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1 Introduction

Let m be an irreducible representation of a real reductive group G. The
global character 6, of m may be considered as a function on the regular
semisimple elements of G. The global character determines 7, and it is of
great interest to compute it. For example Harish-Chandra found the discrete
series representations of G by computing their characters, and characters
play an important role in the Langlands program.

Fix a Cartan subgroup H of G and let D be the Weyl denominator. Let A
be the infinitesimal character of 7. The function 6, restricted to the regular
elements of H is roughly of the form
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for certain integers a,, (7). We would like to compute these integers.

There are several methods for doing this in the literature. The character
of any irreducible representation is an integer combination of characters of
standard modules, i.e., induced from (limits of) discrete series representa-
tions. Together with the induced character formula this reduces the problem
in principle to computing characters of the discrete series.

The most conceptual algorithm for this case is due to Rebecca Herb [11].
It is based on the theory of endoscopy. First one computes the character of a
stable sum of discrete series representations. Then one computes the charac-
ter of an individual discrete series representation in terms of the characters



of stable sums of discrete series for G and for various endoscopic groups of
lower dimension.

Alternatively, properties of the discrete series characters, including the
Hecht-Schmid character identities, give recursive formulas which determine
these constants [15, Chapter 13, §4]. In [14] Hirai uses this approach to give
a very different formula from that of Herb.

Another very different formula is [6]. Other special cases include [17],
(18], [8], [16], [19], [5], and unpublished work of Zuckerman. Also see the
references in [11] and [14] and [15, Chaper 13].

We follow a more computational approach, based on the Kazhdan-Lusztig-
Vogan (KLV) polynomials. Certain terms e“* only appear with nonzero co-
efficient in the character formula for a single standard module I. It follows
that for any irreducible representation 7, a,,(7) = £ M (I, 7), where M (I, )
is the coefficient of I in the expression of 7 as a sum of standard modules,
which is given by a KLV polynomial. We then compute other coefficients
a,(m) by using coherent continuation. The KLV polynomials are computed
by the atlas software (available at www.liegroups.org). A version of this
approach appears in an unpublished manuscript of Vogan [20].

The main ideas here are all present, in one form or another, in the litera-
ture, especially [10], as well as [20]. The main point here is to formulate the
result in as self-contained and clean a form as possible, with an emphasis on
the KLV polynomials for use in computations. These calculations will even-
tually be incorporated in the atlas software, which is a primary motivation
for this paper.

One noteworthy aspect of this presentation is our use of covers of Cartan
subgroups, which simplifies many of the formulas. In particular we give an
elementary proof of the Zuckerman character formula. In these terms we
write the trivial representation as a linear combination of standard modules
parametrized by holomorphic characters of (covers of) Cartan subgroups.

An excellent reference for the basics of character theory is [10]. Also
see [15], especially Chapters 10-13. We have tried to keep the presentation
as elementary as possible. Everything is based on Harish-Chandra’s theory,
and most of what is required was available in the early 1980s. A notable
exception is the theory of D-modules, which are not discussed explicitly here,
but which play an important role behind the scenes, and a fundamental one
in the theory of the KLV polynomials.

We thank David Vogan for some helpful discussions, and Dragan Milici¢
and Becky Herb for assistance with Section 9.



2 Weyl denominators and related functions

Fix a connected, complex reductive group GG and a Cartan subgroup H. Let
A = A(G, H) be the set of roots of H in G, and let W = W (G, H) = W(A)
be the Weyl group. If A' is a set of positive roots, let p = p(AT) =13\ a
as usual. The p-cover of H is defined as in [4, Section 5]:

(2.1) H,={(h,2) € Hx C*|e*(h) = 2*}.

Projection on the first factor is a two-to-one cover of H. Projection on the sec-
ond factor, denoted e”, is a genuine character of H, (one not factoring to H)
satisfying e?(h, z)? = €?’(h). If wA™ is another choice of positive roots then
H, is canonically isomorphic to H,,, via the map (h, z) — (h,e"*~*(h)z). It

is convenient to eliminate the dependence on A*: define H to be the inverse
limit of {H,, |w € W}.

The Weyl group acts on H, by w : (h, z) — (wh,e” ?=?(h)z), and hence
on H.

Now assume H is defined over R, with real points H(R). Let H(R), be

the inverse image of H(R) in H,, and define H(R) to be the inverse limit of
the H(R),,.
Let b be the Lie algebra of H, h* = Home(h, C), and write (,) for the
pairing h* xh — C. If « € A C b*, a¥ € b denotes the corresponding coroot.
The cross action on characters is defined as follows. For A € h* let
W(A) = {w € W |wA — X is a sum of roots}. For A a genuine character of
H(R),, w € W(dA), define

(2.2) wxA=A® (wdA\ — dA).

The expression wdA — dA is a sum of roots, which we consider as a (non-
genuine) character of H(R),; the right hand side is naturally a genuine char-
acter of H(R),.

This definition of the cross action is simpler than that of [21, Definition
8.3.1], thanks to the fact that we are using the p-cover of H.

Now suppose 6 is a Cartan involution of G corresponding to G(R), i.e.
G(R)? is a maximal compact subgroup of G(R). For H a f-stable Cartan
subgroup set

A, ={aecA|f(a)=a}
(2.3) A, ={aeAlf(a)=—a}
A, ={a € Alb(a) # +a}.
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Then A;, A, are root systems (A, typically is not), and we denote their
Weyl groups W;, W,.

Fix a set of positive roots A*. For x = i,r or cx let A} = ATNA,. Then
A}, A are positive roots for A;, A,, respectively. Define p, = 1> A+ Q.

We need to allow the positive systems for A;; A, to vary independently
of AT, We will write ¥; C A;, ¥, C A, for choices of positive imaginary and
real roots respectively, with p;, p, defined accordingly. The covers H(R),,
and H(R),, are defined as above.

Definition 2.4 If A" is a set of positive roots define

(2.5)(a) DA, g) =[] 1 =e(9) (g€ H),
aEAT
(2.5)(b) D(A*,g) = D°(AY,9)e’(§) (5 € H)

where g is the image of g in H, and
(2.5)(c) |D(AF, g)| = [D* (AT, 9)e’(@)| (9 € H)

where g is any inverse image of g in H.

The dependence of D on A" is obvious (modulo chasing the covers a bit):
(2.6) DAY, w™g) = D(wA™,q) = sgn(w)D(AT,5) (w e W),

It is also easy to see

(2.7) D(A*,g) = sgn(w)(w x e)(g) (g € Hy).

Suppose H is defined over R. After conjugating by G(R) we may assume
H is f-stable, which we often do without further comment. The real Weyl
group is W(G(R), H(R)) = Normgw)(H(R))/H(R). This is a subgroup of
WP, the elements of W commuting with the action of § on H.

Fix positive imaginary and real roots ¥;, ¥,. For w € W? define w; €
W(A),w, € W(A,) by w¥; = w;¥; and w¥, = w,V,. Define w., by
W = Wepwsw,. Then we, € W2, w,, fixes ¥;, ¥,, and sgn(w,,) = 1. See [22,
Section 3]. Define sgn,(w) = sgn(w;). Although w; depends on the choice of
U;, sgn(w;) is independent of this choice.



If H is f-stable let A be the identity component of {h € H|6(h) = h~'}.
Let M = Centg(A); this is a connected complex reductive group. If H is
defined over R then so are A and M, and M? is a complexified maximal
compact subgroup of M(R). With d denoting the derived group define

L.
=35 dime(Mg/(Mg)°)
(2.8) .
= 5]{04 € A, | a is noncompact}|.

Fix a set of positive real roots W,. For later use we define functions
(U, 9) = £1, v(¥,)(9) = +1,+i and 7(¥,,w)(g) = +1, and give some
elementary properties.

For g € H(R) define

(2.9) e(Ur,g) =sgn [ ] (1 —e(9)).
CYG\IJT

View e as a genuine character of H(R), and define

(@

ler(9)]

Since |efr(g)| factors to H(R), v(V,) is a genuine character of H(R)
e (g) € R* implies y(¥,)(g)* = 1. For w € W define

210 rlu)e) = Sk = s ) (9 € HR)),

As indicated this factors to a character on H(R), with values in 1.

(2.10) 7(¥)(9) (g € HR),,).

o, and

Lemma 2.12 For all w,xz,y € W9:

(1) 7(¥,,w) = 7(¥,, w,).

(2) T(Vr, xy) = 7(Vp, @) 27(Vs, y);

(3) €V, wg) = sgn(w,)e(¥y, g)7(Pr, w1 )(g).

We omit the straightforward proofs. For (2) see [4, (8.26)(b)]).
Definition 2.13 Suppose H is 0-stable and A" is a set of positive roots. Let

1
(2.14) B(AY) = §l{a € A" complex|fa € AT}
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We make repeated use of the condition
(2.15) a € AT compler = 0(a) € AT,

i.e. B(AT) =0. See [21, Lemma 6.7.1].
Suppose « is a complex root. Then e*™@ takes positive real values on

H(R), and has a natural positive square-root. Accordingly for h € H(R) we
define

(2.16)

e%(‘”a)(h) = /eoTa(h)
1

e2@ @ () = ¢(h)e 2@ (p).

Since pe, is a sum of terms 1 (@), e’ is a well defined character of H(RR).
In particular if A satisfies (2.15) then e (h) > 0 for h € H(R).

Suppose A is a character of H(R), and (dA, ") € R for all roots. We
define

(2.17) e(A,A") =sgn(w) where (wdA,a") >0 for all @ € A™.

We often apply this to A} in which case it is enough to assume (dA, ") # 0
for all imaginary roots.

3 Limits of Relative Discrete Series

We say a Cartan subgroup H (defined over R) is relatively compact if H(R)
is compact modulo the center of G(R). By a result of Harish-Chandra G(R)
has relative discrete series representations (i.e. discrete series modulo the
center) if and only if it has a relatively compact Cartan subgroup. It also has
limits of such representations, which are obtained by translating to singular
infinitesimal character.

Let ¢ = gy = § dimc(G4/(Ga)?) (cf. 2.8).

Definition 3.1 A relative discrete series parameter is a pair v = (H,\)

—_—

where H is relatively compact, A is a genuine character of H(R) and
(3.2) (dN, ") #0  for all a« € A(G, H).

Let A* = A*(dA) = {a] (dA, a") > 0}.
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Let 1(vy) be the unique relative discrete series representation whose char-
acter restricted to the regular elements of H(R) is

(33)  Orplg) =(=DDATH Y sgn(w)(wA)(g)
weW (G(R),H(R))
where g € ;I\(IRT) maps to g.
More generally let v = (H, AT, A) where A is a genuine character of

H(R) satisfying

(3.4)(a) (dA, ")y #0  if a is compact and simple for A™,
and A" satisfies

(3.4)(b) {a|(dA, ") > 0} C AT,

Choose N regular so that N — A is a sum of roots, and satisfying AT =
AT(N). Define a discrete series representation I(H, \") by the preceding con-
struction. Let I(H, AY A) = W(I(H, ")) where ¥ is the Jantzen-Zuckerman
translation functor taking infinitesimal character dA' to infinitesimal charac-
ter d\. See [15, Chapter 12, §7].

Fvery relative limit of discrete series representation is obtained this way,
and 1(y) ~ I(7) if and only if v is G(R) conjugate to +'.

See [4, Example 8.14].

Formula (3.3) holds for limits of discrete series. However the uniqueness
statement does not. For example for SO(2,1) the character of the (unique)
limit of discrete series representation vanishes on the compact Cartan sub-

group (since s, € W(G(R), H(R))).

4 Regular Integral Standard Modules

In this section we consider standard modules with regular integral infinitesi-
mal character. The basic reference for this section and the next is [4, Section
8]. Also see [3, Theorem 11.4] and [1, Theorem 6.1].

We first dispense with a technical issue about the covers. Suppose H
is f-stable, A% is a set of positive roots, and define p;, p,, pee With respect
to A, AT and Al as in Section 2. Recall (end of Section 2) e’ is a well
defined character of H(R).



Definition 4.1 Fix H (defined over R) and A". Suppose x,T are genuine
characters of H(R),, H(R),,, respectively. Define:

(4.2) (x @ 7)(h) = (xe™?)(h)(re” ) (R)er (h)e (h)  (h € H(R),,)
where h is the image of h in H(R). This is a genuine character of H(R),,,
satisfying d(x ® 7) = dx + dr.

Definition 4.3 A regular character for G(R) is a pair v = (H, ) where H

is a Cartan subgroup of G, defined over R, A is a genuine character of H(R),
and dA is reqular and integral, i.e. (dA, ") € Z4q for all roots.

We say v = (H, A) is based on H. The group G(R) acts on regular characters
by conjugation.

Now suppose A is a genuine character of H(R). Fix positive imaginary
and real roots ¥;, U,.. Choose positive roots A™ containing ¥;, ¥,., and apply
Definition 4.1 to define (cf. (2.10))

(4.4) Ay (V) =A@y(Y,) ",

a genuine character of H(R),,. It is easy to see this is independent of the
choice of A", and the dependence on W, is given by

(4.5) Ay (w0,) = 7(V,, w)Ap (V) (w e W,).

Given v = (H, A), conjugate by G(R) as usual to assume H (R) is f-stable.
Define A and M = Centg(A) as in Section 2. Let a = Lie(A4). Recall M is
defined over R. Let P = M N be a parabolic subgroup such that

(4.6) {a| (dA|g, @) > 0} for all weights o of b in Lie(N).
It is easy to see that N and P are defined over R.

Definition 4.7 Suppose v = (H, \) is a regular character. Let
(4.8) U, = {a € A, [(dA,a") > 0},

define Ay by (4.4), and the relative discrete series representation Ip(H, Ayy)
by Definition 3.1 applied to M(R). Choose P as above, and define

(4.9) 1(7) = Indg(g) (I (H, Aur)).



Theorem 4.10 I(v) is non-zero, independent of the choice of P, and has
a unique irreducible quotient, denoted m(vy). FEvery irreducible representation
of G(R) with reqular integral infinitesimal character is isomorphic to w(7)
for some reqular character v, unique up to conjugacy by G(R).

Example 4.11 Let G(R) = SL(2,R) and let H(R) be a split Cartan sub-
group. Choose an isomorphism h : R* ~ H(R). The cover H(R), is trivial,
so we may drop it from the notation. Let ¥, = {a} where a(h(x)) = sgn(z).
Then e (h(z)) = x and (V) (h(x)) = sgn(x). If A is a character of H(R)
then Ay (h(x)) = A(h(x))sgn(x). In particular if A = e” then Ay (h(z)) =

).

Example 4.12 Consider the split Cartan subgroup H (R) ~ R* of PGL(2,R).
Now some care is required with the covers. Choose an isomorphism h : R* ~
H(R), and choose ¥, = {a} where a(h(x)) = z. Then H(R), = H(R),, =
{(h(z),2)|2* = x}. On the other hand H(R),, = {(h(z),€) | = 1} (trivial
cover).

Suppose A is a genuine character of H(R),. Write A(h(z), z) = p(z)z for
w a character of R*. Note that v(W,)(h, z) = z/|z|]. According to Definition
A1if (he) € HR),,:

A (h(@),€) = (Ae™) (h(x))(4(¥,) ~"e?) (h(w))e
= p()|2le = p(a)]z|7e.

We may ignore the trivial cover H(R),, and write Ay (h(z)) = u(x)]x\% In
particular y = 1 gives A = e? and Ay (h(z)) = |z|2.

5 General Standard Modules

Although our computation of characters of irreducible representations (see
Section 12) is limited to the case of regular integral infinitesimal character,
it is only a little extra effort to prove various intermediate results in greater
generality.

In this section we consider general standard modules, where are obtained
by dropping the assumption that dA is regular and integral. This necessitates
some further choices. First of all we need to choose ¥; to define limits of
discrete series for M (R). Secondly W, is not determined by (4.8), so we need



to choose W, to define Ajy;. For references see the beginning of the previous
section.

Definition 5.1 Standard limit data is a set v = (H,V;,V,., A) where H is
defined over R, U, W, are sets of positive imaginary and real Toots, respec-

tively, and A is a genuine character of H(R). We require:
(5.2)(a) {a e Aj]{(dA, ") > 0} C T,
(5.2)(b) if a € A; is compact and simple for V; then (dA,a") # 0.

We say v = (H,¥;,V,, A) is based on H. The group G(R) acts on standard
limit data by conjugation.

Definition 5.3 Suppose v = (H,V;, V,, A) is standard limit data. Define
Ay by (4.4) and Iy(H,V;, Ap) by Definition 3.1 applied to M. Choose a
parabolic subgroup P = M N such that

(5.4) Re(dA|q, ) >0 for all roots a of b in Lie(N)
and define
(5.5) 1(7) = Ind (3 (Iag (H, Wi, s (9,).

As before () is independent of the choice of P. However it may not have
a unique irreducible quotient, and we let 7(7y) be the co-socle of I(), the
direct sum of all of the irreducible quotients.

If dA is regular and integral we recover Definition 4.3:

(56)(a) I(H,A) = I(H, A7, AY, A)
where A1t = {a|(dA,a¥) > 0}. More generally if (dA,a) # 0 for all

imaginary roots we define
(5.6)(b) I(H,V,,A)=1(H,V;,V,, A)

where U; = {a € A; | (dA, ) > 0}.

The choice of W, introduces a twist in the notion of equivalence of data.
By (2.11) and (4.4) ifw € W,., then I(H,V;, V., A) ~ I[(H, V;,wV,, 7(V,., w)A).
We therefore define

(H,U;, U, A) ~ (H,U;,wV,, 7(¥,,w)A) (weW,).

Incorporating conjugation by G(R) we make the following definition.
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Definition 5.7 Fiz v = (H,V;,V,,A). We say standard limit data ~' is
equivalent to ~y if there exists g € G(R), w € W, such that

(5.8) 9vg "t = (H,V;, w¥,, 7(V,, w)A).

In particular (H,V;, W, A) ~ (H, V., W A") if and only if there exists y €
W(G(R), H(R)) such that

(1) ¥; = y¥i,
(2) yN = 7(V,,w)\ where w € W, satisfies w¥, = yV'.

Theorem 5.9
(1) Every irreducible representation is a summand of 1(~y) for some 7.
(2) Suppose v,~" are standard limit data. Then I(y) ~ I(v') if v ~+/;

If the infinitesimal character is regular then the converse holds in (2)
(Theorem 4.10). In general an additional final condition is necessary to make
this hold, and to make () irreducible. See [3, Definition 11.13, Condition
(b)] or [1, Theorem 6.1, Condition 5].

A virtual character is an element of the Grothendieck group, i.e. a finite
linear combination of irreducible representations, with integral coefficients.
A Dbasic result is that the representations I(7) span the virtual characters.
At regular infinitesimal character these form a basis (at singular infinites-
imal character this is not true without the final condition of the previous
paragraph). We restrict to regular infinitesimal character.

Definition 5.10 For m a wvirtual representation with regular infinitesimal
character define integers M(I(vy),m) by

(5.11) m=> M(I(H),m)I(y)
gl
in the Grothendieck group.

For 7 irreducible the integers M (I(vy),m) are computed by the Kazhdan-
Lusztig-Vogan algorithm.

11



6 Character Formulas

Fix a Cartan subgroup H defined over R and write H(R),., for the regular
elements of H(R). Fix a set of positive real roots ¥,. Let

(6.1) HR); ={g9 € HR)yey | |€*(g)] > 1 for all a € U, }.

Every element of H(R),., is conjugate via W, C W(G(R), H(R)) to a unique
element of H(R),.

We parametrize infinitesimal characters by Weyl group orbits of elements
of h*. Let

—~——

(6.2) P(H,\) = {A|A is a genuine character of H(R), dA € WA},

Since we make frequent use of the trivial representation, let p be one-half the
sum of any set of positive roots and define

(6.3) P(H,C) = P(H, p).

Recall if AT is any set of positive roots then AT = ATNA, is a set of positive
roots of A,.

Proposition 6.4 Suppose 7 is an admissible representation. Fiz a Cartan
subgroup H, defined over R, and a set of positive roots AT. Suppose w has
infinitesimal character A\ € b*. Use A} to define H(R). Then the restriction
of O, to H(R) may be written

a(m, AT, AN)A(g
(6.5) 0-(g) = ZAGP(H% ( (A = )JA(9)

for some unique integers a(m, AT, A).

Here g is an inverse image of g in H(R); the right hand side is independent
of this choice.

This is essentially due to Harish-Chandra [7], see [10, 3.41], except that
the set on which this expansion is valid is larger. Also see see [1, Theorem
5.8] and [20].

We want to compute the integers a(m, AT, A).

From invariance of 6, it is easy to see that if w € W(G(R), H(R)) then

(6.6)(a) a(m, wA*, wA) = a(m, AT, A)
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and if, furthermore, wA® = Al then (cf. (2.6))
(6.6)(b) a(m, AT, wA) = sgn(w)a(m, AT, A).

However if w € W, there is often no relationship between a(7, A% A) and
a(m, AT, wA).

The dependence of a(m, AT, A) on A" is fairly innocuous, and we record
it here.

Lemma 6.7 Fiz a 0-stable Cartan subgroup H, AY, and suppose w € W.
There exist unique x,y € W such that

(6.8)(a) r €W, and (wA"), = z2(AF),
(6.8)() (yA*), = A,
(6.8)(c) w =Y.

If w e WP then (wA™T), = w(Af) and x = w, (cf. Section 2).
Proof. The element z satisfying (a) exists and is unique, so let y = z~1w.
It is enough to show y satisfies (b). Note that (z7'wA™), = z7H(wAT),]
since x € W,. Thus
(6.9) (yAT), = (a7 'wAT), = 27 [(wAY),] = 27 (AT = AT

(4

O

Lemma 6.10 In the setting of Proposition 6.4 suppose w € W, and write
w = xy as in the Lemma. Then

(6.11)(a) a(m, wA*, A) = sgn(y)a(m, AT, z71A).
In particular

(6.11)(b) a(m, wA*, A) = sgn(w)a(m, AT A)  (wA"), = w(A))
(6.11)(c) a(m,wA",A) = a(m, AT, wtA) (weW,).

In particular (b) holds for w € W;.
Proof. Assuming |e“(g)| > 1 for all &« € A, we have

(6.12) Ox(g) = D(AT, 57" "a(m, AT, A)A(Z).
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Since (wA™), = x(A}), g satisfies the previous condition if and only if
le#(zg)| > 1 for all 3 € (wAT),. Therefore
©x(29) = D(wA®,19) " S a(m, wA ™, T)T(17)
(6.13) — sgn(w)sgn()D(A, ) S o, wA ", T) (T (3)
= sgn(y) D(AY,9)7" Y a(m, wA*, zA)A(9)

Setting 6,(g) = 0.(zg) gives the result. O

It makes sense to use (6.11)(b) to move A to the dominant A -chamber
using W, which (provided dA is regular) introduces a term e(A, A}) (see the
end of Section 2).

It is also useful to record how a(m, AT, A) depends on AT provided
A}, A are fixed. Recall (Definition 2.13) B(AT) = 1|{a € ATcomplex | o €
AT}

Lemma 6.14 Let AT, A3 be sets of positive roots, containing the same real
and imaginary roots. Then

(6.15) a(m, Af, A) = (=1)FAD-BADg(n AT A).

Proof. Choose w such that wA = AJ. By Lemma 6.10 a(r, A, A) =
(—1)"™@a(r, AF, A). It is easy to see /(w) = B(A]) — B(AJ) (mod 2). O

Example 6.16 Suppose H is a relatively compact Cartan subgroup, and
I(H, A) is a relative discrete series representation (Section 3). Then with qg
as in (2.8),

a(I(H,A),AT,T) = {(—1)‘1H8gn(w) I'=wA (weW(GR),HR))

otherwise.

Equivalently,

— qH -+ . . A
a(I(H,\), AT, T) = {( 1)#e(l, AT) T is G(R) — conjugate to A

otherwise.
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7 Example: The Trivial Representation

The character of the trivial representation C is the identity function. By

(2.7):

(7.1) Oc(g) = D(AT,9)™ ) sgn(w)(w x e”)(§) (7 € HR),)
weWw

(where p = p(AT)).

We reinterpret this formula in terms of holomorphic characters. The
group H, inherits from H a holomorphic structure. Therefore it makes sense
to talk about holomorphic characters of H,. The character p is holomorphic,
so the genuine holomorphic characters of H, are precisely the holomorphic
characters of H, (pulled back to H, and) tensored with p.

It is clear from the definition of the cross action that if A is holomorphic
then w x A is (defined and) holomorphic for all w € W. It is also clear that
for w € W, w X e” is the unique genuine holomorphic character of H(R),
with differential wp. Thus A occurs in the character formula of the trivial
representation if and only if dA € Wp and A is holomorphic. Recall (6.3)
P(H,C) is the set of genuine characters of with differential in Wp. So if we
let

P (H,C) = {A € P(H,C)|A is holomorphic}

we may reformulate (7.1) as

(7.2) c=D(AT)™ > e(A,ANA

AePhol(H,C)
(for € see (2.17)). In other words:

Corollary 7.3 Fiz H and A™. Then

(7.4) G(C.AFA) = e(A,AT) A€ PMY(H,C)
' T 0 otherwise.

Equivalently

(7.5) a(C, A" w x €”) = sgn(w)

and all other a(C, A, A) are 0.
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8 Character formula for standard modules

Suppose 7 is standard limit data based on H. We give a formula for the
character of I(7y) on H(R). This combines the character formula for (relative)
discrete series on a (relatively) compact Cartan subgroup (3.3) with a special
case of the induced character formula, which we now state. See [10, Theorem
5.7).

Proposition 8.1 Suppose H is a Cartan subgroup, defined over R, and
P = MN 1s a parabolic subgroup defined over R as usual. Suppose o is an ad-

missible representation of M(R), pulled back to P(R). Let m = ]ndﬁ%(a@ 1)

(normalized induction). Then (for any choice of positive roots A1)

(82)  Ox(g) = [DAY, 9)| ") IDA], wg)[O,(wg) (9 € H(R)yey)

where the sum is over W(M(R), H(R))\W(G(R), H(R)).

Here is the main result of this section. Recall ¢g is given in (2.8), B(A™)
is given by (2.14), and (see Section 2) for w € W, sgn,(w) is defined.

Proposition 8.3 Suppose v = (H,V;, V.., \) is standard limit data. Choose
positive roots AT containing V; and U, and set § = (—1)#+TBAT) - Then for
g€ H(R),

84 (o) =it S sene)r(¥u)(o)wh)@
9 wew(G®),H®)

e~

where g is an inverse image of g in H(R). In other words for A a genuine
character of H(R):

dsgn;(w) T =7V, w)(wA) (weW(GR),HR))

0 otherwise.

CL(I(’)/), A+7F> = {

Remark 8.5 The fact that the right hand side of (8.4) is invariant under
g — wg for w € W(G(R), H(R)) follows from (and is essentially equivalent
to) Lemma 2.12.
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Proof of Proposition 8.3. Write Wy = W(G(R), H(R)) and W)y, =
W(M(R),H(R)). Recall I(H,¥;,¥,,A) is induced from Ip(H, V;, Ap(V,))
where Ay (W,) is given by (4.4). To save a little space write Ay, = Ay ().
By Proposition 8.3 and (3.3):

Orn(9) = DAY 9™ Y ID(Wi,wg)[O 113,400 (W)

wEWIW\WG

(8.6) =|D(AT, gt Y DT, wg)|x

weWp\Wg

(=1)™ D(¥;, wg) ™" Z sgn(y) (yAr) (W0g).

yeWn

Here wg is an inverse image of wg in H(R),,. Also choose an inverse image
g of g in H(R),. This gives

(87)  (~LmD(AT G Y ‘ggii@ |D(V;, wg)|

—sgn(y) A (y~ ' wg).
9)| D(¥;,wg) B WAy 0)
Using D(W;, y~'7) = sgn(y) D(V;,m7) and D(A*,5) = sgn(w)D(A*, w)
we can combine the sums:

(8.8)

oDt S st el o)

wEW (G(R),H(R))

The final terms equal

e’ (wg)/e (wg) (1—e(wg) \
(8.9) — — An(wg)
ler(wg)|/lers(wg)| AI\[% (T —e(wg))] "
Assume AT satisfies (2.15). Since fo = —@, this says the positive complex

roots come in pairs «,@. Then the product becomes the product over ¥,,
ie. €U, wg), giving

e’ (wg)/e’(wg)
[e?(wg)|/]er(wg)]
By Definition 4.1 and (4.4)

Ari(Wg) = (Ae™?)(wg) (7 (W) ~"er) (wg)e’ (wg)e” (wg)

(8.10) e(V,, wg) Anr(wg).

17



Using

(Ae™?)(wg) = A(wg)e’ (wg)
(V(2,) " e ) (wg) = | (wg)|
[e”(wg)|/le” (wg)| = |e (wg)|e’ (wg)  (since (2.15) holds)

it is easy to see the final two terms of (8.10) are equal to A(wg). Therefore

(8.11) Oriyy(g) = (=)™ D(A", g~ Yo sen(w)e(Vr, wg)A(wg).

weW (G(R),H(R))

By Lemma 2.12(3) €(V,, wg) = sgn(w,)7(V,, w; ) (9)e(¥,, g). Also (cf. Sec—
tion 2) sgn(w)sgn(w,) = sgn(w;). Inserting these, and replacing w with w1,

gives (8.4).
This completes the proof provided AT satisfies (2.15), i.e. B(AT) = 0.
The general case follows from Lemma 6.14. O

Example 8.12 Consider principal series for SL(2,R). We use the notation
of Example 4.11.

Let s, € W be the simple reflection. Then 7(V,, s,)(h(z)) = sgn(a(h(x))) =
1, and (8.3) gives

61t (h(r)) = T 4w+ A )
_ sgn(:r: - l)

(8.13)

sgn(z)(A(z) + A(z71))

_ (A®sgn)(x) + (A ®@sgn)(z™")
& — 2

This is the familiar character formula for Indsf( B (A®sgn) (B(R) is a Borel
subgroup). For example if A = e” then ep(h(x)) =z and (A ® sgn)(h(z)) =
|z, so

R
|z — 2

(8.14) 01y ()

This is the character formula of the spherical principal series with infinitesi-
mal character p, with the trivial representation as a quotient.
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Example 8.15 Consider PGL(2,R) and use notation of Example 4.12. We
compute

T(¥y, sa)(h(2)) = sgn(a(h(z))) = sgn(z).
Write A(h(z), 2) = p(z)z, so (8.3) gives

O1(y)(M(x)) = O1)(h(2), 2)
_ %(umz + (e sen(x)/2)
(8.16) @)+ ()
11—
_ ()22 + pla=")|z] 3
11— 4jal?

This is the formula for I ndggé)@’m (1] |2). For example A = ¢ is given by

pw=1, and

el A el

1= llefz

(8.17) 010 (h(z))

This is the spherical principal series with infinitesimal character p, with the
trivial representation as a quotient. Note that 0, (h(x)) =1 for z < 0.

Example 8.18 This example generalizes (parts of) the previous two. Sup-
pose H(R) is split, and take A = e”. Let m = I(H,A). A short calculation
gives

(8.19) O1n(9) = DAY, g)[ " Y 1e"(9)] (9 € H(R)).

This is the character of the spherical principal series representation with
infinitesimal character p, with the trivial representation as quotient.
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Corollary 8.20 Fix H, A" and A. Let v be standard limit data based on
H. Then

-1 qu+B(AT) ~ (H.wAT AT A i

a(I(), A% A) {( P sgn(w) oy~ (HwAf, AL - (w e W)

otherwise.
Proof. Write v = (H,¥;,¥,.T'). Define v € W;,y € W, by zA =
U, yAT = W,. Apply Lemma 6.10 or (6.6):
(8.21) a(I(y), AT, A) = a(I(v),zyA", yA)sgn(z)
and we now have ¥; ¥, C zyA™. By Proposition 8.3 this is non-zero if
and only if yA = 7(¥,,u)ul’ for some v € W(G(R), H(R)), i.e. (using
uw (U u) = 7(P,,u ) T =7(0,,uHutyA. So
Y= (H7 \I/h \I]M F) = (Hv \I]i7 \IIH T(\IJTa u_l)u_lyA)

~ (H, U, u "0, u'yA) (by Definition 5.7)

~ (H,uV;, U, y\)

~ (H,uzAf AT A).
If this holds the sign is (—1)2+tBADsen (u;2), s0 set w = w;z € Wi. O

If dA is regular with respect to the imaginary roots this has an important

consequence — a character A determines a unique standard module based on
H:

(8.22)

Corollary 8.23 In the setting of the previous Corollary, assume (dA\, o) #

0 for all imaginary roots. Then

(8 24) a([(,y) At A) _ (_1)B(A+)(_1)qH€(Aa Aj_) v <H7 ALA)
' 7 0 otherwise.

In particular if v,~" are based on H, and A occurs in the character formulas
for both I(vy) and I1(v'), then v ~ .

The conclusion of the Corollary does not hold if we drop the assumption
that ,~" are based on H. For example let G = SL(2,R) and consider the
principal series representations (cf. Example 8.12). The only principal series
representation with the term A(h(z)) = 27! is the spherical one. However
this also occurs in the character formula for both of the discrete series repre-
sentations (with trivial infinitesimal character), based on the compact Cartan
subgroup. We will see in the next section that such a result does hold for
certain characters. See Section 14, Example 1.
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9 Computation of a(mw, A", A) for leading terms

If A satisfies a certain positivity condition with respect to A™ then the con-
clusion of Corollary holds 8.20 without assuming = is based on H:

Proposition 9.1 Fiz H, At and a genuine character A of H(R),. Assume
(a) (dA, ") #0 for all « € A,
(b) Re(dA,a") >0 for all « € Af.

Suppose vy is standard limit data. Then

+B(A+ + +
02)  a(l(y). A A) = {(—1)% BN AL) v~ (AN
0 otherwise.

The key point is that a(I(y), AT, A) = 0 if 7 is not based on H. If I(7) is a
(relative) discrete series representation this follows from the fact that I(vy) is
tempered, and growth conditions on matrix coefficients [7]. For example see
[12, 3.3] or [15, 13.26]. The general case follows from this and the induced
character formula. See [10, Section 3]. It also follows from the theory of
D-modules.

Using this we see that for certain A, computing a(m, AT, A) is equivalent
to computing the multiplicity of a standard module in the character formula
for m:

Corollary 9.3 Let m be a virtual representation with reqular infinitesimal
character. Fix H,AT, and A such that Re(dA,a) >0 for all « € A}, Then

(9.4) a(m, AT, \) = (=1)#+BAD A, ADYMI(H, A A), 7).

10 The Zuckerman Character formula for the
Trivial Representation

Recall

(10.1) C=> M(I(7),C)()
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for certain integers M (I(7), C). These are computed by the Kazhdan-Lusztig-
Vogan (KLV) polynomials, but in this case this goes back to a result of
Zuckerman [21, Proposition 9.4.16]. We give an elementary proof here.
Since we are working at regular integral infinitesimal character we may write
v = (H,A) for a regular character and I(H, A) for the corresponding stan-
dard module (cf. Section 4).

Fix H and consider a standard module I(H,A) with A € P(H,C) (cf.
(6.3)). Let

(10.2) AT = At (A) = {a]| (dA, oY) > 0}.

By definition I(H,A) = I(H,A},A) (see (5.6)). Therefore we may apply
Corollary 9.3 to conclude

(10.3) M(I(H,A),C) = a(C,A*(A), A)(=1)+HPET)
(using €(A, AT(A);) = 1). On the other hand by Corollary 7.3

hol
(10.4) o(C, AT(A) A) = 4 L A EPTUHC)
0 else.
Therefore
(10.5) M(I(H,\),C) = (L) 23T A € PR )
' Y o else.

In other words:

Lemma 10.6 There is an identity in the Grothendieck group
(10.7) C=) > (-)mtEaTMI(HE,A).
H AePhol(H,C)

(the first sum is over G(R)-conjugacy classes of Cartan subgroups defined
over R).

Subtracting (a) and (c) in [21, Lemma 9.4.15] shows that
(10.8) (_1)‘IH+B(A+(A)) = (10—

where ( is the length function of [21, Definition 8.1.4] and ~q, are the pa-
rameters for the trivial representation and I(H, A), respectively. Thus the
Lemma is a version of Zuckerman’s character formula for the trivial repre-
sentation [21, Proposition 9.4.16]. A nice feature of these parameters is that
it is precisely the holomorphic characters which appear.
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11 Coherent Continuation

We give the definition of coherent continuation [10, (3.38)], [21, Definitions
7.2.5, 7.2.28] in our terms.

Fix a Cartan subgroup H, with Weyl group W, and A € h*. Let X*(H)
be the algebraic (holomorphic) characters of H. If F' is a finite dimensional
representation of G(C) write A(F) C X*(H) for its weights.

We say a family {m[A\+p] | p € X*(H)} of virtual Harish-Chandra modules
is a coherent family if for all p € X*(H):

(1) w[A + p] has infinitesimal character A + p,
(2) If F' is any finite dimensional representation of G(C) then

TA+pl®@F = Z TA+ o+ 4]
WEA(F)

where A(F) is the set of weights of F'.

We consider only finite dimensional representations of G(C) rather than
of G(R) as in [21, Chapter 7] — this is sufficient for our purposes.

This has a direct interpretation in terms of characters. Fix A" and drop it
from the notation, so write a(m[A+ p], A) for the coefficients in the character
formula for 7|\ + p].

Lemma 11.1 (a) Suppose 7 is a virtual character with reqular infinitesimal
character \. There is a unique coherent family {m[X\+ u||u € X*(H)|} such
that [\ = 7.

(b) Suppose {m[\ + pl} is a coherent family. Assume dA = wA for some
weW, and p€ X*(H). Then

(11.2) a(m[A + ul, A ®@ wp) = a(w[A], A).

For (a) see [10, Lemma 3.39] or [21, Theorem 7.2.7 and Corollary 7.2.27]. Part
(b) is the first statement of [10, Lemma 3.44] carried over to our setting. This
can be made into a necessary condition by considering all Cartan subgroups,
but we won’t need this.

Lemma 11.3 Suppose {m|\ + p]} is a coherent family, and fix w € W(A).
Suppose dA € W, and write dA = yw\ for y € W. Then

(11.4) a(m[wA],A) = a(r[N], (yw™ty™) x A).

23



Proof. This is a simple change of variables. Let u = wA — X\ and consider
A®@(=yp). Then d(A®(—yp)) = ywA—ypu = y(wA—pu) = yA. Apply (11.2):

a(m[wA], A) = a(r[A + p}, (A @ (—yp)) @ ypu)

(11.5) a(m[A, A ® (—yp)).

It is enough to show (yw™ly™') x A = A —yu, i.e. (ywty™1)dA—dA = —yp.
This follows from dA = yw\ and A — w\ = —p. 0J

Fix once and for all an abstract Cartan subalgebra b,, a choice of positive
roots Al of b, and let W, be the abstract Weyl group, as in [22, 2.6]. If b
is any Cartan subalgebra, and A € h*, there is a unique A, € b}, dominant
for AT, and a unique inner isomorphism ¢, taking A, to A. This induces an
isomorphism ¢, : W, — W. We need an identity describing the dependence
on A, which is immediate:

(116> Qby)\(wa) = y¢)\<wa)y71 (y € VV, Wy € Wa)'

Definition 11.7 Suppose 7 is a virtual character, with reqular infinitesimal
character N\, € b (dominant for A}Y), and w, € Wy(\,). Fiz a Cartan
subgroup H and N € b* conjugate to \,. Let {m[\ + 7]} be the coherent
family with ™ = w[A].

For w, € W,(\,) define

(11.8) w, - = w[da(w, A

This is independent of the choice of H and \.

This is the coherent continuation action on virtual characters, due to Zuck-
erman. See [21, Definition 7.2.28].

Here is the formulation in terms of characters. We first define the cross
action of the abstract Weyl group on genuine characters (cf. (11.9)). For
w, € W(A,), and A such that dA is conjugate to A,, define

(11.9) we X A = ¢gr(w,; ') x A.

Note that the differential of the right hand side is d(w,! X A) = ¢gp(wala),
and this implies d(w, X A) — dA = ¢gr(w,; Ny — A\y), which is a sum of roots
since w, € W(A,), so the cross action is well defined. It is straightforward
to check that (z,y,) X A =z, X (ya X A).
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Proposition 11.10 Suppose 7 is a virtual character, with regular infinites-
imal character \, € b (dominant for A}), and w, € W,(\,). Suppose H

is a Cartan subgroup, defined over R, and A is a genuine character of H(R)
with dA\ conjugate to \,. Then

(11.11) a(w, - m,A) = a(m,w,; ' x A).

Proof. This is a straightforward unwinding of the definitions. First of all
choose A € h* conjugate to A,. Let {m[A + u]} be the coherent family with
7[A] = m. Then

a(wg - m A) = a(w, - m[A], A)
= a(r[pa(w,; A, A)  (by Definition 11.7)
= a(m, (ypa(wa)y™) x A)  (by (11.4)),

where y € W satisfies yoy(w, )\ = dA.
On the other hand

a(w,w A) = a(m, paa(wy) x A)

(
(T, Py (wyya (Wa) X A
(
(T

=a

= a(7, (yda(w, ) oa(wa)da(wa)y ™) x A)  (by (11.6))
= a(m, (yor(wa)y ') x A)

O

Remark 11.12 Note that for w, € W,, w, x A = w x A for some w € W
depending on A, so some care is needed when using this formula when A
varies. Fix Ay, and let wy = ¢gn,(w, ') € W, so

X A=wyt x A (if dAg = dA).
Then
(11.13) w;' x A= (ywyly ™) x A (if ydAg = dA).
Example 11.14 Consider the trivial representation C:
(11.15) w, - C = sgn(w,)C (w, € W,).

This is immediate from (7.5) and (11.11).
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12 Computation of general a(m, A" A)

As in the previous section fix h,, W,, and define the cross action of W,
accordingly. We use coherent continuation to give a formula for a(m, AT, A)
for arbitrary A.

Proposition 12.1 Let w be a virtual representation with reqular infinitesi-
mal character A\, € b}. Fiz H, AT and a genuine character A of H(R), with
dA conjugate to \,. Suppose w, € W,(A,) satisfies

(12.2) Re{d(w, x A), ") >0 for all « € A}
Then

a(m, AT A) = (=) BADe(w, x A, AFYM(I(H, At w, x A), w, - 7).
Proof. By Proposition 11.10 and Corollary 9.3

a(m, AT, A) = a(w, -7, AT w, x A)
= (=)D e(w, x A, AF)M(I(H, AF, wa x A),w, - 7).

0

If A\, is integral we can always find w, € W,(\,) = W, satisfying the
conditions, so this determines all coefficients. In fact there is some flexibility
in choosing w,. If A, is not integral a little more work is required to determine
all coefficients.

Here is one convenient reformulation in the integral case.

Corollary 12.3 Assume A\, is reqular and integral. Suppose w is a virtual
character with infinitesimal character \,, and having a central character.
Choose At so that (2.15) holds, and let X\ be AT -dominant and conjugate to

Ao Let Ay, ... A, be the genuine characters of H(R) such that dA; = X\, and
such that A;e™” and m have the same restriction to the center of G(R).
Then for any w, € W, and i < n:

(12.4) a(m, AT w; b x Ay) = (=) M(I(H, A;), w, - 7).

Every nonzero a(w, AT, A) is of this form.
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We now sketch how to use this to compute a(w, AT, T") using the atlas
software, which is freely available from www.liegroups.org/software. We
assume the infinitesimal character is regular and integral.

First assume /() is a standard module and H is an arbitrary (f-stable)
Cartan subgroup. With A* and A; as in Corollary 12.3 we conclude

(12.5) a(I(7), A" w, ' x Ay) = (=)™ M(I(H, Ay), wq - 1(7))-

The list of parameters with regular integral infinitesimal character is given
by the output of the block command in the atlas software. First identify
the modules I(H, A;) for 1 <i < n in the output of block.

Next compute w, - I(7y) for all w, € W, in the basis of standard modules.
This is elementary; it requires only the output of the block command, and
not the KLV polynomials. In particular if s, is a simple reflection then
Sq - I(7y) is a single standard module unless « is noncompact imaginary, in
which case it is given by a Hecht-Schmid identity with 2 or 3 terms. See
9], [21, Corollary 8.4.6] or [23]. The application coherentContinuation,
available at www.liegroups.org/software/helpers, is useful for computing
coherent continuation. See [2].

Then (12.5) gives all nonzero terms a(I(v),A*,A). To vary A" use
Lemma 6.10. This can be used to compute the character of a discrete series
representation on an arbitrary Cartan subgroup.

For example for the split real form of FEg, it take about 14 seconds on a
small computer to compute the block command, which produces a list of
452,690 standard modules. The output of this command takes up about 165
megabytes of disk space.

Now suppose 7 is an irreducible representation. There are at least two
ways to compute a(m, AT A). First of all use the KLV polynomials to write
7 as a sum of standard modules

(12.6) T =" M(I(),m)I(7).
Then

(12.7) a(m, AT, A) ZM a(I(v), AT, A),

and a(I(vy), A*, A) are computed as above. The KLV polynomials, and hence
M(I(~), ), are provided by the klbasis command of atlas. These are
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readily available for groups of rank < 7. However, in contrast with the
block command, these are difficult to compute in higher rank. For example
to compute the KLV polynomials for the split real form of Ey takes about
5.5 hours on a very large machine, and storing them takes 60 gigabytes of
disk space.

Alternatively, the wgraph command of atlas computes the coherent con-
tinuation action in the basis of irreducible modules. Note, however, that
computing the wgraph command is the same order of difficulty as computing
klbasis. In any event one can compute

(12.8) a(m, A" w;t x Ay) = (=D M(I(H, Ay), w, - )

directly, although this uses the KLV polynomials twice, once to compute
w, - m, and again to compute M (I(H, A;),w, - 7).

13 Alternative version

While the parametrization of Section 5 using the p-cover of H has many ad-
vantages, the extra choice of W, is unappealing. For this reason it worthwhile
to write Langlands parameters in terms of the p; cover of H. This is done in
[1]. It is useful to give the translation between the two versions.

Definition 13.1 p;-standard limit data is a triple (H,V;,I") where H is a
Cartan subgroup (defined over R as usual), V; is a set of positive imaginary
roots, and T is a genuine character of H(R),, (where p; is defined by A} ).
We assume these satisfy

(13.2) dra"y >0 (a€ W)

(13.3) (dU,a") #£0 (a € U; simple and compact)

We define equivalence by conjugation by G(R).

See [1, Theorem 6.1].

Lemma 13.4 Suppose (H,V;, V., \) is standard limit data. Define p;-standard
limit data (H,W;, A @ v(¥,)™1) (see Section 4).

Conversely suppose (H,V;,I") is p;-standard limit data. Choose a set of
positive roots V., and define standard limit data (H, V;, ¥, T' @ v(¥,.)).
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These define a bijection between equivalence classes of standard limit data
and p;-standard limit data.

The proof is immediate (using (4.5)).
To write a character formula using p;-standard limit data we need a ver-
sion of the Weyl denominator defined on H(R),,.

Definition 13.5 Fiz a set AT of positive roots, and define p;, pr and pey
as usual. Recall (end of Section 2) e+ is well defined on H(R). Define a

genuine character ¢’ of H(R),,:

(13.6) ¢’ (g) = e (g)le” (9)le” () (9 € HR),,)

where g is the image of g in H(R), and

(13.7) DAt g) = T[ (1-e(9)e’ ().

a€At

We then define constants a/(mw, AT, A) for A a genuine character of H(R),,
by analogy with (6.5), using D’ in place of D.
It follows easily from Definition (4.1) that

(13.8) e = e’ @y(AH)!

Suppose A is a genuine character of H(R),. It follows immediately from this
and Definition (4.4) that

(13.9) (Ae™)(g) = (Ane™)(9)-

Also an elementary calculation gives

(13.10) (wA)yr = 7(V,w)Ay (w € W(GR), H(R)).

The character formula of Proposition 8.3 takes the following form.

Proposition 13.11 Supposey = (H, V;, A) is p;-standard limit data. Choose
positive roots AT containing V;, and let U, = AF. Let § = (—1)m+B(A"),
Then for g € H(R)

Or(0) =i Y sm(u)(wh)(@)

EW(G(R),H(R))
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where g is an inverse image of g in H(R),,. In other words for I a genuine
character of H(R),,:

dsgn,(w) TI'=wA (we W(GR),H(R))

0 otherwise.

a,(1(7>7 A+7 F) = {

The remaining results, including Proposition 12.1, hold with minor changes.

14 Examples

We compute some character formulas for SL(2,R), PGL(2,R) and Sp(4,R),
using Corollary (12.3).

14.1 Example 1: SL(2,R)

Here is the character table for SL(2,R) at infinitesimal character p. See
Examples 4.11 and 8.12.

Since p exponentiates to H we may ignore the p-cover. Identify compact
and split Cartan subgroup with R*, S? respectively. Choose AT = {a} for
R* with a(z) = 2%, and for S* with a(e?) = 7.

With the obvious notation there are 4 standard modules:

DS, = I(S',¢e") : holomorphic discrete series
DS_ =1(S' e
PS, =I(R* x

PS_ = I(R*,|z]

(14.1) anti-holomorphic discrete series
' reducible principal series with even K-types

)
)
)
) @ irreducible principal series with odd K-types

The only reducible standard module is PS.; in the Grothendieck group
(14.2) PS, =DS,. +DS_+C.

Since AT is fixed we drop it from the notation. The coefficients a(I(7), A)
and a(m, A) are given by the following table.
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SL(2,R)
R* ‘ Sl
v |zf I |71\ el e
DS, |0 0 1 0 -1 0
DS_ |0 0 1 0 0 1
pPs. {1 0 1 0 O 0
ps_ |10 1 0 1 O 0
 C |1 0 -1 0 1 -1|

We show how to compute some of these coefficients. The main coherent
continuation identity we need is the basic Hecht-Schmid identity:

(14.3)(a) S - DSy = PS, — DS+
and we’ll also use
(143)(b) Sa * PSi = PSi

which follows from (a) and (14.2).

First we consider the easy character formulas for PS, on H = R*. Using
(12.4), with gy = 0 = B(A™) = 0, we have:

a(PS+,:C> - M(I(H7(L’),PS+) — M(PS+,PS+) - 1

CL(PS+, |£L‘|) = M([(Hv |IL‘|),PS+) = M(PS—7PS+) =0
a(PS,v7') = a(PSy,sq x2) = M(I(H,x),5, - PSy) = M(PS,,PS,) =1
a(PSy,|z|™") = a(PSy, 54 x |2]) = M(I(H, |1|), 84 - PS}) = M(PS_,PS,) =0

The formulas for the characters of the principal series are given in Example
8.12.

Next, here are the elementary character formulas for DSy on H = S
In this case qy = 1 and B(A") = 0. Using I(H,e?) = DS, and (12.4) we
compute:
a(DS,,e) = —M(DS.,DS.) = —1
a(DS,,e ) = a(DS,, 54 x %) = —M(DS,, s, - DS.)
—M(DSy,PS—DS_)=0
a(DS_, ey = —M(DS,,DS_) =0
a(DS_,e ) = a(DS_, s, x €)= =M (DS, 5, - DS_)
=-M(DS.,PS—DS;)=1
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These give the well known formulas (and special cases of (3.3)):
i0

gy €
Ops,(€7) = o=
(14.4) —
i e
Ops_(e 9) = il _ o—if

Finally the most interesting case, the discrete series characters on R*:
a(DSy,x) = M(I(R*,z),DSL) = M(PS,,DS+) =0
a(DSy, |z|) = M(I(R*,|z|), DSt) = M(PS_,DS1) =0

1
a(DS+, =) =a(DS4,s, x x) = M(I(R*,x),s,- DSy
x
:M(PS_F,PS_F—DS:F)::[

1
a(DSy, m) = a(DSx, sq X |z|) = M(I(R*, |x]), 80 - DS%)
=M(PS_,PSy —DS¢) =0
Therefore
1
(14.5) Ops, (x) = 1 (|z] > 1).
This implies
—x
(14.6) Ops, (x) = 1 (Jz| < 1).

T

14.2 Example 2: PGL(2,R)

We now give the character table for PGL(2,R) at infinitesimal character p.
We cannot ignore the p-cover in this case. See Examples 4.12 and 8.15.
Again identify compact and split Cartan subgroupos with R*, S* respec-
tively. Choose At = {a} for R* with a(x) = z, and for S* with a(e?) = .
Now the cover of R* is {(z,2) | 2% = x}, and e”(z,z) = z. Similarly the
cover of St is {(w, 2) | |w| =|z] =1, 2% = w}, and e’ (w, 2) = z.
There are 3 standard modules at infinitesimal character p:
DS = I(S*, e”) : discrete series
(14.7) PS¢ = I(R*, ) : reducible spherical principal series

PSyn = I(R*,sgne’) : reducible non-spherical principal series
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Both standard modules are reducible; in the Grothendieck group

(14.8)(a) PSc=DS+C
(14.8)(b) PSn = DS + sgn

There is no irreducible principal series representation at infinitesimal char-
acter p (there are two irreducible principal series at infinitesimal character
2p, which we don’t consider).

The coefficients a(I(7),A) and a(mw, A) are given by the following table.

PGL(2,R)
R* ‘ Sl
e’ sgne’ e sgne” e e’
DS |0 0 1 1 -101
PSc | 1 0 0 1 0 0
PSgn | O 1 1 0 0 0
C 1 0 1 0 1 -1
sgn | O 1 0 -1 1 -1
In this case the relevant Hecht-Schmid identity is:
(14.9)(a) Sq - DS = PS¢ + PSegn — DS

We also use that fact that
(14.9)(b) 5o - PSc = PSsen

which follows from (a), (14.8)(a) and Example 11.14.

Here is the easy character formula for PSc on H = R*. In this case
qu = 1 and B(A™) = 0.

a(PSc,e”) = M(I(H,e”), PSc) = M(PSc, PSc) =1
a(PSc,sgne’) = M(I(H,esgn), PSc) = M(PSsgn, PSc) =0
a(PSc,e?) = a(PSc,s, x e”) = M(I(H,e), s, - PSc)
M (PS¢, PSegn) = 0
a(PSc,sgne ?) = a(PSc, sq X sgne’) = M(I(H,sgne’), s, - PSc)
— M(PSygn; PSegn) = 1
a(PSc,sgne?) = M(I(H,sq x sgne’), PSc) = M(PSgn, PSsgn) =1
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The formulas for the characters of the principal series are given in Example
8.15.

Next consider the elementary character formula for the discrete series
representation on H = St with gy = 1, B(A") =0, and I(H,e") = DS:

a(DS,e?) = —-M(DS,DS) = —1
a(DS,e ) = —M(DS, 5, - DS) = —M(DS, PS¢ + PSyg — DS) = 1.
So:
i IR
(1410) QDS(G 6) = m =—1.

Note that Opg(e?) = —fc(e?), which follows from (14.8)(a).
The most interesting case is the discrete series on H = R*, with qg =
B(AT) =0, I(R*,e?) = PS¢, I(R*,sgne?) = PS_:

a(DS,e?) = M(I(R*,e”),DS) = M(PSc,DS) =0
a(DS,sgne”) = M(I(R*,sgne’), DS) = M(PSsg, DS) =0
a(DS,e7?) = a(DS, sq x €’) = M(I(R*,e’), s, - DS)

:M(PS(C,PSC—i—PSSgn—DS) =1
a(DS,sgne ”) = a(DS, sosgne ”) = M(I(R*,sgne’), s, - DS)
= M (PSsgn, PSc + PSsgn — DS) =1

Therefore for |z| > 1 we have:

~1 -1
Ops(x) = : as_gnl()xz)z (where 2* = )

_ 2172 + sgn(x)|z| 2

ol — o]
1
22 >
= Jal a2

0 T < —1.

Another way to write this is

Ops() = 125—?11(33) (2| > 1).
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Also note that

(14.11) Ops(z) = (Jz| < 1).

14.3 Discrete series representations of Sp(4,R)

We now calculate the characters of the discrete series representations of
Sp(4,R). We make some use of the atlas software; see [2] for an intro-
duction. The formulas we obtain can be readily shown to agree with those
of [13, 6.2], and (with a little more work) with [15, page 499] and [12, (4.9)].

There are 4 discrete series representations of Sp(4,R) with infinitesimal
character p. Two of these are holomorphic/anti-holomorphic (in chambers
with a compact simple root), and the other two are large (in a chamber in
which both simple roots are noncompact). The only representations we need
to consider are in the block of these representations, since this is preserved by
the coherent continuation action. This block is the span in the Grothendieck
group of 12 standard representations, or the corresponding irreducible repre-
sentations. These can be read off from the output of the block command in
atlas, and are numbered 0 to 11. Representations 0 — 3 are in the discrete
series; 0,1 are large, and 2,3 are holomorphic/anti-holomorphic. For more
information on blocks, and the atlas software see [2, Example 10.3].

Here is the output of the block command:

0(0,6): 0 [i1,i1] 1 2 (4, x) (5, %) 0 e

1( 1,6): 0 [i1,i1] 0 3 (4, %x) (6, ) 0 e
2(2,6): 0 [ic,i1] 2 0 (%, x) (5, %) 0 e

3( 3,6): 0 [ic,i1] 3 1 (%, x) (6, %) 0 e

4( 4,5): 1 [r1,c+] 4 9 (0, 1) ( *, %) 11
5(5,4): 1 [C+,r1] 7 5 (*, x) (0, 2) 2 2
6(6,4): 1 [C+,r1] 8 6 (*, x) (1, 3) 2 2
7C7,3): 2 [C-,i1] 5 8 (%, x) (10, *) 2 1,2,1
8(8,3): 2 [C-,i1] 6 7 (%, x) (10, *) 2 1,2,1
9( 9,2): 2 T[i2,c-1 9 4 (10,11) ( *, %) 1 2,1,2
10(10,0): 3 [r2,r1] 11 10 (9, x) (7, 8) 3 2,1,2,1
11(10,1): 3 [r2,rn]l 10 11 (9, *) ( *, %) 3 2,1,2,1
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Write I(k) and 7(k) for the standard and irreducible modules with num-
ber 0 < k < 11 from the table.

This block has 2 principal series representations, numbers 10 and 11.
Standard representation I(10) is the spherical principal series representation.
Its irreducible quotient m(10) is the trivial representation. Standard module
I(11) is the unique nonspherical principal series representation with trivial
infinitesimal and central characters. This is reducible, and 7(11) is infinite
dimensional.

(There are 6 other standard representations of Sp(4, R) with infinitesimal
character p. These are not in the previous block, have nontrivial central
character, and include two minimal principle series representations, one of
which is irreducible.)

14.3.1 Split Cartan subgroup

Let H(R) be a split Cartan subgroup. Identify H(R) with R*? such that the
roots are (z,y) — z*% y*2 z*y*. Write (a,b) for the character (z,y) —
2%°. Choose simple roots a = (1,—1) and 3 = (0, 2), which define AT, and
give p = (2,1). Write D for the Weyl denominator defined by A*. Since p
exponentiates we may ignore the cover. Finally let x(x,y) = sgn(zy).

In the setting of Corollary (12.4) and the subsequent discussion we only
need to consider A = e” or ye”. In this terminology

I(H,e") = I(10)

(14.12) I(H, xe”) = I(11).

First we take 7 to be the large discrete series representation 7(0) = 1(0).
With a little care we may ignore the difference between W, and W. Using
(14.12) and (12.4) we have

(14.13) a(m, e '?)
(14.14) a(m, xe” ')

M(I1(10),w - )
M(I(11),w - )

The first column of the next table gives w € W as a product of simple
reflections s,, s3, which we label 1,2, respectively. The second column gives
w~!p. There is a subtlety here: because of (2.2), if you view the first column
as an element w’ of W (not W,), then the second column is w’p (not w='p).

We compute w - 7, as a sum of standard modules, using the output of
the block command. The application coherentContinuation, available at
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www.liegroups.org/software/helpers is very useful for expediting this
calculation. We omit the details how to do this, but the result is listed in
column 3 of the next table. For example the second row indicates s, - 7 =
—I(1) + I(4) (the coefficients are all £1).

By (14.13) a(m, e”” '*) (respectively a(m, xe” '?)) is computed as the mul-
tiplicity of I(10) (respectively I(11)) in column 3, which is given in columns
4 and 5.

w wp w- T a(m, e ?) | a(m, xe? ?)
e | (1) 0 0 0
T | (1,2 —1+4 0 0
2 | (2,1 —2+5 0 0
12 | (-12) 247 0 0
21 | (1,-2) 3—6+0 0 0
121 | (—2,1) | 3-8-9+10+11 1 1
212 | (-1,-2)| —0+5_-8+10 1 0
202 (—2,-1) | 1-4-6+7+11 0 1
Let
(14.15) HR)y = {(z,y)[|z] > ly[ > 1}.

From the table we conclude that on H(R), we have
(14.16)  (DO,)(x,y)) = 2%y +sgn(zy)z 2y + 2~y + sgn(zy)z 2y ~"

Perhaps a more familiar way to write this is as follows. Let ¢ = (eq, €3)
(¢, = £1). Write (a, b) for the differential of the character (a,b) of H. Sup-
pose X € b, and assume e* € H(R),. Let H(R)? identity component of
H(R). Then the character formula on H(R)? N H(R), is

(417)(@)  (DB)(exp(X)) = 26 2VX 4 oFLoDX | (21X,

It is worth pointing out that all nonzero KLV polynomials are 1, in spite
of the 2 appearing in this formula (but this is explained by the fact that
1+1=2). We also see, as is evident from the central character and the fact
that e?(—1,—1) = —1, that

(D7) (= exp(X)) = —(Db)(exp X).
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On the other hand if ¢t = (¢, —€) (¢ = +1) then on tH(R)* N H(R), we
have:

(14.17)(b) (DO,)(texp(X)) = e(el7h72X 4 (=2-DX),

Formula (14.16) has the advantage that it holds on all of H(R),.

More succinctly, here are character formulas for the other discrete series
representations (1) (large) and 7(2),7(3) (holomorphic/antiholomorphic).
In the column w - 7(¢) we only list the terms 10, 11 which occur.

In this table the entry in column 6,7,8 in the multiplicity of I(10) in
column 3,4, 5, respectively. The entry in column 9,10, 11 is the multiplicity
of I(11) in column 3,4, 5, respectively.

(m(i), xe” )

(m(i) e ")

w - (1) a w a xe
w wTp w(1) | m(2) | 7(3) | w(1) | w(2) | #(3) | w(1) | w(2) | w(3)
121 | (—2,1) |10+11] * | = | 1 | 0| 0] T ] 0o
212 | (-1,-2)| 10 | 10 |10 | L [ 1 | L 0] 00
202 | (—2,-1)| 11 | -10] 10| 0 | -1 1| 1 [ 0| 0

We conclude that the characters of 7(0) and 7(1) are equal on H(R).
Moreover (still on H(R),) we have

(14.18)(a) (DO (z,y) = 'y 2 =22y~ (k=2,3).
Alternatively, with ¢ = (€1, €2):
(14.18)(b) (DO (texp(X)) = e TH2X — gpel7271DX

14.3.2 Cartan #2: H(R) ~ R* x S*

We briefly consider a Cartan subgroup with H(R) ~ R* x S!; this is Cartan
#2 in atlas. Identify H(R) with R* x S' and choose simple roots «, (3
so that a(z,e?) = ze ™, B(x,e?) = €*. Write (a,b) for the character
(z,e?) — 2% so ef = (2,1).

In this case qg = 1, B(AT) = 0, and €(A],e”) = 1. We can check that
I(H,e?) = 1(8), and conclude

(14.19) a(m(i), e '?) = —M(I(8),w - 7(i)).

Using atlas we compute the following table, showing only the occurences of
8:
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w - (1) a(m(i),e” P)
w wlp | 7(0) | 7(1) | 7(2) | 7(3) | w(0) | w(1) | 7(2) | =(3)
2 | L2 | * | 8 | = | 8 [0 | -1] 0 |1
21 | (—2,1) | =8 | * | = | 8| 1] 0 [ 0|1
202 | (-1,-2)| 8| = | 8| = | 1 0] 10
212 (—2,-1)| = | 8 | 8 | = |0 | 1] -1] 0

Therefore on

we have formulas

(14.20)(a) (Do) (ze®) = 271 e 2 4 272

14.20)(b DO ) (xe?) = —x7 1?0 — g2
(14.20)( ()

14.20)(c DO, ) (xe) = x7te 20 — p72e ¥
( (2)

(14.20)(d) (D)) (xe?) = —z7 1 4 272"

14.3.3 Cartan #1: H(R) ~ C*

Finally suppose H(R) ~ C* (Cartan #3 in atlas). Choose the isomorphism,
and simple roots «, 3, so that

alz) =2/z, B(z) =7
Write (a,b) for the character z — 292°, ie. ™t — elotb)ztla=bliy  Ip
particular e’ = (2, 1), and ef(e®t%) = 3T,
In this case I(H,e?) = 1(9), gz = 1, e(Af,e?) =1, B(A") =0, and
(14.21) a(n(i),e” P)=—-M(1(9),w - m(i)).

Using atlas we compute this table, showing only the occurences of 9:

w - (1) a(m(i),e” P)
w wlp | 7(0) | 7(1) | 7(2) | 7(3) | #(0) | w(1) | 7(2) | 7(3)
21 | (L,-2) | 9 | 9 | = L | L]0 o0
121 | (-2,0) | =9 | —9 | = 1 -1] 0| 0
—1 —1
1 1

212 | (-1,-2) | = | = | =9 =9 0 | 0
P12 (=2,-1)| = | = | 9 ] 9 [ 0 | 0
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Therefore on ‘
H(R)y = {e"™ |z > 0}

we have

_efor?ny + efx731y 7 = 0’ 1

—3z+iy __

(14.22) (D)) (") = {e

e~3-l =12

14.4 Character Table for Sp(4,R) at p

Without giving any more details of the calculations, here is complete infor-
mation about the characters of the irreducible representations of Sp(4,R) in
the block of the trivial representation.

We use notation for the four Cartan subgroups S*x St, C*, R* x S1, R* x R*
as in Section 14.3.1, 14.3.2 and 14.3.3. (We haven’t considered the compact
Cartan subgroup yet; the notation is obvious here, and we choose AT so
that p = (2,1) as usual.) For each Cartan subgroup we have fixed a choice
of AT, and D is the corresponding Weyl denominator. The characters A
of H(R) with dA € Wp are parametrized in each case by {(+£a, £b)} with
(a,b) = (2,1) or (1,2). In the case of the split Cartan subgroup there are
two characters (a,b) and x(a,b) (see Section 14.3.1).

As discussed in Section 14.3 the block of the trivial representation consists
of 12 standard modules (i), and their corresponding irreducible represen-
tations 7(i), with 0 < ¢ < 11. The character formulas for the irreducible
representations, in terms of standard modules are as follows. This was com-
puted using the klbasis command; and may also be found in [23].
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m(0) = 1(0)

m(1) =1(1)

m(2) = 1(2)

m(3) =1(3)

m(4) = —1(0) — I(1) + I(4)

7(5) = —1(0) — I(2) + I(5)

n(6) = —I(1) — I(3) + I(6)

n(7) = 1(0) + I(1) + I(2) — I(4) — I(5)) + I(7)

7(8) = 1(0) + I(1) + I(3) — I(4) — I(6) + I(8)

7(9) = 1(0) + I(1) + I(2) + I(3) — I(4) — I(5) — 1(6) + I(9)
7(10) = —I(0) — I(1) — I(2) — I(3) + I(4) + I(5) + I(6)

—I(7) —1(8) — I(9) + 1(10)

m(11) = —1(2) — I(3) — I1(9) + I(11)

Each row in the following tables gives the character formula for a single

standard or irreducible module, on the given Cartan subgroup.

For example the first row in the first table below says the formula for
the large discrete series representation I(0) = m(0) on the compact Cartan

subgroup is:
(D01(0)>(€i91, ez‘@g) — _p2it1—ib> + 1014205

The last entry in the second table gives

(Deﬂ(ll))(elﬁ, 6292) — _62201+102 + 6191-‘1-2202 + 6_201_2192 o

Compact Cartan subgroup

(a7 b) . (67;017 e’i@Q) N 6ai91+b’i92

6—2i91 )

H(R). = H(R)
St x St Standard Modules
I (271) (172) (27_1) <_172) (17_2) (_271) (_17_2 <_2>_1
10) 1 1
() 1 1
o) 1 | 1
I3) 1 1
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St x S Irreducible Modules

T e LY@ D L) @2 (21 ] (L2 ] (-2 -1
7(0) -1 1
(1) 1 a1
@) | 1 | 1
7(3) -1 1
7(4) 1 a1 q 1
T5) | 1 | 1 1 1
7(6) 1 1 1 1
a0 | 1 | 1 1 1 1 N
7(®) 1 1 1 1 a1 1
@) | 1 | -1 1 1 1 a1 a1 1
T10) | -1 | 1 1 1 1 1 1 a1
)| 1 | 1 1 1

The identity (6.6)(b) is clear in the table, for w the short simple reflection,
which is in W(G(R), H(R)) € W, = W.
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Cartan #2: R* x S?
(a,b) : (:c,ew) — %"
HR); = {(z,”) ]|z > 1}

See Section 14.3.2.

R* x S': Standard Modules

1 (2,1) | (1,2) | (2,-1) | (-1,2) | (1,=2) | (=2,1) | (—1,-2)
1(0) 1 1
I(1) -1
1(2) 1
1(3) -1 1
1(5) 1 1
1(6) -1 -1
I(7) 1
I8) | -1 -1

R* x S': Irreducible Modules

T (2,1) | (1,2) | (2,-1) | (-1,2) | (1,=2) | (=2,1) | (—1,-2)
7(0) 1 1
(1) -1
7(2) 1
7(3) -1 1
m(4) 1 -1 -1
7(5) 1 -1 -1
7(6) -1 1 -1
7(7) 1 -1 -1 1 1
7(8) -1 1 -1 1 1
7(9) 1 -1 -1 2 1
7(10) 1 - -1 1 1 -1 -1
m(11) 1 0 -1 -1

The first four lines of the tables are equivalent to (14.20)(a-d).
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Cartan #1: C*
(a,b) : €+ — ele+b)r+(a=bliy
H(R); = {(e"™ |2 > 0}
See Section 14.3.3.

C*: Standard Modules
1 (2,1) | (1,2) | (2,-1) | (-1,2) | (1,=2) | (=2,1) | (=1,=2) | (=2,—1)

1(0) -1 1
I(1) -1 1
1(2) 1 -1
1(3) 1 -1
I(4) -1 1 -1 1
I9) | -1 1 -1 1

C*: Irreducible Modules

T (2,1) | (1,2) | (2,-1) | (-1,2) | (1,=2) | (=2,1) | (=1,=2) | (=2,—1)

7(0) -1 1
(1) -1 1
7(2) 1 -1
m(3) 1 1
m(4) -1 1 1 -1
7(5) 1 -1 -1 1
7(6) 1 -1 -1 1
7(7) 1 -1 -1 1 1 -1
7(8) 1 -1 -1 1 1 -1
7(9) -1 1 1 -1 -1 1 1 -1
7(10) 1 -1 -1 1 1 -1 -1 1
m(11) 1 -1 -1 1

The first four lines of the tables are equivalent to (14.22).
As in the case of the compact Cartan subgroup the identity (6.6)(b) is
clear; the short simple reflection is in W(G(R), H(R)) N W;.

Split Cartan subgroup
In the next two tables the two entries in an ordered pair in a column
labelled (a, b) gives the multipicity of the characters

(a,b) = (z,y) — 2"y,

(z,y) — sgn(zy)zy
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respectively. For example the last entry in the row for 7(4) is 1,—1 in
a column labelled (—2,—1); this means the function (x,y) — z72y~! —
sgn(zy)z 2y~ ! Also

H(R) 1 = {(z,y) [ |z] > [y| > 0}.

See Section 14.3.3.

R* x R*: Standard Modules

I e LY@ D (LY L2 (2 [ (-2 (-2 -1
1(0) 1,1 1,0 0,1
I(1) L1 1,0 0,1
12) 1,0 1,0
1(3) 1,0 ~1,0
1(4) 1,1 1,1 1,1 1,1
1(5) 1,0 0,1 1,0 0,1
1(6) 1,0 0,1 1,0 0,1
1(7) 1,0 0,1 0,1 1,0
1(3) 1,0 0,1 0,1 1,0
1(9) 11 1,1 1,1 1,1
(10) | 1,0 | 0,1 | 1,0 0,1 0,1 1,0 0,1 1,0
(1) | 0,1 | 1,0 | 0,1 1,0 1,0 0,1 1,0 0,1

R* x R*: Irreducible Modules

7r (2,1) | (1,2) | (2,-1) | (-1,2) | (1,=2) | (=2,1) | (—=1,=2) | (=2,-1)

7(0) 1,1 1,0 0,1
(1) 1,1 1,0 0,1
(2) 1,0 ~1,0
7(3) 1,0 —1,0
7(4) 1,1 11 11 1-1
7(5) 1,0 1,0 1,0 1,0
7(6) 1,0 1,0 1,0 1,0
7(7) 1,0 1,0 1,0 1,0 1,0 1,0
7(8) 1,0 1,0 1,0 1,0 1,0 1,0
7(9) 1,1 11 | 11 2.0 1-1 2,0
(10) | 1,0 | -1,0 | -1,0 1,0 1,0 1,0 1,0 1,0
(1) ] 01 [ 0-1 | 0,1 1,0 0,-1 1,0 1,0 1,0

The first four lines of the tables are equivalent to (14.16) and (14.18).
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