D Vwrfkdvwlf LqwhjhuSurjudp z lwk Gxdo Qhwz run Vwuxfwxuh dqg lwvDssolfdwlrq wr wkh J urxqg Kroglqj Sureohp

P lfkdhoR1Edoo/ UrehuwKr�p dq^±

Dp hghr Rgrql/ U| dq Ulinlq^♣

P dufk 5: / 5333

Devwudfw

Lq wklvsdshu/ z h dqdo| }h d j hqhudol}dwlrq ri d fodvvlf qhwz run rz p rgho1 Wkh j hqhudol}dwlrq lqyroyhv wkh uhsodfhp hqwri ghwhup lqlvwlf ghp dqg z lwk vwrfkdvwlf ghp dqg1 Z kloh wklv j hqhudol}dwlrq ghvwur| v wkhrulj lqdoqhwz run vwuxfwxuh/ z hvkrz wkdwwkhp dwul{ xqghuo| lqj wkh vwrfkdvwlf p rgholv gxdoqhwz run1 Wkxv/ wkh lqwhj hu surj udp dvvrfl0 dwhg z lwk wkh vwrfkdvwlf p rghofdq eh vroyhg h! flhqwo| xvlqj qhwz run rz ruolqhdusurj udp p lqj whfkqlt xhv1Z hdovr ghyhors dq dssolfdwlrq ri wklvp rghowr wkhj urxqg kroglqj sureohp lq dluwud! f p dqdj hp hqw1 Wkh xvh ri wklv p rghoiru wkh j urxqg kroglqj sureohp lp suryhv xsrq sulrup rghove| doorz lqj iruhdv| lqwhj udwlrq lqwr wkh qhz o| ghyhorshg j urxqg ghod| surj udp surfhgxuhvedvhg rq wkhFrooderudwlyhGhflvlrq P dnlqj sdudglj p 1

±Xqlyhuvlw| ri P du| odqg dwFroohj h Sdun ♣ P dvvdfkxvhwwv Lqvwlwxwh ri Whfkqrorj |

4 Lqwur gxfwlr q

Lq wkh sdshu/ z h dqdo| }h d vwrfkdvwlf yduldqwri d fodvvlf qhwz run rz p rgho1

Wkh +ghwhup lqlvwlf, qhwz run rz p rgholvlooxvwudwhg lq I lj xuh 41Wkh qrghv dfurvv wkh wrs ri wkh gldj udp duh vxsso| qrghv dqg wkh qrghv dfurvv wkh erwwrp duh ghp dqg qrghv1 Wkh p rghouhsuhvhqwv wkh surj uhvvlrq ri vxsso| dqg ghp dqg iru d frp p rglw| ryhu glvfuhwh wlp h lqwhuydov1 Wkh frp p rglw| fdq h{lvwlq rqh ri wz r vwdwhv1 Wkh wrs vhwri qrghv duh dvvrfldwhg z lwk wkh frp p rglw| lq vwdwh 4 dqg wkh erwwrp vhwri qrghv duh dvvrfldwhg z lwk wkh frp p rglw| lq vwdwh51Wkxv/ qrgh404 uhsuhvhqwvwkhedodqfhht xdwlrq iruwkh frp p rglw| gxulqj wlp h shulrg 4 lq vwdwh 4/ qrgh 405 uhsuhvhqwv wkh edodqfh ht xdwlrq iru wkh frp p rglw| gxulqj wlp h shulrg 4 lq vwdwh 5/ hwf1Z h ghqrwh e| 7^ȷ dqg ↼^ȷ iru ȷ ’ �cνννcA/ wkh vxsso| dqg ghp dqg/ uhvshfwlyho| / gxulqj wlp h shulrg ȷ1 Wkh p rghoyduldeohv duh gh�qhg e| =

⇁^ȷ ’ dp rxqwri frp p rglw| lq vwdwh 4 khog lq lqyhqwru| iurp shulrg ȷ wr ȷ n � ϱ^ȷ ’ dp rxqwri frp p rglw| frqyhuwhg iurp vwdwh 4 wr vwdwh 5 gxulqj wlp h shulrg ȷ

5^ȷ ’ dp rxqwri frp p rglw| lq vwdwh 5 khog lq lqyhqwru| iurp shulrg ȷ wr ȷ n �

Li z h dvvrfldwh lqyhqwru| kroglqj frvwv ∂^ȷ dqg o^ȷ z lwk wkh frp p rglw| lq vwdwhv4 dqg 5 dqg d frqyhuvlrq frvwS^ȷ / z h rewdlq wkh iroorz lqj qhwz run rz p rgho=

P lq A⋃ ȷ’ �

E∂^ȷ ⇁^ȷ n S^ȷ ϱ^ȷ n o^ȷ 5^ȷ ø +4, vxemhfwwr ϱ^ȷ n ⇁^ȷ ∗ ⇁^{ȷ∋ �} ’ 7^ȷ iru ȷ ∼ �/ E⇁^f ’ fø +5,

5^{ȷ∋ �} n ϱ^ȷ ∗ 5^ȷ ⪰ ↼^ȷ iru ȷ ∼ �/ E5^f ’ fø +6, ϱ^ȷ c⇁^ȷ c5^ȷ ∼ f iru ȷ ∼ � +7,

Qrwh wkdw/ lq d volj kwo| qrq0vwdqgdug idvklrq/ d ohvv0wkdq0ru0ht xdo0wr frq0 vwudlqwlv dvvrfldwhg z lwk ghp dqg1 Wklv/ ri frxuvh/ frxog eh fkdqj hg1 Wklv irup lv frqvlvwhqwz lwk wkh dssolfdwlrq wr j urxqg ghod| surj udp v/ z h odwhu

ghvfuleh1Lq z kdwlvsuredeo| wkh �fodvvlf� dssolfdwlrq ri wkh p rgho+vhh Vhf0 wlrq 718 ri ^7‘,/ wkh vwdwh 4 frp p rglw| lvfuxghrlodqg wkh vwdwh 5 frp p rglw| lv uh�qhg rlo1 Lq wklv dssolfdwlrq rqh fdq ylhz ghp dqg dv wkh p d{lp xp dp rxqwri uh�qhg rlowkdwfdq eh vrog gxulqj d shulrg1

Qrwhwkdwwkhirup xodwlrq ri wklvp rghouht xluhvwkhhvwlp dwlrq ri d yhfwru ri ixwxuh ghp dqg ohyhov/ E↼_�cνννc↼_Aø1 Wkhuh z loo/ ri frxuvh/ eh xqfhuwdlqw| dvvrfldwhg z lwk vxfk hvwlp dwhv1 Wkh j hqhudol}dwlrq ri wklv p rgho/ z klfk z h lqyhvwlj dwh/ uhsodfhv wkh hvwlp dwh ri d vlqj oh ghp dqg yhfwru z lwk d ghp dqg glvwulexwlrq1 Wkh ghp dqg glvwulexwlrq z h hp sor| lqyroyhv d vhwri ghp dqg vfhqdulrv ⟩E↼_{�⌣}cνννc↼_{A⌣}ø Giru ⌣ ’ �cνννcφ | z lwk dvvrfldwhg suredelolwlhv/ R_⌣ iru⌣ ’ �cνννcφ 1Lq wkh p rgho/ wkh vwdwh 5 lqyhqwru| ohyhovz loodovr ydu| z lwk wkh vfhqdulr/ vr wkdwz h qhhg dgglwlrqdoyduldeohv=

5_{ȷ⌣} ’ dp rxqwri frp p rglw| lq vwdwh 5 khog iurp shulrg ȷ wr ȷ n � xqghughp dqg vfhqdulr ⌣

Wkh dvvrfldwhg vwrfkdvwlf surj udp p lqj p rgholv looxvwudwhg lq I lj xuh 5 dqg lv gh�qhg e| =

P lq A⋃ ȷ’ �

E∂_ȷ ⇁_ȷ n S_ȷ ϱ_ȷ n φ⋃ ⌣’ �

R_⌣o_ȷ 5_{ȷ⌣}ø +8,

vxemhfwwr

ϱ_ȷ n ⇁_ȷ ∗ ⇁_{ȷ∋ �} ’ 7_ȷ iruȷ ∼ �/ E⇁_f ’ fø +9, 5_{ȷ∋ � ⌣} n ϱ_ȷ ∗ 5_{ȷ⌣} ⪰ ↼_{ȷ⌣} iru ȷ ∼ �/ ⌣ ∼ �/ +5_{J⌣} ’ fø +: , ϱ_ȷ c⇁_ȷ c5_{ȷ⌣} ∼ f +; ,

Z h z loovkrz / lq Vhfwlrq 5 ri wklv sdshu/ wkdwwkh frqvwudlqwp dwul{ dv0 vrfldwhg z lwk wklv p rgholv gxdoqhwz run1 Wklv lp solhv wkdwwkh p rghofdq eh vroyhg xvlqj qhwz run rz whfkqlt xhv ru/ dowhuqdwlyho| / wkdwlqwhj udovrox0 wlrqv fdq eh irxqg xvlqj olqhdu surj udp p lqj whfkqlt xhv1 Z h dovr ghvfuleh/ lq Vhfwlrq 4 ri wklvsdshu/ dq dssolfdwlrq ri wklvp rghowr wkh j urxqg kroglqj sureohp lq dluwud! f p dqdj hp hqw1Wklvdssolfdwlrq lvvlj ql�fdqwlq wkhvhqvh wkdwwkh sureohp lvirup xodwhg lq d z d| wkdwlvfrqvlvwhqwz lwk qhz ghflvlrq vxssruwwrrov qrz ehlqj ghsor| hg e| wkh IDD edvhg rq wkh Frooderudwlyh Ghflvlrq P dnlqj sdudglj p 1

I lj xuh 4=Qhwz run rz p rghoiru lqyhqwru| z lwk wz r vwdwhv

I lj xuh 5=Vwrfkdvwlf rz p rghoz lwk wz r ghp dqg vfhqdulrv +φ ’ 2,

5 Ds s olfdwlr q wr J ur xqg Kr oglqj Sur eohp

Ghp dqg iru uxqz d| rshudwlrqv +odqglqj v dqg wdnh0r�v, riwhq h{fhhgv dydlo0 deoh fdsdflw| iru shulrgv ri vhyhudokrxuv dwp dmru dlusruwv/ xvxdoo| gxh wr xqidyrudeoh z hdwkhu frqglwlrqv1 J urxqg Kroglqj lv wkh sulp du| vwudwhj | xvhg e| Wkh I hghudoDyldwlrq Dgp lqlvwudwlrq +IDD, wr uhgxfh duulydogh0 p dqg gxulqj vxfk shulrgv1 Wkh lghd lv wr krog dlufudiwerxqg iru d vlqj oh ghvwlqdwlrq rq wkh j urxqg dwwkhlu rulj lqv iru ohqj wkv ri wlp h vx! flhqwwr hqvxuh wkdwwkh| z looeh deoh wr odqg z lwk olwwoh ruqr dlueruqh ghod| 1J urxqg kroglqj lv lp sohp hqwhg ryhu h{whqghg shulrgv e| p hdqv ri d j urxqg ghod| surj udp +J GS,1D J GS p xvweh sodqqhg vhyhudokrxuvlq dgydqfh lq rughu wr fdswxuh dlufudiwrulj lqdwlqj dwglvwdqworfdwlrqv ehiruh wkh| ghsduw1 Wkh fxuuhqwsudfwlfh lv wr frqyhuwd z hdwkhu iruhfdvwlqwr d sur�oh ri krxuo| dlu0 sruwdffhswdqfh udwhv +DDUv,/ hdfk ri z klfk lv wkh qxp ehu ri dlufudiwwkdw fdq eh odqghg wkdwkrxu1Wklvsduwlwlrqvhdfk krxulqwr duulydovorwvri ht xdo wlp h ohqj wkv+ydu| lqj odqglqj wlp h uht xluhp hqwvduh lj qruhg, z klfk duh wkhq udwlrqhg wr lj kwv1 Wkh p hwkrg iru dvvlj qlqj odqglqj wlp h vorwv wr lj kwv lv qrz edvhg rq wkh Frooderudwlyh Ghflvlrq P dnlqj +FGP , sdudglj p +vhh ^9‘ ru ^45‘,1 Wkh FGP surfhvv lqyroyhv vxevwdqwldolqwhudfwlrq ehwz hhq wkh dlu0 olqhvdqg wkh IDD1Frqwuroohg ghsduwxuh wlp hvduh frp sxwhg e| vxewudfwlqj vfkhgxohg ruhvwlp dwhg wudyhowlp hviurp frqwuroohg duulydovwlp hv1Vhh ^9‘ iru d p ruh lq0ghswk ghvfulswlrq ri j urxqg ghod| surj udp surfhgxuhv1 Xqghu fxuuhqwsudfwlfh/ J GSv duh sodqqhg edvhg rq d vlqj oh suhglfwhg DDU yhfwru/ EΨΦ_�cνννc ΨΦ_Aø/ z khuh ΨΦ_� lv wkh suhglfwhg duulydofdsdflw| gxulqj wkh 4vwkrxu/ ΨΦ_2/ wkh suhglfwhg fdsdflw| gxulqj wkh 5qg krxu/ hwf1 \ hw/ wklv suhglfwlrq ghshqgv rq wkh z hdwkhu iruhfdvwhg vhyhudokrxuv lq dgydqfh1 Fohduo| / wkhuhlvd klj k ghj uhhri xqfhuwdlqw| dvvrfldwhg z lwk vxfk suhglfwlrqv1 Dv kdv ehhq grqh suhylrxvo| lq wkh olwhudwxuh +h1j 1/ ^; ‘,/ z h fkdudfwhul}h xqfhuwdlqw| xvlqj d glvfuhwh DDU glvwulexwlrq uhsuhvhqwhg e| d vhwri DDU yhfwruv ⟩EΦ_{�⌣}cνννcΦ_{A⌣}øGiru⌣ ’ �cνννcφ | z lwk dvvrfldwhg suredelolwlhv/ R_⌣ iru ⌣ ’ �cνννcφ 1 Suhylrxv vwrfkdvwlf surj udp p lqj p rghov wrrn wklv lqsxwdqg wkhq dvvlj qhg odqglqj wlp h vorwvwr lqglylgxdo lj kwv1Wkhvh w| shvri p rghov duh lqydolg xqghuFGP vlqfh lqglylgxdowlp h0vorw0wr0 lj kwdvvlj qp hqwvuhvxow iurp d p xowl0vwdj h surfhvvlqyroylqj lqwhudfwlrq ehwz hhq wkh dluolqhvdqg wkh IDD1

Wkh sureohp ri lqwhuhvwlq wkh FGP frqwh{wlv wr �frqyhuw� wkh DDU glvwulexwlrq/ ⟩ EΦ_{�⌣}cνννcΦ_{A⌣}ø Giru ⌣ ’ �cνννcφ | / lqwr d vlqj oh Sodqqhg DDU +SDDU, yhfwru E∂_�cνννc∂_Aø1 Z h xvh orz hu fdvh ∂khuh wr hp skdvl}h wkdwwkh

∂^ȷ duh ghflvlrq yduldeohv1 Wkh fxuuhqwsudfwlfh ri hvwlp dwlqj wkh DDU dw wlp h ȷ/ ΨΦ^ȷ / dqg wkhq vhqglqj wklvqxp ehuri lj kwvwr wkhghvwlqdwlrq dlusruw/ lp solflwo| dgrswv wkh srolf| ri vhwwlqj wkh ghflvlrq yduldeoh ∂^ȷ ht xdowr wkh p rvwolnho| DDU ydoxh ΨΦ^ȷ 1

Wr xqghuvwdqg wkh frvwlp sdfwvri fkrrvlqj d sduwlfxoduSDDU/ frqvlghu wkh vfhqdulrv looxvwudwhg lq I lj xuhv 6 dqg 71 Lq I lj xuh 6/ wkh dfwxdoDDUv irushulrgv4 dqg 5 duh ; dqg 48/ uhvshfwlyho| +l1h1iruwkh uhdol}hg Φ^⌣ yhfwru/

Φ^{⌣�} ’ Hdqg Φ^{⌣2} ’ �D,1 Wkh SDDUv lq shulrgv 4 dqg 5 z huh vhwwr 43 +l1h1

∂^� ’ ∂^2 ’ �f,1Xqghuwkhvh frqglwlrqv/ 5 ri wkh 43 lj kwvvfkhgxohg wr duulyh gxulqj wlp h lqwhuydo4 z looeh sodfhg lq dq dlueruqh t xhxh dqg khog ryhuxqwlo wlp h lqwhuydo51 Wkhuh z loowkhq eh 45 lj kwv ghvlulqj wr odqg gxulqj wlp h lqwhuydo 5/ doo ri z klfk z loo eh deoh wr odqg/ vlqfh Φ^{2⌣} ’ �D1 J lyhq wkdw j urxqg kroglqj lv suhihudeoh wr dlueruqh kroglqj +hovh wkhuh lv qr qhhg iru d J GS,/ lwz rxog kdyh ehhq ehwwhu wr kdyh khog wz r lj kwv rq wkh j urxqg iru rqh wlp h xqlwvr wkdwwkh| duulyh dwwkh whup lqdodluvsdfh dwwlp h ȷ ’ 21

Wklvlvlooxvwudwhg lq I lj xuh 7 z khuhwkhvlqj oh0xqlwj urxqg ghod| ri wkhvhwz r lj kwv lv uhsuhvhqwhg e| rz ryhu d krul}rqwdoduf dgghg rq dq xsshu ohyho1

Ri frxuvh/ vlqfh wkh uhdol}hg DDU yhfwru lv qrwnqrz q lq dgydqfh/ lwz rxog qrwqhfhvvdulo| kdyh ehhq srvvleoh wr suhglfwwkdwj urxqg kroglqj 5 lj kwv z rxog eh wkh ehvwvwudwhj | 1

Wkh nh| wudghr� looxvwudwhg lv ehwz hhq dvvlj qhg/ ghwhup lqlvwlf j urxqg ghod| dqg h{shfwhg dlueruqhghod| 1Wklvwudghr� lvgulyhq e| wz r sdudp hwhuv=

℘/ wkh frvwshu wlp h shulrg ri kroglqj d lj kwrq wkh j urxqg dqg ∂/ wkh frvw shu wlp h shulrg ri dlueruqh ghod| 1 Rqh p d| dvvxp h ∂. ℘/ rwkhuz lvh/ lw z rxog eh frvwh�hfwlyh wr vhqg doo lj kwv wr wkh ghvwlqdwlrq dlusruwdv vrrq dv wkh| z huh dydlodeoh1

Lwvkrxog qrz eh fohduwkdwwkh sureohp ri ghwhup lqlqj wkh SDDU yhfwru fdq eh vroyhg e| dgglqj lqwhj hu frqvwudlqwv wr wkh vwrfkdvwlf p rghoj lyhq lq wkh lqwurgxfwlrq1D vwdwh4 frp p rglw| lvd lj kwrq wkh j urxqg dqg d vwdwh5 frp p rglw| lvd lj kwlq wkhdlu1Wkh sureohp lqsxwgdwd dqg yduldeohvduhdv iroorz v1 Wkh shulrg ȷ vxsso| / 7^ȷ lv wkh qxp ehu ri lj kwv vfkhgxohg wr duulyh gxulqj wlp h shulrg ȷ1 Wkh +p d{lp xp , shulrg ȷ ghp dqg xqghu vfhqdulr ⌣/

↼^{ȷ⌣}/ lv wkh shulrg ȷ DDU xqghuvfhqdulr ⌣/ Φ^{ȷ⌣}1Wkh shu0shulrg kroglqj frvw lq vwdwh 4/ ∂^ȷ lv vhwht xdowr ℘ dqg wkh fruuhvsrqglqj vwdwh 5 frvw/ o^ȷ lv vhw ht xdowr ∂1 Wkh wudqvirup dwlrq frvw/ S^ȷ / lv vhwwr 31 Wz r ri wkh yduldeoh vhwv duhuhodwlyho| hdv| wr lqwhusuhw1Wkhvwdwh4 wr vwdwh5 wudqvirup dwlrq yduldeoh vhw/ ϱ/ lvwkh SDDU yhfwru/ l1h1 ϱ^ȷ ’ ∂^ȷ 1 Wkh vwdwh 5 lqyhqwru| yduldeoh 5^{ȷ⌣} lv wkh qxp ehu ri lj kwv khog lq wkh dlu iurp wlp h shulrg ȷ wr wlp h shulrg ȷ n �

I lj xuh 6=Dlueruqh kroglqj ri wz r lj kwv iru rqh wlp h shulrg

I lj xuh 7=J urxqg kroglqj ri wz r lj kwv lq olhx ri dlueruqh kroglqj

:

xqghuvfhqdulr ⌣1Wkh lqwhusuhwdwlrq ri wkh ⇁ yduldeoh vhwuht xluhvglvfxvvlrq ri d vxewoh dvshfwri wkh p rgho1 Lq d fhuwdlq vhqvh/ wkh p rghogrhv doowlp h fdofxodwlrqvuhodwlyhwr duulydowlp hvdwwkhghvwlqdwlrq dlusruw1Wkxv/ ⇁^ȷ lvwkh qxp ehuri lj kwvkhog rq wkh j urxqg iurp wlp hshulrg ȷ wr ȷ n �1Wlp hshulrg ȷ/ khuh/ krz hyhu/ lv wkh wlp h shulrg lq z klfk wkh lj kwzrxog kdyh duulyhg1

Wr ghwhup lqhz khq wkh lj kwvduhdfwxdoo| khog rq wkhj urxqg/ wkhlqglylgxdo lj kwvp xvweh fkrvhq/ wkh hqurxwh wlp h vxewudfwhg iurp wkh duulydowlp h iru hdfk lj kwdqg �qdoo| wkh ghod| dgghg wr hdfk lj kw*v ghsduwxuh wlp h1

D oduj h erg| ri z run h{lvwv rq ghwhup lqlvwlf yhuvlrqv ri wkh j urxqg0 kroglqj sureohp 1 Vhh Whuude ^43‘/ Ehuwvlp dv dqg Yudqdv ^5‘/ Yudqdv/ Ehuw0 vlp dv dqg Rgrql ^44‘/ dqg Ehuwvlp dv dqg Vwrfn ^4‘1 Ulfkhwwd dqg Rgrql ^; ‘ lqwurgxfhd vwrfkdvwlf j urxqg kroglqj p rghowkdwhp sor| vd glvfuhwhfdsdflw|

+DDU, glvwulexwlrq dqg wkh p lqlp l}dwlrq ri h{shfwhg frvwv1

Wkhp rghoghvfulehg khuh/ z klfk lvedvhg rq wkhwkhvhvri Kr�p dq ^8‘dqg

Ulinlq ^<‘/ lv glvwlqj xlvkhg lq vhyhudoz d| v1 I luvw/ lwrxwsxwv wkh dj j uhj dwh qxp ehu ri lj kwv wkdwvkrxog eh dvvlj qhg frqwuroohg duulydowlp hv iru hdfk krxu/ udwkhu wkdq dq lqglylgxdofrqwuroohg duulydowlp h iru hdfk lj kw1 Wklv doorz v wkh dvvlj qp hqwri frqwuroohg duulydowlp hv wr lqglylgxdo lj kwv wr eh grqhodwhue| FGP 0edvhg udwlrqlqj dqg ht xlw| vfkhp hv1Vhfrqgo| / wklvp rgho dgp lwv d irup dosurri wkdwwkh olqhdu surj udp p lqj +OS, uhod{dwlrq ri wkh lqwhj hu surj udp +LS, lv j xdudqwhhg wr | lhog lqwhj udovroxwlrqv1 Odvwo| / wkh dj j uhj dwlrq ri lj kwv doorz v lwwr eh vroyhg p ruh udslgo| wkdq wkh Ulfkhwwd dqg Rgrql p rgho+dj j uhj dwlrq lq wkh Ulfkhwwd dqg Rgrql p rghoz dv grqh vwulfwo| wr uhgxfhwkhuxq wlp h,1Vhh^8‘irud vhqvlwlylw| dqdo| vlvri wkhp rgho1

6 Wkhr uhwlfdoUhvxowv

Lq wklv vhfwlrq/ z h vkrz wkdwwkh vwrfkdvwlf j urxqg kroglqj sureohp fdq eh vroyhg lq sro| qrp ldowlp h1Lq sduwlfxodu/ wkhp dlq uhvxowlvWkhruhp 5/ z klfk vkrz vwkdwVJ KS/ wkh lqwhj husurj udp gh�qhg lq wkh suhylrxvvhfwlrq e| +9,

0+43,/ lvd gxdoqhwz run rz sureohp / wkrxj k lwidlovwr eh d sulp doqhwz run rz sureohp 1 Dv lp p hgldwh fruroodulhv/ wkh frqvwudlqwp dwul{ dvvrfldwhg z lwk wklvlqwhj husurj udp lvwrwdoo| xqlp rgxodu/ dqg wkh OS uhod{dwlrq | lhogv lqwhj udovroxwlrqv1

Z h vd| wkdwd Efc�c∗ �ø p dwul{ lv d qhwzrun p dwul{ li hdfk froxp q frq0 wdlqv dwp rvwwz r qrq}hur hqwulhv dqg z khqhyhu d froxp q frqwdlqv wz r qrq}hur hqwulhv/ wkh| vxp wr }hur1Li Υ lvd qhwz run p dwul{/ wkhq rqh fdq hi0 ;

I lj xuh 8=Wkh wkuhh srvvleoh j udsk vwuxfwxuhv iru C

Vlqfh C p xvweh vsdqqhg e| d wuhh zlwk vl{ hgjhv/ C frqwdlqvh{dfwo| . qrghv1

Vlqfh σ^e dqg σ^D kdyh irxu qrghv +wkuhh hgjhv, hdfk/ wkh| p xvwkdyh h{dfwo| rqh qrgh lq frp p rq dqg C lvlvrp rusklf wr rqh ri wkh wkuhh judskvlq I ljxuh

81Exwlq hdfk ri wkhvh judskv/ wkh ohiw0p rvwhgjh e^ζ lvdgmdfhqwwr h{dfwo| rqh hgjh/ e^ρ1 Hgjhv e^ζ dqg e^ρ p xvwolh wrjhwkhu rq hlwkhu sdwk σ^e ru σ^D/ hdfk ri zklfk lqglfdwh wkdwζdqg ρ p xvwkdyh wkh vdp h sdulw| 1 Exwwklv frqwudglfwv wkhh{lvwhqfhri sdwkvσ^�/ σ^2 dqg σ^fi/ zklfk lqglfdwhwkdwhyhu| hgjhlvdgmdfhqw wr dq hgjh zlwk rssrvlwh sdulw| 1

Wkhr uhp 5 Ohwτ_A eh wkh wudqvsrvh ri wkh frqvwudlqwp dwul{ τ lq 7CMσ dqg ohwUeh wkh lghqwlw| p dwul{ lqgxfhg e| dgglqj vodfn yduldeohv wr wkh gxdo ri 7CMσ 1 Wkhq ⁀ ’ ) Ucτ_A [ / wkh gxdofrqvwudlqwp dwul{ ri 7CMσ / lv d qhwzrun p dwul{1

S urr i1 Lq rughu wr vkrz wkdw⁀ lv d qhwzrun p dwul{/ lwzloovx! fh wr vkrz wkh h{lvwhqfh ri dqrwkhu 6 ⋄ E6 n ⋆øp dwul{ Υ wkdwfdq eh wudqvirup hg lqwr

⁀ yld vlp soh{ slyrwv1 Ohwφ eh wkh qxp ehu ri vfhqdulrv dqg ohwA eh wkh qxp ehu ri wlp h shulrgv lq VJ KS1 Ohw– dqg –_≺ eh wkh Eφ n 2ø⋄ Eφ n 2ø p dwulfhv zkrvh hqwulhv duh ghfflqhg yld

–^{ζρ} ’ �/ li Eζ’ � dqg ρ ’ �ø ru Eζ’ 2 dqg ρ ’ 2ø

∗ �/ li ζ∗ � ’ ρ f/ rwkhuzlvh1

–^≺_{ζρ} ’ ⟩ ∗ �/ li ζ’ � dqg ρ ’ φ n 2 f/ rwkhuzlvh1

Ohwweh wkh Eφ n �ø⋄ Eφ n �ø p dwul{ zkrvh hqwulhv duh ghfflqhg e| w_{ζρ} ’ ⟩ ∗ �/ li ζ’ � dqg ρ ’ φ n 2 f/ rwkhuzlvh1

Z h ghfflqh Υ wr eh wkh A⋄ 2A eorfn p dwul{ ehorz1

Υ ’ – –^≺ w ∗ w – –^≺ w ∗ w 111 111 111 111 – –^≺ w ∗ w – w I ru h{dp soh/ zkhq φ ’ 2 dqg A ’ 2/

– ’ � f f f 0� � � � f 0� f f f f 0� f

–^≺ ’ f f f f f f f 0� f f f f f f f f w’ � f f f f f f 0� f f f 0�

Qrwh wkdw– c–^≺ dqg wduh qhwzrun p dwulfhv1 E| qdwxuh ri wkhlu uhodwlyh srvl0 wlrqv lq Υ / Υ lv dovr d qhwzrun p dwul{1 Z khq vlp soh{ slyrwv duh shuirup hg vxffhvvlyho| rq wkh p dlq gldjrqdohohp hqwvri Υ / wkhq Υ lvwudqvirup hg lqwr ⁀ νVhh ^8‘ ru^<‘ iru h{dp sohvri wkh p dwul{ ⁀ dqg wkh qhwzrun judsk xqghu0 o| lqj Υ 1

Z h frp p hqwwkdwWkhruhp 5 gh�qhv d wudqvirup dwlrq iurp Υ wr ⁀ yld p dwul{ p xowlsolfdwlrq1 Wkdwlv/ Υ ▷ ’ ⁀ / z khuh ▷ uhsuhvhqwv wkh frp srvl0 wlrq ri qhfhvvdu| vlp soh{ slyrwv1Vlqfh ▷ lvlqyhuwleoh/ Wkhruhp 5 lp solflwo| gh�qhv wkh p dwul{ ▷^{∋ �} wkdwwudqvirup v ⁀ lqwr Υ yld Υ ’ ⁀ ▷^{∋ �}1

F r ur oodu| 6 Wkh frqvwudlqwp dwul{ dvvrfldwhg zlwk VJ KS lvwrwdoo| xqlp rg0 xodu1

F r ur oodu| 7 Wkh olqhdusurjudp p lqj uhod{dwlrq ri VJ KS | lhogvlqwhjudovr0 oxwlrqv1

F r ur oodu| 8 Wkh lqwhjhusurjudp VJ KS fdq eh vroyhg wr rswlp dolw| lq sro| 0 qrp ldowlp h1

7 Lp s ohp hqwdwlr q

Z run lv fxuuhqwo| xqghuz d| e| wkh dxwkruv wr lqfrusrudwh wklv p rgholqwr wkh FGP ghflvlrq vxssruwwrro/ I VP +wkh I olj kwVfkhgxoh P rqlwru,1 I VP douhdg| surylghv wkh uht xluhg ghp dqg hvwlp dwhv1 Uhvhdufk lv xqghuz d| wr hvwlp dwh wkhDDU glvwulexwlrqv1Wklvuhvhdufk lvedvhg rq dq dlusruw0vshfl�f vwdwlvwlfdodqdo| vlv ri klvwrulfdoz hdwkhu dqg J GS lqirup dwlrq1 J lyhq wkdw wkh p rghorshudwhv dwdq dj j uhj dwh ohyho/ lwlv suredeo| dssursuldwh wr vhw wkh ydoxhvri ∂dqg ℘ dffruglqj wr lqgxvwu| z lgh vwdqgdugv1Z h uhp dun wkdw wkh rswlp dovroxwlrq ghshqgv rqo| rq wkh udwlr ri wkhvh sdudp hwhuv_∂^℘1 Dq dowhuqdwlyh lqwhusuhwdwlrq ri wklv frvwudwlr lv d t xdqwl�fdwlrq ri wkh IDD*v z loolqj qhvvwr wudgh j urxqg ghod| irudlughod| / wdnlqj lqwr dffrxqwwkh wudgh0 r� ehwz hhq lwvghvluh wr vhuyh wkh lqgxvwu| h! flhqwo| dqg lwvrshudwlrqdodqg vdihw| frqfhuqv1 Xqghu wklv lqwhusuhwdwlrq/ wkh frvwudwlr z rxog eh vhwe|

IDD srolf| / shukdsv wkurxj k klvwrulfdogrfxp hqwdwlrq ri sudfwlfhv1

8 Dfnqrz ohgj p hqwv

Wklv z run z dv vxssruwhg e| wkh QdwlrqdoFhqwhu ri H{fhoohqfh iru Dyldwlrq

RshudwlrqvUhvhdufk/ xqghuI hghudoDyldwlrq Dgp lqlvwudwlrq Uhvhdufk J udqw

Qxp ehu <90F0334 dqg frqwudfwqxp ehu GI WD360<: 0G333371 Dq| rslqlrqv h{suhvvhg khuhlq gr qrwqhfhvvdulo| uh hfwwkrvh ri wkh IDD ru wkh X1V1

Ghsduwp hqwri Wudqvsruwdwlrq1

Uhihuhqfhv

^4‘ Glp lwul Ehuwvlp dv dqg Vdudk Vwrfn1 Wkh Dlu Wud! f I orz P dqdj h0 p hqwSureohp z lwk Hqurxwh Fdsdflwlhv1Rshudwlrqv Uhvhdufk/ 79=7390

755/ 4<<; 1

^5‘ Glp lwul Ehuwvlp dvdqg ShwhuE1Yudqdv1G| qdp lf J urxqg0Kroglqj Srol0 flhvirud Qhwz run ri Dlusruwv1Wudqvsruwdwlrq Vflhqfh/ 5; =5: 805<4/ 4<<81

^6‘ Urehuw H1 El{e| dqg Z looldp K1 Fxqqlqj kdp 1 Frqyhuwlqj Olqhdu

Surj udp v wr Qhwz run Sureohp v1P dwkhp dwlfv ri Rshudwlrqv Uhvhdufk/

8=654068: / 4<; 31

^7‘ I 1J oryhu/ G1Nolqj p dq/ dqg Q1Sklolsv1QhwzrunP rghovlq Rswlp l}dwlrq dqg Wkhlu Dssolfdwlrqv lq Sudfwlfh1 Mrkq Z loh| dqg Vrqv/ Lqf1/ Qhz \ run/ 4<<51

^8‘ UrehuwKr�p dq1Lqwhjhu Surjudp p lqj P rghov I ru J urxqg0Kroglqj lq Dlu Wud! f I orz P dqdjhp hqw1 Sk1G1 wkhvlv/ Xqlyhuvlw| ri P du| odqg/ 4<<: 1

^9‘ Urehuw Kr�p dq/ Z looldp Kdoo/ P lfkdho Edoo/ Dp hghr Rgrql/ dqg P lfkdhoZ dp evj dqvv1FrooderudwlyhGhflvlrq P dnlqj lq DluWud! f I orz P dqdj hp hqw1WhfkqlfdoUhsruwUU0<<05/ QH[ WRU/ XF Ehunhoh| / 4<<<1

^: ‘ J hruj h O1Qhp kdxvhudqg Odxuhqfh D1Z rovh| 1Lqwhjhu dqg Frp elqdwr0 uldoRswlp l}dwlrq1Mrkq Z loh| dqg Vrqv/ Lqf1/ Qhz \ run/ 4<; ; 1

^; ‘ Rfwdylr Ulfkhwwd dqg Dp hghr U1Rgrql1Vroylqj Rswlp doo| wkh Vwdwlf J urxqg0Kroglqj Srolf| Sureohp lq Dlu Wud! f Frqwuro1Wudqvsruwdwlrq Vflhqfh/ 5: &4/ Dxj xvw4<<61

^<‘ U| dq P 1Ulinlq1Wkh Vwdwlf Vwrfkdvwlf J urxqg0Kroglqj Sureohp 1P dv0 whu*v wkhvlv/ P dvvdfkxvhwwv Lqvwlwxwh ri Whfkqrorj | / 4<<; 1

^43‘ P rvwdid Whuude1 J urxqg Kroglqj Vwudwhjlhv iru Dlu Wud! f Frqwuro1 Sk1G1wkhvlv/ P dvvdfkxvhwwv Lqvwlwxwh ri Whfkqrorj | / 4<<31

^44‘ ShwhuE1Yudqdv/ Glp lwul Ehuwvlp dv/ dqg Dp hghr U1Rgrql1Wkh P xowl0 DlusruwJ urxqg0Kroglqj Sureohp lq DluWud! f Frqwuro1RshudwlrqvUh0 vhdufk/ 75=57<0594/ 4<<71

^45‘ P lfkdhoZ dp evj dqvv1FrooderudwlyhGhflvlrq P dnlqj Wkurxj k G| qdp lf Lqirup dwlrq Wudqvihu1Dlu Wud! f FrqwuroTxduwhuo| / 7=43: 0456/ 4<<: 1