Brief review of basic notions

K-Theory

Topological K—theory extends to C'*—algebras:

e even: equivalence classes of idempotents

p2 = p € Moo(A) := limy Mn(A)
addition:
_|{p O
i+ 1= (5 7))
Kg(A) :=  Grothendieck group;

o 0dd: K1(A) = mo(GLoo(A))

o K,(A) .= m;_1(GLo(A)), 1i>2,

e Bott Periodicity: K;(A) = K;12(A).

with



K—homology

Atiyah (1969) K.-cycle on manifold = (A, 9, ),
where A = C(M) acting on $ = L?(M, E)

by multiplication, and F : L?(M,E) — L?(M, E)
IS a O-order pseudodifferential elliptic oper-
ator:

(1) F=F* F?—1Id compact
(2) [F7m(a)] = Fr(a) — 7(a) F
compact Va € A.

Baum-Douglas (1980): equivalence re-
lation for K-cycles.

Brown-Douglas-Fillmore (1973), Kasparov
(1975): Kx-theory for (unital) C*-algebra
A, based on the notion of Fredholm module
(A, 9, F) satisfying (1), (2).



Index Pairing and Cyclic cohomology

e Connes (1981) F2 =1d, [F,a] € LP even:
Vel =e € Moo(A), n > p,

([F], [e]) :=1Index (e Fte) = (—1)2 Tr (ve [F, e]™)
odd: Vg € GLoo(A), E=1L4 pn>yp

(IF), lgl) = Tndex (Bg B) = - Tr ((9[F.g~1])")

e With da = i[F,a] viewed as a quantized
differential, the formula is reminiscent of
Chern-Weil theory.

e In polarized form,

re(a®,al,. .. a™) = cn Tr (’yaO[F,al] | F, an]),

defines the Connes-Chern character
ch*(9H,F) € HC*(A).



e Hochschild coboundary HH*(A) = H*(A, A*)
bd(al,al, ... a"T1) =
n . . .
S (—1) (a0 ...,dlad T e
0

j:
_I_(_l)n—|—1 ¢(an+1a0 a ,an).

e Cyclic cohomology HC™(A) = cohomol-
ogy of cyclic subcomplex satisfying

#(a’,at,..,a") = (=1)"¢(a",a’, ...,a" 1)

e or HC"(A) = the cohomology of the total
complex for the (b, B)-bicomplex C"(A) =
(A@(A/C)®n)*, B2 =142=0, Bb+bB =0,

B¢(ag,.--,ap_1) =

n—1
S (-1 Vig(1,a4,. .., an_1,a0,- -, aj_1).
j=0



e In categorical terms, HC"(A) = the co-
homology of the A-module

{C™(A) = (A®”+1) 67, ! ,Tn}n >0,

e (a%,at,...,a™) = ¢(a",a’ ...,a" 1)
N\ = C - A cyclic category

e EXxact triangle:

HH*(A)
/B/ X

HC*1(A) S HC*T1(A)

e Cohomological Pairing Formula:

K*(A) ® K«(A) — HC*(A) ® HC«(A)
([F], [e]) = (ch™(9), F), ch[c]).



Transgression du caractere de Chern et
cohomologie cyclique

[A. Connes + H.M., C.R.A.S. Paris 303 (1986)]

Spectral triple (p-summable): (A, $H, D)

AC L($H) unital * —algebra

D = D* unbounded (F = Sign D)
Dl or (D2+1)72 € LP(H)

[D,al := Da — aD bounded Vac A.

Auxiliary norm:

lallp = llall + [[[D; o]

Geometric paradigm = Dirac operator on
closed Riemannian spin manifold (M, g):

(A= C>(M), $:=L%S), D= D).



Space of vector potentials V:= {A = A*|
Tr

A= Zai[Dabi]a a;,bj e A} =E{ce ARA| c=
i=1

T T T T
Zai®bi7zaibizoazai®bi: Zb?@af}
i=1 i=1 i=1 i=1

e VAV, Dy= D+ A, Dy is selfadjoint and
dimKer Dy < oo;

o If KerDy = 0, then D4 is invertible and
Dyt e £P(9);

e VX={AcV,;KerDy =0} is open in V.

Group of gauge transformations Y = U(A) :=
{u e A; uw*v =wuu* = 1}, with affine action
vu(A) = u[D,u*] + vAu™;
D, (A= uDagu*, uwuel,AecV.



Hilbertian vector bundle with connection

e Trivial bundle H = $ x V with trivial flat
connection d, V&EeC*®(V,9H),

(@A) = (XOM) = 5 &(A+1X).
t=0

e L\k(V, $)= Banach space of norm contin-
uous k-multilinear alternating maps;

o Q*(V,H)= smooth maps from V to L"*(V, $),
— graded right module over Q°(V);

o Vw e QN(V,H),
do (X9,....X") =
r . . o~
Y (1) Xw(XO . XL XD,
1=0



Superconnection V :=~d+4 D,
where D e End(H) is Dy:= Dy =D + A.

o D' := [vd, D] = ydoD+Do~d € End Q*(V, H)
(D'w) 4(X0,...,X") =

;
~ Z(—l)ZXZ(wA(XO, N < ,XT));
1=0

e Wwith V. . =~d+ 2D, one has Vz e C

V2 = 2D + 2°D? € End Q*(V, H).

Then ¢ V2= D Q) where
n>0

an) — zn/ 6—31221)2 D/e(31—32)22D2 D!

o e(sn_l—sn)zQDQ D’ e(sn—l)zQD2 ds,

by iterated Duhamel (Expansional) formula.



Quillen’s superconnection formalism
Proposition 1. For Re(z2) > 0, let

Tr(ve V2) = @ wi™ e V),
n>0
Tr (v (XL, x™).

W (XX
o w, € QVEN(V) js closed and U-invariant;

o if Re(z2) — oo, then winj — 0 pointwise,
VA e V™,

o ifn>pand0 < Re(22) — 0, then Q') — 0
pointwise, YA € V.
Lemma 2. Let A€ V*. For any s € [0, 1],

212 S
s||D e P, < Cpt_p3_1<Tr|DA|_p) |
S

with Cp= sup <s (2% <p + %))%"‘%)



%wt = dbf; , where

Transgression:
Tr(~ 6—(vdtD—|—tD’—|—t2D2) _

Z tn—l / Tr(,ye—sl(fydtl)—l—tQDQ) D
n>1 VAV |

e~ (Sn—1=5n-2) (YAtD+t*D?) pyt ,— (1=51) (vt D+2D?)
= ot + 6;dt.

By HOlder’'s inequality, Lemma 2 and Proposi-
tion 1, VAeVPX,

16 Pl =0 P72, as 0<t— 0.

Theorem 3. Let m > p be an odd in-

teger.

oM = [0

convergesVA € V* and defines a closed

U-invariant differential form on V*.



Explicit expression: @félm)(Xl, LX) =

= Y sgn(o) /O >~ ( /A Tr <7DAe_30t2DiXU(1)

o€ESm
212
e—s1t°D3 | xo(m) g—smt D)y ds) t" dt .

To put in rational form, change variables

= (s; — 5_1) t2,

then use the Mellin transform

m—+1
m—+1 2
1 =1
()T (T ) %

and also take s = p2.



Rational expression: @félm)(Xl, LX) =

+ 1\ ! o0 Dy
r (m ) sgn(o) Tr (fy
2 ) B0k Tl

1 1
xo(1) .. xo(m) ) 1™ dp
D3 + 2 D3+ p?




Inflation: Vg € N, replace (A,$,D) by
(AR My(C), HCY, D®1q)' the corresponding

form is 54%)1 (X1l .., XMgcm) =
—I (m ;_ 1)_ > sgn(o) Tr <c0(1) L ca(m))
o0 D 5 (1) o(m) 1 m
/O Tr (’7D124 T qu D124 n ,UJ2 M d:u

Restriction of (©(™) to Uy := U(My(A)) orbit
of A = A® 1= invariant form on U, the tan-
gent map at 1 € U, to the map u — vy(Ag) €
Viis  a=—a"€ Mg(A) — [a,Dy,l,

oGl @t . am @™ =

-r(™F 1) Y san(o) Tr (e")...e7)

Tr ('y [D 4, a® D]
/o D3 + u? D3 + u?

o(m) 1 ) m g
.. [Da,a ]Di_l_uQ pdp.




Dual of Loday-Quillen-Tsygan isomorphism
Uso(A) 1= imU(Mg(A)), Uso 1= limU (My(C))
8l (Uoo(A)) = Moo (A) = lim My(A)

{A* (Moo (A)*)Vo 1= lim A*(My(A)*)Va, d} = com-
plex of Us-invariant and coprimitive continu-
ous alternating multilinear forms on My (A);

Coprimitive: Ma = 1]ja + 5«

where Ll(a, b) = [8 8], LQ(CL, b) — [8 ([3],

a O

and I_(a,b)zlo )

], a€ Mp(A),be My(A).

{CS(A),b}= complex of continuous cyclic cochains
on A.



Theorem 4. [L-Q, Tsy]* The cochain map
I CY(A) — N*TH (Moo (A)*)Ve  defined by

F($)(XO,..., X™) =

(—1)™ > san(o) (¢ @ Tr) (X0, xob) . xolm))
IS an isomorphism of complexes, with inverse

I Ha) (@O, . .., a™) =

(-1)™a(a® ® Eg1, a' ® E12,...,a™ ® Epp),

where E;; € Mx(C) are elementary matrices.

Corollary 5. The restricted forms qbfél'zl are
Uso-invariant and coprimitive. In particular

—1
Tch,yq1(a®,...,a") =T (g + 1) 3" sgn(\)

reClh

00 D 1

/ Tr (’y 5 5 D, CL)‘(O)] 5 5
0 D<=+ p D+ p

1 )”d
D2+ ,2)"

is a cyclic n-cocycle Vn>p—1.

... [D, aA(n)]



Theorem 6 (Chern character). Let (A, 9, D)
be a p-summable spectral triple (with D in-
vertible). For any odd (resp. even) integer
n > p—1, the cyclic cocycle Tchntl represents
the Chern character of the spectral triple. In
particular ~Tch™®t3 = 8§ Tchnrt1,

Proof. The construction works under a weaker
hypothesis: dpi,p> > 1, pil + piz = % such that
DY e £P1 and [D,a] € £P2 for any a € A.

Lemma 7. For a« € [0,1], let Do, = D |D|~<. If
p' > p, then [Dq,a] € cr'/e for any a € A, and
|[Da allly /o < €, P 1D, allloo(1 + [ID7L]2).

This allows to apply the construction of Tch
on the total space of the bundle over V x [0, 1],
yvielding a 1-parameter family of cochains 7,
with 7o = Tch and 74 = Chern character of
(A, $,Sign D). L]



Transgression and the Chern character of
finitely summable K-cycles
[A. Connes + H.M., CMP 155 (1993)]

Recall  Tr(ye~ OVUDHD' D) — o 1 g gt

The even part gives rise to JLO cocycle:

Chk(D)(CLO, 7ak) — <a’07 [D,CL]_],"' 7[D7ak]>

<A07"' 7Ak:>D —

—soD? | | —s3,D?
A, Str (AO € Ape )ds

b Ch*~1(D) + BCh* (D) = o,

giving the Connes-Chern character in entire
cyclic cohomology, for (A, H, D) satisfying

2
Tre tP° < o0, vVt > 0.



¢hk(D7V)(a07"' 7ak) —
Z (_1)degv<a07[D7al]7"' 7[Daa'i]7v7

1<i<k
[D7a’i—|—1]7' e 7[D7a'k:]>'
Transgression formula :
d . k
—— Ch™"(tD) =
ph (tD)

b¢h*~1(tD, D) + B¢h*T1(¢D, D).
By integration on [e, ],
Ch*(eD) — Ch*(tD) =
b/; ¢hE=1(sD, D)ds + B[; ¢hE+1(sD, D)ds.

From now on (A, H, D) is p-summable.

Lemma 8. Then forn >p, and ast — 07,

| Ch"™(tD)| = O@{"™P),
| ¢n"™(tD, D)|| o r~1y.



Thus |Iim Ch"(eD) =0 for all n > p,
e\,0

and
— Ch"(tD) = b T£h? (D) + B T£h? (D),
where
t
TEhP(D) = /O ¢h"(sD, D) ds.

In particular,

b( Ch™(tD) + BTﬁh?""l(D)) = 0.

Retracted cocycle : for n>p,
ch(D) := Y Ch"~2i(¢tD) + BT£h? (D)
7>0

satisfies  (b+ B)ch?(D) = 0. In addition,
chfT2(D) — chi(D) = —(b+ B) Tehy (D),

hence its periodic cyclic cohomology class is
independent of n > p and of ¢t > 0.



Lemma 9. For any k21 and aq,...,a; € A,

¢hk(tD,D)(ao,...,ak) = 0@t ?) ast— oo;

if k is odd, one has in fact

¢h*(¢tD, D) (ag,...,ar) = Ot 3) ast — oo.

H = the orthogonal projection on Ker D,
mg(a) = HaH, VYae€e A, and

wy(a,b) = nmg(ab) — wg(a) myg(b), a,be A.

Lemma 10. For k =2 1, and aq,...,a; € A,
im Ch?*=1(¢tD)(aq,...,ar) = O,
t /00
lim Ch?*(tD)(aq,...,ao) =
t /o0
(—1)F

Str(mpg(ag) wh(a1,a2) ... wy(ask_1,a2;)) -

k!



Theorem 11. For n =2m, 0 < k < m,

Chgo(D)(Qk)(a’Oa sy an) —

_ 1)k
( kl) Str(wy(ag) wy(ar,az) ... wy(agg_1,a21);
Chgo(D)?STdn)(a’07 s e 7a2m> —
o0 2n2
sgn(\ ( Str(De 50! D [D,a/\(o)]
)\E%:Qm ( )/O /AQk—'_l

o—(s1—s0)t?D2 (D, a*(2m)] e—(1—32m)t2D2) ds)
g2mrl gy
Forn=2m+1, Cth(D)(a’Ov"'acLQm—l-l) —

S sgn()\) /OOO (/A Tr(De50t2D?[ ) oM 0)]

rxeCy 2k+2
e—(81—50)t2D2 ) a)\(Qk:—I—l)] e_(1_52k+1)t2D2) ds)

£2k+2 g .
gives a cocycle cohomologous to

@®,....a") — ¢y Tr (’yF[F, a®]...[F, an]).



W DO calculus for spectral triples

For (A, H, D) spectral triple, let

H® := Domain (|D|*), seR
H™ =Ng>oH® , H™> =dual of K™,
op’ =A{T € L(H™)|T(H") CH*™", Vs € R}

Regularity assumption: Va € A, a and [D, a]
are in the domains of all powers of the deriva-
tion 6 = [| D], -].

Lemma 12. Letb=a or [D,a]l , a€ A. Then
(1)beop? and b—|D|b|D|"t €opi;

(2) [DQ, D2,...[D%,b]]-- ] € op”.

——
n

Order filtration: P € OP*3 iff
|ID|7* P € Np>0 Domd™ .

Thus OP®° =,>0 Dom4é™ and OP* C op®.



V(T) = [D?,T], D = algebra generated by
the operators V'(T'), T € A or [D, A], filtered

by the total power of V; D™ C OP™ ;
0%* =N ATF, A=D?;
o=14p,  p(T)=V(T) A",

Theorem 13. Let P € D", for all N € N and
z € C, one has

N—-1
O_2z(P)_ Z Z(Z_l)..];$z_k+1)pk(P)Eopn_N.
k=0 '

This allows to develop an “asymptotic calcu-
lus” for the algebra of operators W(A,H,D)
generated by the “differential’ operators P &
D, the complex powers |D|?, and the “smooth-
ing” operators OP~°.



More precisely, W(A,H,D) consists of opera-
tors which admit an expansion

P~bg|D94+b, 1|DIT .. | bgEB,

B= algebra generated by {6%(a)|a € A, k € N}
and the remainder of order N is in OP~,

The fact that it is an algebra is guaranteed by
the following consequence of Theorem 13 :

Corollary 14. For any b€ B, one has

D|* b ~
X ala—1)---(a—k+1)

Z k!

k=0

5*(b) |D|**.

The next step is to produce a trace functional
analogous to Wodzicki's noncommutative residue
on the algebra W(A,H, D).



Noncommutative residue

Dimension Spectrum assumption: 4 a dis-
crete set > C C, such that Vb€ B, the holo-
morphic function on Rz > p

Gp(2) = Tr (b[D|7?),
extends holomorphically to C\ X.

][k(P) ‘= Res,_o ¥ ¢p(2)), Pe WN(A H,D).
Proposition 15.

f (PQ-QP) =
(_1)n—1 .
nz>:O n! ][k-m(P L (Q))’
where L is the derivation L = [log |D|?,].

Corollary 16. If all singularities are simple poles,

then ][:z ][o is a trace on WV (A, H, D).



Using the order filtration one makes sense of

212 > (—1)k 212
k!
k=0
By iteration, one moves the heat operators in
the JLO expression

<a'07 [tD7 a’l]a Ty [tDa a'n]>tD —

212 212
tn/ Tr (ao e 50" DD qq]--- [D, an] e P )ds

to the back of the formula, replacing them by
terms of the form

Tr (ao VF[D, a1] -+ V*[D, an] e_t2D2>
Note that

/A sel(so 4+ s1)%2 .. (s + -+ sp_1)knds =
' 1
(k1 +1)(k1+ko+2) (k1 +--+kn+n)




Via the inverse Mellin transform, the meromor-
phicity assumption gives expansions

¢2lkl+n 1y (aO VFLD,aq] -+ V*[D, ay] e_t2D2>

=Y e et" 2P logh(t?) + O(1)

where py, corresponds to the poles whose real
part > n.

Recall retracted cocycle : for n>np,
ch(D) := Y Ch"~2i(tD) + BTLhP (D)
720
Taking the constant term gives the residue
cocycle in the theorem below™*.

*[A. Connes & H. M., The local index formula
in noncommutative geometry, Geom. Funct.
Anal. 5 (1995)]



Theorem 17. For a spectral triple with dis-
crete dimension spectrum, the following gives
a cocycle in the (b, B)-bicomplex of A,

Spn(a’07 RN a’n) — Z Cn,k,f][eaO[Da al](kl) e
k¢

... [D, a™)%n)| p|~n—2lk]

V(T) = [D?,d], T = V¥(T),
k| =kl 4+ ...+ k",

(~1)* O (|| + 3)

C — .
Kl T U kM (ky 1) .. (k- k1)
In the even case the first component is

po(a®) = Res,—o (I (s) Tr(ya®|D|72%)+Tr(va® Pcer p)-

The class of {pe} gives the Chern character
ch*(JC,F) = [rrp]l € HC*(A).



Example of Dirac spectral triple

1. all zeta functions associated to the Dirac
spectral triple (C°(M™), L2(S), ) are mero-
morphic with simple poles;

2, ][P ~ /S*M o m(P). VP e WDO(M™):
(Wodzicki-Guillemin residue)

3. 4101, £100 L, fr ) = (21D = 0

whenever |k| > 0 ;

4 400 B BT =

1
02/471"& 2 0 1
det A df*~N...ANdf™;
n /M (sinh V2/47Ti> 1= df f

5. under the canonical isomorphism
HP*(C°(M™)) = HIR(M,C),

ch*(A, D) = [(¢n) ] = [A(R)].



The twisted case

Vector potentials: Vo= {A=A"|
Tr Tr
A = Z a’i[Dabi]Ua a;, b; € A} = {Z a; Q by,
i=1 i=1

r r r
Zaia(bi)zo, Zaz®bZ:Zb:<®a;k}

Gauge transformations: Uy ==
{fue A;o(u)*u =uo(u)* = 1}, affine action

vu(A) = o(u)[D,o(u)]o + o(u) Ao(u)™;
DI/U(A) = o(u)Dy O'(u)*, Yu € Uy, A € Vp.

Anti-involution: 0(a) = o(a)*, 0(ia) = —i0(a),
A:AQEBAQ_, Z.AQ_:.AQ

Tangent space Ti(Us) = Ay

Vbe Ay = u = e €Uy,
hence TH(U;) @ C = A.



Corollary 18 (Straight cocycles). The forms
ggbxz are Uso-invariant and coprimitive. By re-
striction to A = T1(Uys)c , one obtains for any
n >p—1 the cyclic n-cocycle

—1
o Tehp1(a®. 0™ =T (Z+1) % san(y)
2 ey,

oo D A(0) 1
/O Tr <7D2+M2[D,a ]GDQ_I_MQ...

= Y sgn(\) /OOO(/A Str (De~*""P*[D, a* ()],
xeCy, n+1

e~ (s1=50)t2D% [D, a>‘(n)]g e_(l_sn)tQDQ) ds) g



