
Brief review of basic notions
K-Theory

Topological K–theory extends to C∗–algebras:

• even: equivalence classes of idempotents

p2 = p ∈ M∞(A) := limn Mn(A) with

addition:

[p] + [q] :=
[(
p 0
0 q

)]
K0(A) := Grothendieck group;

• odd: K1(A) := π0(GL∞(A))

• Ki(A) := πi−1(GL∞(A)), i ≥ 2,

• Bott Periodicity: Ki(A) ∼= Ki+2(A).



K–homology

• Atiyah (1969) K∗-cycle on manifold = (A,H, F ),

where A = C(M) acting on H = L2(M,E)

by multiplication, and F : L2(M,E)→ L2(M,E)

is a 0-order pseudodifferential elliptic oper-

ator:

(1) F = F ∗, F2 − Id compact

(2) [F, π(a)] = F π(a) − π(a)F

compact ∀ a ∈ A.

• Baum-Douglas (1980): equivalence re-

lation for K-cycles.

• Brown-Douglas-Fillmore (1973), Kasparov

(1975): K∗-theory for (unital) C∗-algebra

A, based on the notion of Fredholm module

(A,H, F ) satisfying (1), (2).



Index Pairing and Cyclic cohomology

• Connes (1981) F2 = Id, [F, a] ∈ Lp even:
∀ e2 = e ∈M∞(A) , n > p,

〈[F ], [e]〉 := Index
(
e F+ e

)
= (−1)

n
2 Tr (γe [F, e]n)

odd: ∀ g ∈ GL∞(A) , E = F+Id
2 , n > p,

〈[F ], [g]〉 := Index (E gE) =
1

2n
Tr

(
(g [F, g−1])n

)

• With da = i[F, a] viewed as a quantized
differential, the formula is reminiscent of
Chern-Weil theory.

• In polarized form,

τF (a0, a1, . . . , an) := cn Tr
(
γ a0[F, a1] . . . [F, an]

)
, ai ∈ A;

defines the Connes-Chern character
ch∗(H, F ) ∈ HC∗(A).



• Hochschild coboundary HH∗(A) ≡ H∗(A,A∗)

bφ(a0, a1, . . . , an+1) :=
n∑

j=0

(−1)jφ(a0, . . . , ajaj+1, . . . , an+1)

+(−1)n+1 φ(an+1a0, a1, . . . , an).

• Cyclic cohomology HCn(A) = cohomol-

ogy of cyclic subcomplex satisfying

φ (a0, a1, ..., an) = (−1)nφ(an, a0, ..., an−1) ;

• or HCn(A) = the cohomology of the total

complex for the (b, B)-bicomplex Cn(A) =(
A⊗(A/C)⊗n

)∗
, B2 = b2 = 0, Bb+bB = 0,

Bφ(a0, . . . , an−1) :=
n−1∑
j=0

(−1)(n−1)j φ(1, aj, . . . , an−1, a0, . . . , aj−1).



• In categorical terms, HCn(A) = the co-

homology of the Λ-module

{Cn(A) =
(
A⊗

n+1)∗
, δni , σ

n
i , τn}n ≥ 0 ,

τnφ (a0, a1, ..., an) := φ(an, a0, ..., an−1)

Λ = C ·∆ cyclic category

• Exact triangle:

HH∗(A)
B

vvlllllllllllll

HC∗−1(A) S //HC∗+1(A)

I
hhRRRRRRRRRRRRR

• Cohomological Pairing Formula:

K∗(A)⊗K∗(A)→ HC∗(A)⊗HC∗(A)

〈[F ], [c]〉 = 〈ch∗(H, F ), ch∗[c]〉.



Transgression du caractère de Chern et

cohomologie cyclique

[A. Connes + H.M., C.R.A.S. Paris 303 (1986)]

Spectral triple (p-summable): (A,H, D)

A ⊂ L(H) unital ∗ −algebra

D = D∗ unbounded (F = Sign D)

D−1 or (D2 + 1)−
1
2 ∈ Lp(H)

[D, a] := Da − aD bounded ∀ a ∈ A .

Auxiliary norm:

‖a‖D := ‖a‖+ ‖[D, a]‖

Geometric paradigm = Dirac operator on

closed Riemannian spin manifold (M, g):

(
A := C∞(M), H := L2(S), D = D/

)
.



Space of vector potentials V:= {A = A∗ |

A =
r∑

i=1

ai[D, bi] , ai, bi ∈ A} ∼= {c ∈ A ⊗A | c =

r∑
i=1

ai⊗ bi,
r∑

i=1

ai bi = 0,
r∑

i=1

ai⊗ bi =
r∑

i=1

b∗i ⊗ a
∗
i }.

• ∀A ∈ V, DA = D+A, DA is selfadjoint and

dim KerDA <∞;

• If KerDA = 0, then DA is invertible and

D−1
A ∈ Lp(H);

• V× = {A ∈ V ; KerDA = 0} is open in V.

Group of gauge transformations U ≡ U(A) :=

{u ∈ A ; u∗u = uu∗ = 1}, with affine action

νu(A) = u [D,u∗] + uAu∗ ;

Dνu(A) = uDA u
∗, u ∈ U , A ∈ V.



Hilbertian vector bundle with connection

• Trivial bundle H = H × V with trivial flat

connection d , ∀ ξ ∈ C∞(V,H) ,

(dξ)A(X) = (X ξ)(A) ≡
d

dt

∣∣∣∣∣
t=0

ξ(A+ tX).

• L∧k(V,H)= Banach space of norm contin-

uous k-multilinear alternating maps;

• Ω•(V,H)= smooth maps from V to L∧•(V,H),

= graded right module over Ω•(V);

• ∀ω ∈ Ωr(V,H),

dω (X0, . . . ,Xr) =
r∑

i=0

(−1)iXi ω(X0, . . . , X̂i, . . . ,Xr).



Superconnection ∇ := γd+D,

where D ∈ End(H) is DA := DA = D +A.

• D′ := [γd,D] ≡ γd◦D+D◦γd ∈ End Ω∗(V,H)

(D′ω)A(X0, . . . , Xr) =

γ
r∑

i=0

(−1)iXi
(
ωA(X0, . . . , X̂i, . . . , Xr)

)
;

• with ∇z := γd+ zD, one has ∀z ∈ C

∇2
z = zD′+ z2D2 ∈ End Ω∗(V,H).

Then e−∇
2
z =

⊕
n≥0

Ω(n)
z , where

Ω(n)
z = zn

∫
∆n

e−s1z
2D2
D′ e(s1−s2)z2D2

D′

. . . e(sn−1−sn)z2D2
D′ e(sn−1)z2D2

ds,

by iterated Duhamel (Expansional) formula.



Quillen’s superconnection formalism

Proposition 1. For Re(z2) > 0, let

Tr
(
γe−∇

2
z
)

=
⊕
n≥0

ω
(n)
z ∈ Ω∗(V),

ω
(n)
z,A (X1, . . . , Xn) = Tr

(
γΩ(n)

z,A(X1, . . . , Xn)
)
.

• ωz ∈ Ωeven(V) is closed and U-invariant;

• if Re(z2) → ∞, then ω
(n)
z,A → 0 pointwise,

∀A ∈ V×;

• if n ≥ p and 0 < Re(z2)→ 0, then Ω(n)
z,A → 0

pointwise, ∀A ∈ V.

Lemma 2. Let A ∈ V×. For any s ∈ [0,1],

s ‖DAe−st
2D2

A‖1
s
≤ Cp t−ps−1

(
Tr |DA|−p

)s
,

with Cp = sup
s∈[0,1]

(
s
(

1
2e

(
p+ 1

s

))1
2+ps

2

)
.



Transgression: d
dtωt = dθt , where

Tr(γe−(γdtD+tD′+t2D2) =∑
n≥1

tn−1
∫

∆n−1

Tr(γe−s1(γdtD+t2D2)D′ . . .

e−(sn−1−sn−2)(γdtD+t2D2)D′e−(1−sn−1)(γdtD+t2D2) ds

= (JLO)σt + θt dt.

By Hölder’s inequality, Lemma 2 and Proposi-

tion 1, ∀A ∈ V×,

‖θ(n−1)
t,A ‖ = o (tn−p−2) , as 0 < t→ 0.

Theorem 3. Let m > p be an odd in-

teger.

Θ(m)
A =

∫ ∞
0

θ
(m)
t,A dt

converges ∀A ∈ V× and defines a closed

U-invariant differential form on V×.



Explicit expression: Θ(m)
A (X1, . . . , Xm) =

=
∑
σ∈Sm

sgn(σ)
∫ ∞

0

( ∫
∆m

Tr
(
γDAe

−s0t
2D2

AXσ(1)

e−s1t
2D2

A . . . Xσ(m) e−smt
2D2

A) ds
)
tm dt .

To put in rational form, change variables

ui = (si − si−1) t2 ,

then use the Mellin transformm+1∑
i=1

ui

−
m+1

2

Γ
(
m+ 1

2

)−1 ∫ ∞
0

s
m+1

2 exp

−sm+1∑
i=1

ui

 ds
s
,

and also take s = µ2.



Rational expression: Θ(m)
A (X1, . . . , Xm) =

−Γ
(
m+ 1

2

)−1 ∑
σ∈Sm

sgn(σ)
∫ ∞

0
Tr

(
γ

DA
D2
A + µ2

Xσ(1) 1

D2
A + µ2

. . . Xσ(m) 1

D2
A + µ2

)
µm dµ



Inflation: ∀q ∈ N, replace (A,H, D) by
(A⊗Mq(C), H⊗Cq, D⊗1q) ; the corresponding

form is qΘ
(m)
A⊗1(X1 ⊗ c1, . . . , Xm ⊗ cm) =

−Γ
(
m+ 1

2

)−1∑
σ

sgn(σ) Tr
(
cσ(1) . . . cσ(m)

)
∫ ∞

0
Tr

(
γ

DA
D2
A + µ2

Xσ(1) . . . Xσ(m) 1

D2
A + µ2

)
µm dµ.

Restriction of qΘ(m) to Uq := U
(
Mq(A)

)
orbit

of Aq = A⊗ 1= invariant form on Uq; the tan-
gent map at 1 ∈ Uq to the map u → νu(Aq) ∈
V×q is a = −a∗ ∈Mq(A)→ [a,DAq],

φ
(m)
A,q (a1 ⊗ c1, . . . , am ⊗ cm) =

−Γ
(
m+ 1

2

)−1∑
σ

sgn(σ) Tr
(
cσ(1) . . . cσ(m)

)
∫ ∞

0
Tr

(
γ

DA
D2
A + µ2

[DA, a
σ(1)]

1

D2
A + µ2

. . .

. . . [DA, a
σ(m)]

1

D2
A + µ2

)
µm dµ.



Dual of Loday-Quillen-Tsygan isomorphism

U∞(A) := lim−→U
(
Mq(A)

)
, U∞ := lim−→U

(
Mq(C)

)

g`C
(
U∞(A)

) ∼= M∞(A) := lim−→Mq(A)

{Λ•(M∞(A)∗)U∞ := lim←− Λ•(Mq(A)∗)Uq, d}= com-

plex of U∞-invariant and coprimitive continu-

ous alternating multilinear forms on M∞(A);

Coprimitive: Γ∗α = ι∗1α + ι∗2α

where ι1(a, b) =

[
a 0
0 0

]
, ι2(a, b) =

[
0 0
0 b

]
,

and Γ(a, b) =

[
a 0
0 b

]
, a ∈Mp(A), b ∈Mq(A).

{C•λ(A), b}= complex of continuous cyclic cochains

on A.



Theorem 4. [L-Q, Tsy]∗ The cochain map

I : C•λ(A) −→ Λ•+1(M∞(A)∗)U∞ defined by

I (φ)(X0, . . . , Xm) =

(−1)m
∑
σ

sgn(σ)(φ⊗Tr)
(
Xσ(0), Xσ(1), . . . , Xσ(m)

)
is an isomorphism of complexes, with inverse

I−1(α)(a0, . . . , am) =

(−1)mα(a0 ⊗ E01, a
1 ⊗ E12, . . . , a

m ⊗ Em0),

where Eij ∈M∞(C) are elementary matrices.

Corollary 5. The restricted forms φ
(•)
A,q are

U∞-invariant and coprimitive. In particular

Tchn+1(a0, . . . , an) = Γ
(
n

2
+ 1

)−1 ∑
λ∈Cn

sgn(λ)

∫ ∞
0

Tr
(
γ

D

D2 + µ2
[D, aλ(0)]

1

D2 + µ2
. . .

. . . [D, aλ(n)]
1

D2 + µ2

)
µn dµ

is a cyclic n-cocycle ∀n > p− 1.



Theorem 6 (Chern character). Let (A,H, D)

be a p-summable spectral triple (with D in-

vertible). For any odd (resp. even) integer

n > p−1, the cyclic cocycle Tchn+1 represents

the Chern character of the spectral triple. In

particular Tchn+3 = STchn+1.

Proof. The construction works under a weaker

hypothesis: ∃p1, p2 ≥ 1, 1
p1

+ 1
p2

= 1
p such that

D−1 ∈ Lp1 and [D, a] ∈ Lp2 for any a ∈ A.

Lemma 7. For α ∈ [0,1], let Dα = D |D|−α. If

p′ > p, then [Dα, a] ∈ Lp′/α for any a ∈ A, and

‖[Dα, a]‖p′/α ≤ C(p, p′) ‖[D, a]‖∞
(
1 + ‖D−1‖2p

)
.

This allows to apply the construction of Tch

on the total space of the bundle over V× [0,1],

yielding a 1-parameter family of cochains τα,

with τ0 = Tch and τ1 = Chern character of

(A,H,SignD).



Transgression and the Chern character of

finitely summable K-cycles

[A. Connes + H.M., CMP 155 (1993)]

Recall Tr(γe−(γdtD+tD′+t2D2) = σt + θt dt.

The even part gives rise to JLO cocycle:

Chk(D)(a0, · · · , ak) = 〈a0, [D, a1], · · · , [D, ak]〉

〈A0, · · · , Ak〉D =∫
∆k

Str
(
A0 e

−s0D
2
· · ·Ak e−skD

2)
ds

bChk−1(D) +BChk+1(D) = 0,

giving the Connes-Chern character in entire

cyclic cohomology, for (A,H, D) satisfying

Tr e−tD
2
<∞, ∀ t > 0.



/chk(D,V)(a0, · · · , ak) =∑
1≤i≤k

(−1)deg V 〈a0, [D, a1], · · · , [D, ai],V,

[D, ai+1], · · · , [D, ak]〉.
Transgression formula :

−
d

dt
Chk(tD) =

b /chk−1(tD,D) +B /chk+1(tD,D).

By integration on [ε, t],

Chk(εD)−Chk(tD) =

b
∫ t
ε
/chk−1(sD,D)ds+B

∫ t
ε
/chk+1(sD,D)ds.

From now on (A,H, D) is p-summable.

Lemma 8. Then for n > p, and as t→ 0+,

‖Chn(tD)‖ = O(tn−p),

‖ /chn(tD,D)‖ = O(tn−p−1).



Thus lim
ε↘0

Chn(εD) = 0 for all n > p,

and

−Chn(tD) = b /Tchn−1
t (D) +B /Tchn+1

t (D),

where

/Tchnt (D) :=
∫ t

0
/chn(sD,D) ds.

In particular,

b

(
Chn(tD) +B /Tchn+1

t (D)
)

= 0.

Retracted cocycle : for n > p ,

chnt (D) :=
∑
j≥0

Chn−2j(tD) +B /Tchn+1
t (D)

satisfies (b+B) chnt (D) = 0. In addition,

chn+2
t (D)− chnt (D) = −(b+B) /Tchn+1

t (D),

hence its periodic cyclic cohomology class is
independent of n > p and of t > 0.



Lemma 9. For any k = 1 and a0, . . . , ak ∈ A,

/chk(tD,D)(a0, . . . , ak) = O(t−2) as t→∞ ;

if k is odd, one has in fact

/chk(tD,D)(a0, . . . , ak) = O(t−3) as t→∞ .

H = the orthogonal projection on KerD,

πH(a) = HaH , ∀ a ∈ A, and

$H(a, b) = πH(ab)− πH(a)πH(b) , a, b ∈ A.

Lemma 10. For k = 1, and a0, . . . , ak ∈ A,

lim
t↗∞

Ch2k−1(tD)(a0, . . . , ak) = 0,

lim
t↗∞

Ch2k(tD)(a0, . . . , a2k) =

(−1)k

k!
Str(πH(a0)$H(a1, a2) . . . $H(a2k−1, a2k)) .



Theorem 11. For n = 2m, 0 5 k 5 m,

chn∞(D)(2k)(a0, . . . , a2k) =

(−1)k

k!
Str($H(a0)$H(a1, a2) . . . $H(a2k−1, a2k);

chn∞(D)add
(2m)(a0, . . . , a2m) =∑

λ∈C2m

sgn(λ)
∫ ∞

0

( ∫
∆2k+1

Str(De−s0t
2D2

[D, aλ(0)]

e−(s1−s0)t2D2
. . . [D, aλ(2m)] e−(1−s2m)t2D2

) ds
)

t2m+1 dt.

For n = 2m+ 1, chn∞(D)(a0, . . . , a2m+1) =∑
λ∈Cn

sgn(λ)
∫ ∞

0

( ∫
∆2k+2

Tr(De−s0t
2D2

[D, aλ(0)]

e−(s1−s0)t2D2
. . . [D, aλ(2k+1)] e−(1−s2k+1)t2D2

) ds
)

t2k+2 dt .

gives a cocycle cohomologous to

(a0, . . . , an) 7→ cn Tr
(
γF [F, a0] . . . [F, an]

)
.



ΨDO calculus for spectral triples

For (A,H, D) spectral triple, let

Hs := Domain (|D|s), s ∈ R
H∞ = ∩s≥0H

s , H−∞ = dual ofH∞ ,

opr = {T ∈ L(H∞) |T (Hs) ⊂ Hs−r, ∀s ∈ R}

Regularity assumption: ∀a ∈ A, a and [D, a]

are in the domains of all powers of the deriva-

tion δ = [|D|, ·].

Lemma 12. Let b = a or [D, a] , a ∈ A. Then

(1) b ∈ op0 and b− |D| b |D|−1 ∈ op−1;

(2)
[
D2,

[
D2, . . . [D2, b ]

]
· · ·︸ ︷︷ ︸
n

]
∈ opn.

Order filtration: P ∈ OP s iff

|D|−s P ∈
⋂
n≥0 Dom δn .

Thus OP0 =
⋂
n≥0 Dom δn and OP s ⊂ ops.



∇(T ) = [D2, T ], D = algebra generated by

the operators ∇n(T ), T ∈ A or [D,A], filtered

by the total power of ∇; Dn ⊂ OPn ;

σ2z = ∆z ·∆−z, ∆ = D2 ;

σ2 = 1 + ρ, ρ(T ) = ∇(T ) ·∆−1 .

Theorem 13. Let P ∈ Dn; for all N ∈ N and

z ∈ C, one has

σ2z(P )−
N−1∑
k=0

z(z − 1) · · · (z − k + 1)

k!
ρk(P ) ∈ OPn−N .

This allows to develop an “asymptotic calcu-

lus” for the algebra of operators Ψ(A,H, D)

generated by the “differential” operators P ∈
D , the complex powers |D|z , and the “smooth-

ing” operators OP−∞.



More precisely, Ψ(A,H, D) consists of opera-

tors which admit an expansion

P ∼ bq|D|q + bq−1|D|q−1 + · · · , bq ∈ B ,

B= algebra generated by {δk(a) | a ∈ A, k ∈ N}
and the remainder of order N is in OP−N .

The fact that it is an algebra is guaranteed by

the following consequence of Theorem 13 :

Corollary 14. For any b ∈ B , one has

|D|α b ∼
∞∑
k=0

α(α− 1) · · · (α− k + 1)

k!
δk(b) |D|α−k.

The next step is to produce a trace functional

analogous to Wodzicki’s noncommutative residue

on the algebra Ψ(A,H, D).



Noncommutative residue

Dimension Spectrum assumption: ∃ a dis-

crete set Σ ⊂ C, such that ∀ b ∈ B, the holo-

morphic function on <z > p

ζb(z) = Tr
(
b |D|−z

)
,

extends holomorphically to C \Σ.

∫
−
k
(P ) := Resz=0 z

k ζP (z)), P ∈ ΨN(A,H, D).

Proposition 15.∫
−
k
(PQ−QP ) =

∑
n>0

(−1)n−1

n!

∫
−
k+n

(
P Ln(Q)

)
,

where L is the derivation L = [log |D|2, ·].

Corollary 16. If all singularities are simple poles,

then
∫
− :=

∫
−

0
is a trace on ΨN(A,H, D).



Using the order filtration one makes sense of

e−t
2D2

T ∼
∞∑
k=0

(−1)k

k!
t2k∇k(T ) e−t

2D2
.

By iteration, one moves the heat operators in

the JLO expression

〈a0, [tD, a1], · · · , [tD, an]〉tD =

tn
∫

∆n

Tr
(
a0 e

−s0t
2D2

[D, a1] · · · [D, an] e−snt
2D2)

ds

to the back of the formula, replacing them by

terms of the form

Tr
(
a0∇k1[D, a1] · · · ∇kn[D, an] e−t

2D2
)

Note that∫
∆n

s
k1
0 (s0 + s1)k2 . . . (s0 + · · ·+ sn−1)knds =

1

(k1 + 1)(k1 + k2 + 2) · · · (k1 + · · ·+ kn + n)
.



Via the inverse Mellin transform, the meromor-

phicity assumption gives expansions

t2|k|+nTr
(
a0∇k1[D, a1] · · · ∇kn[D, an] e−t

2D2
)

=
∑

cm,` t
n−2pm log`(t2) + O(1)

where pm corresponds to the poles whose real

part > n.

Recall retracted cocycle : for n > p ,

chnt (D) :=
∑
j≥0

Chn−2j(tD) +B /Tchn+1
t (D)

Taking the constant term gives the residue

cocycle in the theorem below*.

*[A. Connes & H. M., The local index formula

in noncommutative geometry, Geom. Funct.

Anal. 5 (1995)]



Theorem 17. For a spectral triple with dis-

crete dimension spectrum, the following gives

a cocycle in the (b, B)-bicomplex of A,

ϕn(a0, . . . , an) =
∑
k,`

cn,k,`

∫
−
`
a0[D, a1](k1) . . .

. . . [D, an](kn)|D|−n−2|k|

∇(T ) = [D2, a], T (k) = ∇k(T ),

|k| = k1 + . . .+ kn ,

cn,k,` =
(−1)|k|Γ(`)

(
|k|+ n

2

)
k1! . . . kn!(k1 + 1) . . . (k1 + · · ·+ kn + n)

.

In the even case the first component is

ϕ0(a0) = Ress=0(Γ(s) Tr(γa0|D|−2s)+Tr(γa0PKerD).

The class of {ϕ•} gives the Chern character

ch∗(H , F ) ≡ [τF ] ∈ HC∗(A).



Example of Dirac spectral triple

1. all zeta functions associated to the Dirac
spectral triple (C∞(Mm), L2(S), D/) are mero-
morphic with simple poles;

2.
∫
−P '

∫
S∗M

σ−m(P ). ∀P ∈ ΨDO(Mm);

(Wodzicki-Guillemin residue)

3.
∫
−f0[D/, f1](k1) . . . [D/, fn](kn) |D/|−(n+2|k|) = 0

whenever |k| > 0 ;

4.
∫
−f0[D/, f1] . . . [D/, fn] |D/|−n =

cn

∫
M

det

(
∇2/4πi

sinh∇2/4πi

)1
2

∧f0 df1∧ . . .∧dfn;

5. under the canonical isomorphism
HP ∗(C∞(Mm)) ∼= HdR

∗ (M,C),

ch∗(H ,D/) ≡ [(ϕn) ] ∼= [Â(R)].



The twisted case

Vector potentials: Vσ:= {A = A∗ |

A =
r∑

i=1

ai[D, bi]σ , ai, bi ∈ A} ∼= {
r∑

i=1

ai ⊗ bi,

r∑
i=1

ai σ(bi) = 0,
r∑

i=1

ai ⊗ bi =
r∑

i=1

b∗i ⊗ a
∗
i }.

Gauge transformations: Uσ :=
{u ∈ A ;σ(u)∗u = uσ(u)∗ = 1}, affine action

νu(A) = σ(u) [D,σ(u)∗]σ + σ(u)Aσ(u)∗ ;

Dνu(A) = σ(u)DA σ(u)∗, ∀u ∈ Uσ, A ∈ Vσ.

Anti-involution: θ(a) = σ(a)∗, θ(ia) = −iθ(a),

A = Aθ ⊕A−θ , iA−θ = Aθ.

Tangent space T1(Uσ) ∼= A−θ ,

∀ b ∈ A−θ =⇒ ut = etb ∈ Uσ,

hence T1(Uσ)⊗ C ∼= A.



Corollary 18 (Straight cocycles). The forms

σφ
(•)
A,q are U∞-invariant and coprimitive. By re-

striction to A ∼= T1(Uσ)C , one obtains for any

n > p− 1 the cyclic n-cocycle

σ Tchn+1(a0, . . . , an) = Γ
(
n

2
+ 1

)−1 ∑
λ∈Cn

sgn(λ)

∫ ∞
0

Tr
(
γ

D

D2 + µ2
[D, aλ(0)]σ

1

D2 + µ2
. . .

. . . [D, aλ(n)]σ
1

D2 + µ2

)
µn dµ =

=
∑
λ∈Cn

sgn(λ)
∫ ∞

0

( ∫
∆n+1

Str (De−s0t
2D2

[D, aλ(0)]σ

e−(s1−s0)t2D2
. . . [D, aλ(n)]σ e

−(1−sn)t2D2
) ds

)
tn+1 dt .


