK, /15 x 50) 2 agg

| l

[[_) G xx,; (SR[K;]*/ K5l x D1 0 M
where ¥| denotes the restriction of ¥. The map fo: My — X defines a
map f}: M} — X, by restriction. Since (SR[K;]*/IK)L for each L C K;
and (H H, Ni)L for each L C H,; are non-empty and connected, the maps f{
and the projections pr: [[°_; G xk, (SRIK;]*/IKIx 8% — TT°_, G/K; x
5% and pr: [[j=1 G xK, (SR[K;)*/ 1Kl x D) — [[j=, G/K; x D' induce on
the L-fixed point set 1-connected maps for each L. C G. Hence the G-map
f: M — X, which is induced by these three maps and the pushout prop-
erty, induces a l-connected map on the L-fixed point sets for each L C G.
In particular mo(f%): mo(ML) — mo(XF) is bijective for each L C G and
the map U%(f): UY(M) — U%(X) is bijective by (3.4). Obviously the G-
representation T, M for any point z € M is a multiple of the regular G-
representation R[G,].
The following diagram commutes

U€ (4o)
o)

o

G
U (Mo) U ) 1 v

U‘?(mlE UG(fé)J% Ucmlg

. Gy
US(X,) —4 uf(x,) L%,

U“(X)

1R

where ig, 74 and 75 denote the inclusions.
Next we compute U%(f)(x%(M)). We get by the sum formula for the uni-
versal equivariant Euler characteristic [7, Theorem 5.4 on page 100]

US(£)(x“ (M)
= US(is o fo) (x“(My))

—US(i50 foo W) | x¢ jﬁlG XK, ((DR[KJ]‘”L/‘KJ") X 50)
+ UG(i5 o foo U oig) XG j]i[lG XK, ((SR[Kjrm/lKj‘) « SO)

_ UG(i5 Ofé o U|) XG HG XK, (SR[Kj]4vz/|Kj| « SO)
j=1

+ U%fou]) | x¢ HGXKJ- (SR[KJ_]ML/\KH % D1> 7

Jj=1
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where ig is the inclusion. Since (SR[K;]*"/I5il)L is an odd-dimensional sphere
and hence has vanishing (non-equivariant) Euler characteristic for each L C K,
the element y%i (SR[Kj}4"/|KJ‘) in Ui ({x}) = A(Kj) is sent to zero under the

injective map Xé(j CA(K;) — H(L)Econsub(Kj) Z. This implies
i (SR[KJ,]W\K”) —0
and hence
XG H G XKj (SR[KJYML/'KJ‘ X SO) = 0.
j=1

The space DR[K;]*"/I¥il is K;-homotopy equivalent to {x}. Hence

USG50 foo ¥) [ X [ [T G xx, (DIR{[Kj]4”/|Kj| x SO)

Jj=1

= US%(iso fooWoir) [ x& HGXKJ,SO
j=1

- 2. ZUG(%)(XG(G/KJ)%

where 47 is the inclusion and :cjl G/K; — X is the restriction of the charac-
teristic map of the one cell G/K; x D! to G/K; x {1/2}. If 29: G/H; — X
is the characteristic map of the 0-cell G/H; and «;: H; — G the inclusion, we
conclude

USHOEM) = SUED) o (o) <><Hi (H N>>
i=1 H;

— 2:) US(a)((G/Ky)).  (73)
j=1

The element x¢ (T] H, N;) € A(H;) is sent under the injective character map

cho: A(H) -~ [[  z [S]— 155
(K) consub(H;)

to (x(N;)H/El'| (K) € consub(H;)}. This implies

X (HM) = x(Vi) - [Hi/Hi]
H;

+ Z Ay (X(Ni)) - [Hi/ K] (7.4)
(K)Econsub(H;),
K#H,
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for appropriate functions A\(x): Z — Z. We can order the equivariant zero-cells
G/H,; of Xy such that H; is subconjugate to H; only if ¢ > j holds. We conclude
from (7.4) that for an appropriate map pu, the composition

' T G,L
Pz L Pz=uv(xo) L uo(xy)
i=1 i=1

sends {x(N;) | i = 1,2...,r} to 0, U%(2?) o (a;)« (X (HH1 N;)), where
ig: Xo — X is the inclusion and p is given by

r r r
M(a17a27 .o 7a7") = Zul,j(aj)7 ZMZ,j(aj)7 ERE ZMT,j(aj>7
j=1 j=1 j=1

for (not necessarily linear) maps p; ;: Z — Z for which p; ; = 0 for ¢ > j and
ti; = id. The map U%(ig) is surjective and the map p bijective. Since for any
integer k and any positive integer [ there is a closed connected 4/-dimensional
manifold N with x(N) = k, we can find appropriate N; with the right Euler
characteristics x(V;) such that for a given element u € U%(X)

S U o (o). (xHi (H N)) - w2 YU 0E G/
- " "~ (7.5)
We conclude from (7.3) and (7.5) that
UEHREOD) =

This finishes the proof of Lemma 7.2. ]

Putting Lemmas 7.1 and 7.2 together gives the following result on the real-
ization problem:

Theorem 7.6 Let S be a contravariant Or(G; Fin)-set, and suppose that there
are only finitely many elements (H) € consub(H) with S(G/H) # 0. Also
assume that for any finite subgroup H C G, the set WH\S(G/H) is finite, and
that the isotropy group WH of each element s € S(G/H) is finitely generated.
Let w € UY(S). Then there is a proper cocompact G-manifold M (without
boundary) and there is a natural equivalence T': wo(M) = S sending X% (M)
to u.
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