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Devwudfw

Lq wklv sdshu/ zh dqdo|}h d jhqhudol}dwlrq ri d fodvvlf qhwzrun  rz
prgho1 Wkh jhqhudol}dwlrq lqyroyhv wkh uhsodfhphqw ri ghwhuplqlvwlf
ghpdqg zlwk vwrfkdvwlf ghpdqg1 Zkloh wklv jhqhudol}dwlrq ghvwur|v
wkh ruljlqdo qhwzrun vwuxfwxuh/ zh vkrz wkdw wkh pdwul{ xqghuo|lqj wkh
vwrfkdvwlf prgho lv gxdo qhwzrun1 Wkxv/ wkh lqwhjhu surjudp dvvrfl0
dwhg zlwk wkh vwrfkdvwlf prgho fdq eh vroyhg h!flhqwo| xvlqj qhwzrun
 rz ru olqhdu surjudpplqj whfkqltxhv1 Zh dovr ghyhors dq dssolfdwlrq
ri wklv prgho wr wkh jurxqg kroglqj sureohp lq dlu wud!f pdqdjhphqw1
Wkh xvh ri wklv prgho iru wkh jurxqg kroglqj sureohp lpsuryhv xsrq
sulru prghov e| doorzlqj iru hdv| lqwhjudwlrq lqwr wkh qhzo| ghyhorshg
jurxqg ghod| surjudp surfhgxuhv edvhg rq wkh Frooderudwlyh Ghflvlrq
Pdnlqj sdudgljp1

�Xqlyhuvlw| ri Pdu|odqg dw Froohjh Sdun
|Pdvvdfkxvhwwv Lqvwlwxwh ri Whfkqrorj|
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4 Lqwurgxfwlrq
Lq wkh sdshu/ zh dqdo|}h d vwrfkdvwlf yduldqw ri d fodvvlf qhwzrun  rz prgho1
Wkh +ghwhuplqlvwlf, qhwzrun  rz prgho lv looxvwudwhg lq Iljxuh 41 Wkh qrghv
dfurvv wkh wrs ri wkh gldjudp duh vxsso| qrghv dqg wkh qrghv dfurvv wkh
erwwrp duh ghpdqg qrghv1 Wkh prgho uhsuhvhqwv wkh surjuhvvlrq ri vxsso|
dqg ghpdqg iru d frpprglw| ryhu glvfuhwh wlph lqwhuydov1 Wkh frpprglw|
fdq h{lvw lq rqh ri wzr vwdwhv1 Wkh wrs vhw ri qrghv duh dvvrfldwhg zlwk wkh
frpprglw| lq vwdwh 4 dqg wkh erwwrp vhw ri qrghv duh dvvrfldwhg zlwk wkh
frpprglw| lq vwdwh 51 Wkxv/ qrgh 404 uhsuhvhqwv wkh edodqfh htxdwlrq iru wkh
frpprglw| gxulqj wlph shulrg 4 lq vwdwh 4/ qrgh 405 uhsuhvhqwv wkh edodqfh
htxdwlrq iru wkh frpprglw| gxulqj wlph shulrg 4 lq vwdwh 5/ hwf1 Zh ghqrwh
e| 7| dqg (| iru | ' �c ���c A / wkh vxsso| dqg ghpdqg/ uhvshfwlyho|/ gxulqj
wlph shulrg |1 Wkh prgho yduldeohv duh gh�qhg e|=

+| ' dprxqw ri frpprglw| lq vwdwh 4 khog lq lqyhqwru|

iurp shulrg | wr |n �

%| ' dprxqw ri frpprglw| frqyhuwhg iurp vwdwh 4 wr vwdwh 5

gxulqj wlph shulrg |

5| ' dprxqw ri frpprglw| lq vwdwh 5 khog lq lqyhqwru|

iurp shulrg | wr | n �

Li zh dvvrfldwh lqyhqwru| kroglqj frvwv @| dqg o| zlwk wkh frpprglw| lq
vwdwhv 4 dqg 5 dqg d frqyhuvlrq frvw S|/ zh rewdlq wkh iroorzlqj qhwzrun  rz
prgho=

Plq
A[
|'�

E@|+| n S|%| n o|5|� +4,

vxemhfw wr

%| n +| � +|3� ' 7| iru | � �/ E+f ' f� +5,

5|3� n %| � 5| � (| iru | � �/ E5f ' f� +6,

%|c +|c 5| � f iru | � � +7,

Qrwh wkdw/ lq d voljkwo| qrq0vwdqgdug idvklrq/ d ohvv0wkdq0ru0htxdo0wr frq0
vwudlqw lv dvvrfldwhg zlwk ghpdqg1 Wklv/ ri frxuvh/ frxog eh fkdqjhg1 Wklv
irup lv frqvlvwhqw zlwk wkh dssolfdwlrq wr jurxqg ghod| surjudpv/ zh odwhu
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ghvfuleh1 Lq zkdw lv suredeo| wkh �fodvvlf� dssolfdwlrq ri wkh prgho +vhh Vhf0
wlrq 718 ri ^7`,/ wkh vwdwh 4 frpprglw| lv fuxgh rlo dqg wkh vwdwh 5 frpprglw|
lv uh�qhg rlo1 Lq wklv dssolfdwlrq rqh fdq ylhz ghpdqg dv wkh pd{lpxp
dprxqw ri uh�qhg rlo wkdw fdq eh vrog gxulqj d shulrg1

Qrwh wkdw wkh irupxodwlrq ri wklv prgho uhtxluhv wkh hvwlpdwlrq ri d yhfwru
ri ixwxuh ghpdqg ohyhov/ E(�c ���c (A �1 Wkhuh zloo/ ri frxuvh/ eh xqfhuwdlqw|
dvvrfldwhg zlwk vxfk hvwlpdwhv1 Wkh jhqhudol}dwlrq ri wklv prgho/ zklfk zh
lqyhvwljdwh/ uhsodfhv wkh hvwlpdwh ri d vlqjoh ghpdqg yhfwru zlwk d ghpdqg
glvwulexwlrq1 Wkh ghpdqg glvwulexwlrq zh hpsor| lqyroyhv d vhw ri ghpdqg
vfhqdulrv iE(�^c ���c(A^� G iru ^ ' �c ���c 'j zlwk dvvrfldwhg suredelolwlhv/ R^
iru ^ ' �c ���c '1 Lq wkh prgho/ wkh vwdwh 5 lqyhqwru| ohyhov zloo dovr ydu| zlwk
wkh vfhqdulr/ vr wkdw zh qhhg dgglwlrqdo yduldeohv=

5|^ ' dprxqw ri frpprglw| lq vwdwh 5 khog iurp shulrg | wr |n �

xqghu ghpdqg vfhqdulr ^

Wkh dvvrfldwhg vwrfkdvwlf surjudpplqj prgho lv looxvwudwhg lq Iljxuh 5 dqg
lv gh�qhg e|=

Plq
A[
|'�

E@|+| n S|%| n
'[

^'�

R^o|5|^� +8,

vxemhfw wr

%| n +| � +|3� ' 7| iru | � �/ E+f ' f� +9,

5|3� ^ n %| � 5|^ � (|^ iru | � �/ ^ � �/ +5J^ ' f� +:,

%|c +|c 5|^ � f +;,

Zh zloo vkrz/ lq Vhfwlrq 5 ri wklv sdshu/ wkdw wkh frqvwudlqw pdwul{ dv0
vrfldwhg zlwk wklv prgho lv gxdo qhwzrun1 Wklv lpsolhv wkdw wkh prgho fdq
eh vroyhg xvlqj qhwzrun  rz whfkqltxhv ru/ dowhuqdwlyho|/ wkdw lqwhjudo vrox0
wlrqv fdq eh irxqg xvlqj olqhdu surjudpplqj whfkqltxhv1 Zh dovr ghvfuleh/
lq Vhfwlrq 4 ri wklv sdshu/ dq dssolfdwlrq ri wklv prgho wr wkh jurxqg kroglqj
sureohp lq dlu wud!f pdqdjhphqw1 Wklv dssolfdwlrq lv vljql�fdqw lq wkh vhqvh
wkdw wkh sureohp lv irupxodwhg lq d zd| wkdw lv frqvlvwhqw zlwk qhz ghflvlrq
vxssruw wrrov qrz ehlqj ghsor|hg e| wkh IDD edvhg rq wkh Frooderudwlyh
Ghflvlrq Pdnlqj sdudgljp1
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Iljxuh 4= Qhwzrun  rz prgho iru lqyhqwru| zlwk wzr vwdwhv

Iljxuh 5= Vwrfkdvwlf  rz prgho zlwk wzr ghpdqg vfhqdulrv +' ' 2,
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5 Dssolfdwlrq wr Jurxqg Kroglqj Sureohp
Ghpdqg iru uxqzd| rshudwlrqv +odqglqjv dqg wdnh0r�v, riwhq h{fhhgv dydlo0
deoh fdsdflw| iru shulrgv ri vhyhudo krxuv dw pdmru dlusruwv/ xvxdoo| gxh wr
xqidyrudeoh zhdwkhu frqglwlrqv1 Jurxqg Kroglqj lv wkh sulpdu| vwudwhj|
xvhg e| Wkh Ihghudo Dyldwlrq Dgplqlvwudwlrq +IDD, wr uhgxfh duulydo gh0
pdqg gxulqj vxfk shulrgv1 Wkh lghd lv wr krog dlufudiw erxqg iru d vlqjoh
ghvwlqdwlrq rq wkh jurxqg dw wkhlu ruljlqv iru ohqjwkv ri wlph vx!flhqw wr
hqvxuh wkdw wkh| zloo eh deoh wr odqg zlwk olwwoh ru qr dlueruqh ghod|1 Jurxqg
kroglqj lv lpsohphqwhg ryhu h{whqghg shulrgv e| phdqv ri d jurxqg ghod|
surjudp +JGS,1 D JGS pxvw eh sodqqhg vhyhudo krxuv lq dgydqfh lq rughu
wr fdswxuh dlufudiw ruljlqdwlqj dw glvwdqw orfdwlrqv ehiruh wkh| ghsduw1 Wkh
fxuuhqw sudfwlfh lv wr frqyhuw d zhdwkhu iruhfdvw lqwr d sur�oh ri krxuo| dlu0
sruw dffhswdqfh udwhv +DDUv,/ hdfk ri zklfk lv wkh qxpehu ri dlufudiw wkdw
fdq eh odqghg wkdw krxu1 Wklv sduwlwlrqv hdfk krxu lqwr duulydo vorwv ri htxdo
wlph ohqjwkv +ydu|lqj odqglqj wlph uhtxluhphqwv duh ljqruhg, zklfk duh wkhq
udwlrqhg wr  ljkwv1 Wkh phwkrg iru dvvljqlqj odqglqj wlph vorwv wr  ljkwv lv
qrz edvhg rq wkh Frooderudwlyh Ghflvlrq Pdnlqj +FGP, sdudgljp +vhh ^9`
ru ^45`,1 Wkh FGP surfhvv lqyroyhv vxevwdqwldo lqwhudfwlrq ehwzhhq wkh dlu0
olqhv dqg wkh IDD1 Frqwuroohg ghsduwxuh wlphv duh frpsxwhg e| vxewudfwlqj
vfkhgxohg ru hvwlpdwhg wudyho wlphv iurp frqwuroohg duulydov wlphv1 Vhh ^9` iru
d pruh lq0ghswk ghvfulswlrq ri jurxqg ghod| surjudp surfhgxuhv1

Xqghu fxuuhqw sudfwlfh/ JGSv duh sodqqhg edvhg rq d vlqjoh suhglfwhg
DDU yhfwru/ E 	��c ���c 	�A �/ zkhuh 	�� lv wkh suhglfwhg duulydo fdsdflw| gxulqj
wkh 4vw krxu/ 	�2/ wkh suhglfwhg fdsdflw| gxulqj wkh 5qg krxu/ hwf1 \hw/
wklv suhglfwlrq ghshqgv rq wkh zhdwkhu iruhfdvwhg vhyhudo krxuv lq dgydqfh1
Fohduo|/ wkhuh lv d kljk ghjuhh ri xqfhuwdlqw| dvvrfldwhg zlwk vxfk suhglfwlrqv1
Dv kdv ehhq grqh suhylrxvo| lq wkh olwhudwxuh +h1j1/ ^;`,/ zh fkdudfwhul}h
xqfhuwdlqw| xvlqj d glvfuhwh DDU glvwulexwlrq uhsuhvhqwhg e| d vhw ri DDU
yhfwruv iE��^c ���c �A^� G iru ^ ' �c ���c 'j zlwk dvvrfldwhg suredelolwlhv/ R^ iru
^ ' �c ���c '1 Suhylrxv vwrfkdvwlf surjudpplqj prghov wrrn wklv lqsxw dqg
wkhq dvvljqhg odqglqj wlph vorwv wr lqglylgxdo  ljkwv1 Wkhvh w|shv ri prghov
duh lqydolg xqghu FGP vlqfh lqglylgxdo wlph0vorw0wr0 ljkw dvvljqphqwv uhvxow
iurp d pxowl0vwdjh surfhvv lqyroylqj lqwhudfwlrq ehwzhhq wkh dluolqhv dqg wkh
IDD1

Wkh sureohp ri lqwhuhvw lq wkh FGP frqwh{w lv wr �frqyhuw� wkh DDU
glvwulexwlrq/ iE��^c ���c �A^� G iru ^ ' �c ���c 'j/ lqwr d vlqjoh Sodqqhg DDU
+SDDU, yhfwru E@�c ���c @A �1 Zh xvh orzhu fdvh @ khuh wr hpskdvl}h wkdw wkh
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@| duh ghflvlrq yduldeohv1 Wkh fxuuhqw sudfwlfh ri hvwlpdwlqj wkh DDU dw
wlph |/ 	�|/ dqg wkhq vhqglqj wklv qxpehu ri  ljkwv wr wkh ghvwlqdwlrq dlusruw/
lpsolflwo| dgrswv wkh srolf| ri vhwwlqj wkh ghflvlrq yduldeoh @| htxdo wr wkh
prvw olnho| DDU ydoxh 	�|1

Wr xqghuvwdqg wkh frvw lpsdfwv ri fkrrvlqj d sduwlfxodu SDDU/ frqvlghu
wkh vfhqdulrv looxvwudwhg lq Iljxuhv 6 dqg 71 Lq Iljxuh 6/ wkh dfwxdo DDUv
iru shulrgv 4 dqg 5 duh ; dqg 48/ uhvshfwlyho| +l1h1 iru wkh uhdol}hg �^ yhfwru/
�^� ' H dqg �^2 ' �D,1 Wkh SDDUv lq shulrgv 4 dqg 5 zhuh vhw wr 43 +l1h1
@� ' @2 ' �f,1 Xqghu wkhvh frqglwlrqv/ 5 ri wkh 43  ljkwv vfkhgxohg wr duulyh
gxulqj wlph lqwhuydo 4 zloo eh sodfhg lq dq dlueruqh txhxh dqg khog ryhu xqwlo
wlph lqwhuydo 51 Wkhuh zloo wkhq eh 45  ljkwv ghvlulqj wr odqg gxulqj wlph
lqwhuydo 5/ doo ri zklfk zloo eh deoh wr odqg/ vlqfh �2^ ' �D1 Jlyhq wkdw
jurxqg kroglqj lv suhihudeoh wr dlueruqh kroglqj +hovh wkhuh lv qr qhhg iru
d JGS,/ lw zrxog kdyh ehhq ehwwhu wr kdyh khog wzr  ljkwv rq wkh jurxqg
iru rqh wlph xqlw vr wkdw wkh| duulyh dw wkh whuplqdo dluvsdfh dw wlph | ' 21
Wklv lv looxvwudwhg lq Iljxuh 7 zkhuh wkh vlqjoh0xqlw jurxqg ghod| ri wkhvh wzr
 ljkwv lv uhsuhvhqwhg e|  rz ryhu d krul}rqwdo duf dgghg rq dq xsshu ohyho1
Ri frxuvh/ vlqfh wkh uhdol}hg DDU yhfwru lv qrw nqrzq lq dgydqfh/ lw zrxog
qrw qhfhvvdulo| kdyh ehhq srvvleoh wr suhglfw wkdw jurxqg kroglqj 5  ljkwv
zrxog eh wkh ehvw vwudwhj|1

Wkh nh| wudghr� looxvwudwhg lv ehwzhhq dvvljqhg/ ghwhuplqlvwlf jurxqg
ghod| dqg h{shfwhg dlueruqh ghod|1 Wklv wudghr� lv gulyhq e| wzr sdudphwhuv=
}/ wkh frvw shu wlph shulrg ri kroglqj d  ljkw rq wkh jurxqg dqg @/ wkh frvw
shu wlph shulrg ri dlueruqh ghod|1 Rqh pd| dvvxph @ : }/ rwkhuzlvh/ lw
zrxog eh frvw h�hfwlyh wr vhqg doo  ljkwv wr wkh ghvwlqdwlrq dlusruw dv vrrq
dv wkh| zhuh dydlodeoh1

Lw vkrxog qrz eh fohdu wkdw wkh sureohp ri ghwhuplqlqj wkh SDDU yhfwru
fdq eh vroyhg e| dgglqj lqwhjhu frqvwudlqwv wr wkh vwrfkdvwlf prgho jlyhq lq
wkh lqwurgxfwlrq1 D vwdwh 4 frpprglw| lv d  ljkw rq wkh jurxqg dqg d vwdwh 5
frpprglw| lv d  ljkw lq wkh dlu1 Wkh sureohp lqsxw gdwd dqg yduldeohv duh dv
iroorzv1 Wkh shulrg | vxsso|/ 7| lv wkh qxpehu ri  ljkwv vfkhgxohg wr duulyh
gxulqj wlph shulrg |1 Wkh +pd{lpxp, shulrg | ghpdqg xqghu vfhqdulr ^/
(|^/ lv wkh shulrg | DDU xqghu vfhqdulr ^/ �|^1 Wkh shu0shulrg kroglqj frvw
lq vwdwh 4/ @| lv vhw htxdo wr } dqg wkh fruuhvsrqglqj vwdwh 5 frvw/ o| lv vhw
htxdo wr @1 Wkh wudqvirupdwlrq frvw/ S|/ lv vhw wr 31 Wzr ri wkh yduldeoh vhwv
duh uhodwlyho| hdv| wr lqwhusuhw1 Wkh vwdwh 4 wr vwdwh 5 wudqvirupdwlrq yduldeoh
vhw/ %/ lv wkh SDDU yhfwru/ l1h1 %| ' @|1 Wkh vwdwh 5 lqyhqwru| yduldeoh 5|^ lv
wkh qxpehu ri  ljkwv khog lq wkh dlu iurp wlph shulrg | wr wlph shulrg | n �
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Iljxuh 6= Dlueruqh kroglqj ri wzr  ljkwv iru rqh wlph shulrg

Iljxuh 7= Jurxqg kroglqj ri wzr  ljkwv lq olhx ri dlueruqh kroglqj

:



xqghu vfhqdulr ^1 Wkh lqwhusuhwdwlrq ri wkh + yduldeoh vhw uhtxluhv glvfxvvlrq
ri d vxewoh dvshfw ri wkh prgho1 Lq d fhuwdlq vhqvh/ wkh prgho grhv doo wlph
fdofxodwlrqv uhodwlyh wr duulydo wlphv dw wkh ghvwlqdwlrq dlusruw1 Wkxv/ +| lv wkh
qxpehu ri  ljkwv khog rq wkh jurxqg iurp wlph shulrg | wr |n�1 Wlph shulrg
|/ khuh/ krzhyhu/ lv wkh wlph shulrg lq zklfk wkh  ljkw zrxog kdyh duulyhg1
Wr ghwhuplqh zkhq wkh  ljkwv duh dfwxdoo| khog rq wkh jurxqg/ wkh lqglylgxdo
 ljkwv pxvw eh fkrvhq/ wkh hqurxwh wlph vxewudfwhg iurp wkh duulydo wlph iru
hdfk  ljkw dqg �qdoo| wkh ghod| dgghg wr hdfk  ljkw*v ghsduwxuh wlph1

D odujh erg| ri zrun h{lvwv rq ghwhuplqlvwlf yhuvlrqv ri wkh jurxqg0
kroglqj sureohp1 Vhh Whuude ^43`/ Ehuwvlpdv dqg Yudqdv ^5`/ Yudqdv/ Ehuw0
vlpdv dqg Rgrql ^44`/ dqg Ehuwvlpdv dqg Vwrfn ^4`1 Ulfkhwwd dqg Rgrql ^;`
lqwurgxfh d vwrfkdvwlf jurxqg kroglqj prgho wkdw hpsor|v d glvfuhwh fdsdflw|
+DDU, glvwulexwlrq dqg wkh plqlpl}dwlrq ri h{shfwhg frvwv1

Wkh prgho ghvfulehg khuh/ zklfk lv edvhg rq wkh wkhvhv ri Kr�pdq ^8` dqg
Ulinlq ^<`/ lv glvwlqjxlvkhg lq vhyhudo zd|v1 Iluvw/ lw rxwsxwv wkh djjuhjdwh
qxpehu ri  ljkwv wkdw vkrxog eh dvvljqhg frqwuroohg duulydo wlphv iru hdfk
krxu/ udwkhu wkdq dq lqglylgxdo frqwuroohg duulydo wlph iru hdfk  ljkw1 Wklv
doorzv wkh dvvljqphqw ri frqwuroohg duulydo wlphv wr lqglylgxdo  ljkwv wr eh
grqh odwhu e| FGP0edvhg udwlrqlqj dqg htxlw| vfkhphv1 Vhfrqgo|/ wklv prgho
dgplwv d irupdo surri wkdw wkh olqhdu surjudpplqj +OS, uhod{dwlrq ri wkh
lqwhjhu surjudp +LS, lv jxdudqwhhg wr |lhog lqwhjudo vroxwlrqv1 Odvwo|/ wkh
djjuhjdwlrq ri  ljkwv doorzv lw wr eh vroyhg pruh udslgo| wkdq wkh Ulfkhwwd
dqg Rgrql prgho +djjuhjdwlrq lq wkh Ulfkhwwd dqg Rgrql prgho zdv grqh
vwulfwo| wr uhgxfh wkh uxq wlph,1 Vhh ^8` iru d vhqvlwlylw| dqdo|vlv ri wkh prgho1

6 Wkhruhwlfdo Uhvxowv
Lq wklv vhfwlrq/ zh vkrz wkdw wkh vwrfkdvwlf jurxqg kroglqj sureohp fdq eh
vroyhg lq sro|qrpldo wlph1 Lq sduwlfxodu/ wkh pdlq uhvxow lv Wkhruhp 5/ zklfk
vkrzv wkdw VJKS/ wkh lqwhjhu surjudp gh�qhg lq wkh suhylrxv vhfwlrq e| +9,
0 +43,/ lv d gxdo qhwzrun  rz sureohp/ wkrxjk lw idlov wr eh d sulpdo qhwzrun
 rz sureohp1 Dv lpphgldwh fruroodulhv/ wkh frqvwudlqw pdwul{ dvvrfldwhg
zlwk wklv lqwhjhu surjudp lv wrwdoo| xqlprgxodu/ dqg wkh OS uhod{dwlrq |lhogv
lqwhjudo vroxwlrqv1

Zh vd| wkdw d Efc �c��� pdwul{ lv d qhwzrun pdwul{ li hdfk froxpq frq0
wdlqv dw prvw wzr qrq}hur hqwulhv dqg zkhqhyhu d froxpq frqwdlqv wzr
qrq}hur hqwulhv/ wkh| vxp wr }hur1 Li � lv d qhwzrun pdwul{/ wkhq rqh fdq hi0
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�flhqwo| vroyh d olqhdu surjudp ryhu � dv d qhwzrun  rz sureohp/ yld nqrzq
dojrulwkpv1 Pruhryhu/ li � lv wudqviruphg lqwr d pdwul{ � yld vlpsoh{ sly0
rwv/ wkhq � lv d qhwzrun pdwul{ lq klgghq irup dqg fdq dovr eh vroyhg dv
d olqhdu surjudp ryhu � 1 Iru wklv uhdvrq/ zh fdq h{whqg wkh gh�qlwlrq ri
qhwzrun pdwulfhv wr lqfoxgh pdwulfhv vxfk dv � 1

Wkh fkdudfwhulvwlf ihdwxuh ri wklv prgho lv wkdw lw lv �doprvw� d qhwzrun
 rz1 Frqvwudlqw vhwv +5,/ +6, dqg +:, kdyh wkh vwuxfwxuh ri  rz frqvhuydwlrq
frqvwudlqwv1 Krzhyhu/ dv suryhq lq Wkhruhp 4/ wkh suhvhqfh ri d frpprq
 rz yduldeoh/ %|/ lq hdfk ri wkh ' frqvwudlqwv lq +;, ghvwur|v wkh qhwzrun
vwuxfwxuh h{fhsw lq wkh fdvh ri ' ' �1 Iljxuh 4 looxvwudwhv wkh prgho iru wkh
fdvh ' ' �/ zkhuh lw lv d qhwzrun  rz sureohp/ dqg Iljxuh 5 looxvwudwhv wkh
prgho iru wkh fdvh ' ' 2/ zkhuh lw lv qrw1

Wkhruhp 4 Ohw EUc �� eh wkh sulpdo frqvwudlqw pdwul{ ri VJKS/ zkhuh U lv
wkh lghqwlw| pdwul{ wkdw lv lqgxfhg e| wkh dgglwlrq ri vodfn yduldeohv1 Ohw '
eh wkh qxpehu ri vfhqdulrv1 Zkhqhyhu ' � 2/ EUc �� idlov wr eh d qhwzrun
pdwul{ +hlwkhu gluhfwo| ru lq klgghq irup,1
Surri1 Vlqfh hyhu| vxepdwul{ ri d qhwzrun pdwul{ lv dovr d qhwzrun pd0
wul{/ lw vx!fhv wr vkrz wkdw � frqwdlqv d vxepdwul{ � wkdw lv qrw d qhwzrun
pdwul{1 Zh irup � e| lqwhuvhfwlqj wkrvh urzv fruuhvsrqglqj wr sdudph0
whuv 7�c 72c (�c�c (2c�c (�c2c (2c2 dqg wkrvh froxpqv fruuhvsrqglqj wr yduldeohv
+�c 5�c�c 5�c2c %�c %21 Vlqfh ' � 2/ � lv zhoo gh�qhg dqg kdv wkh iroorzlqj irup1
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E| zd| ri frqwudglfwlrq/ vxssrvh wkdw � lv d qhwzrun pdwul{1 Wkhq wkhuh
lv d fruuhvsrqglqj xqgluhfwhg judsk C dqg d edvlv ri hgjhv/ ie�c e2c ���c eSj
lghqwl�hg e| wkh lghqwlw| froxpqv lq EUc �� wkdw irup d vsdqqlqj wuhh ri C
+vhh ^6` ru ^:`,1 Hyhu| froxpq ri � lv wkh hgjh0sdwk fkdudfwhulvwlf yhfwru ri d
sdwk lq C zlwk uhvshfw wr wkh hgjhv ie�c e2c ���c eSj1 Wkh qrq}hur hqwulhv ri �
hvwdeolvk wkh iroorzlqj sdwkv lq C1

�� ' ie�c e2j �2 ' ie�c eej �� ' ieDc eSj �e ' ie�c e�c eDj �D ' ie2c eec eSj
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Iljxuh 8= Wkh wkuhh srvvleoh judsk vwuxfwxuhv iru C

Vlqfh C pxvw eh vsdqqhg e| d wuhh zlwk vl{ hgjhv/ C frqwdlqv h{dfwo| . qrghv1
Vlqfh �e dqg �D kdyh irxu qrghv +wkuhh hgjhv, hdfk/ wkh| pxvw kdyh h{dfwo|
rqh qrgh lq frpprq dqg C lv lvrprusklf wr rqh ri wkh wkuhh judskv lq Iljxuh
81 Exw lq hdfk ri wkhvh judskv/ wkh ohiw0prvw hgjh e� lv dgmdfhqw wr h{dfwo| rqh
hgjh/ e�1 Hgjhv e� dqg e� pxvw olh wrjhwkhu rq hlwkhu sdwk �e ru �D/ hdfk ri
zklfk lqglfdwh wkdw � dqg � pxvw kdyh wkh vdph sdulw|1 Exw wklv frqwudglfwv
wkh h{lvwhqfh ri sdwkv ��/ �2 dqg ��/ zklfk lqglfdwh wkdw hyhu| hgjh lv dgmdfhqw
wr dq hgjh zlwk rssrvlwh sdulw|1

Wkhruhp 5 Ohw �A eh wkh wudqvsrvh ri wkh frqvwudlqw pdwul{ � lq 7CM�
dqg ohw U eh wkh lghqwlw| pdwul{ lqgxfhg e| dgglqj vodfn yduldeohv wr wkh gxdo
ri 7CM� 1 Wkhq � '

�
Uc �A

�
/ wkh gxdo frqvwudlqw pdwul{ ri 7CM� / lv d

qhwzrun pdwul{1
Surri1 Lq rughu wr vkrz wkdw � lv d qhwzrun pdwul{/ lw zloo vx!fh wr vkrz
wkh h{lvwhqfh ri dqrwkhu 6� E6n ?� pdwul{ � wkdw fdq eh wudqviruphg lqwr
� yld vlpsoh{ slyrwv1 Ohw ' eh wkh qxpehu ri vfhqdulrv dqg ohw A eh wkh
qxpehu ri wlph shulrgv lq VJKS1 Ohw { dqg {

�

eh wkh E'n 2� � E'n 2�
pdwulfhv zkrvh hqwulhv duh gh�qhg yld

{� � '

;A?
A=

�/ li E� ' � dqg � ' �� ru E� ' 2 dqg � ' 2�
��/ li �� � ' �
f/ rwkhuzlvh1
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� � '

+ ��/ li � ' � dqg � ' 'n 2
f/ rwkhuzlvh1

Ohw w eh wkh E'n ��� E'n �� pdwul{ zkrvh hqwulhv duh gh�qhg e|

w� � '

+ ��/ li � ' � dqg � ' 'n 2
f/ rwkhuzlvh1

Zh gh�qh � wr eh wkh A � 2A eorfn pdwul{ ehorz1
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Iru h{dpsoh/ zkhq ' ' 2 dqg A ' 2/
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Qrwh wkdw {c{
�

dqg w duh qhwzrun pdwulfhv1 E| qdwxuh ri wkhlu uhodwlyh srvl0
wlrqv lq � / � lv dovr d qhwzrun pdwul{1 Zkhq vlpsoh{ slyrwv duh shuiruphg
vxffhvvlyho| rq wkh pdlq gldjrqdo hohphqwv ri � / wkhq � lv wudqviruphg lqwr
�� Vhh ^8` ru ^<` iru h{dpsohv ri wkh pdwul{ � dqg wkh qhwzrun judsk xqghu0
o|lqj � 1

Zh frpphqw wkdw Wkhruhp 5 gh�qhv d wudqvirupdwlrq iurp � wr � yld
pdwul{ pxowlsolfdwlrq1 Wkdw lv/ �. ' � / zkhuh . uhsuhvhqwv wkh frpsrvl0
wlrq ri qhfhvvdu| vlpsoh{ slyrwv1 Vlqfh . lv lqyhuwleoh/ Wkhruhp 5 lpsolflwo|
gh�qhv wkh pdwul{ .3� wkdw wudqvirupv � lqwr � yld � ' �.3�1

Fruroodu| 6 Wkh frqvwudlqw pdwul{ dvvrfldwhg zlwk VJKS lv wrwdoo| xqlprg0
xodu1

Fruroodu| 7 Wkh olqhdu surjudpplqj uhod{dwlrq ri VJKS |lhogv lqwhjudo vr0
oxwlrqv1

Fruroodu| 8 Wkh lqwhjhu surjudp VJKS fdq eh vroyhg wr rswlpdolw| lq sro|0
qrpldo wlph1
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7 Lpsohphqwdwlrq
Zrun lv fxuuhqwo| xqghuzd| e| wkh dxwkruv wr lqfrusrudwh wklv prgho lqwr
wkh FGP ghflvlrq vxssruw wrro/ IVP +wkh Ioljkw Vfkhgxoh Prqlwru,1 IVP
douhdg| surylghv wkh uhtxluhg ghpdqg hvwlpdwhv1 Uhvhdufk lv xqghuzd| wr
hvwlpdwh wkh DDU glvwulexwlrqv1 Wklv uhvhdufk lv edvhg rq dq dlusruw0vshfl�f
vwdwlvwlfdo dqdo|vlv ri klvwrulfdo zhdwkhu dqg JGS lqirupdwlrq1 Jlyhq wkdw
wkh prgho rshudwhv dw dq djjuhjdwh ohyho/ lw lv suredeo| dssursuldwh wr vhw
wkh ydoxhv ri @ dqg } dffruglqj wr lqgxvwu| zlgh vwdqgdugv1 Zh uhpdun wkdw
wkh rswlpdo vroxwlrq ghshqgv rqo| rq wkh udwlr ri wkhvh sdudphwhuv @

}
1 Dq

dowhuqdwlyh lqwhusuhwdwlrq ri wklv frvw udwlr lv d txdqwl�fdwlrq ri wkh IDD*v
zloolqjqhvv wr wudgh jurxqg ghod| iru dlu ghod|/ wdnlqj lqwr dffrxqw wkh wudgh0
r� ehwzhhq lwv ghvluh wr vhuyh wkh lqgxvwu| h!flhqwo| dqg lwv rshudwlrqdo dqg
vdihw| frqfhuqv1 Xqghu wklv lqwhusuhwdwlrq/ wkh frvw udwlr zrxog eh vhw e|
IDD srolf|/ shukdsv wkurxjk klvwrulfdo grfxphqwdwlrq ri sudfwlfhv1

8 Dfnqrzohgjphqwv
Wklv zrun zdv vxssruwhg e| wkh Qdwlrqdo Fhqwhu ri H{fhoohqfh iru Dyldwlrq
Rshudwlrqv Uhvhdufk/ xqghu Ihghudo Dyldwlrq Dgplqlvwudwlrq Uhvhdufk Judqw
Qxpehu <90F0334 dqg frqwudfw qxpehu GIWD360<:0G333371 Dq| rslqlrqv
h{suhvvhg khuhlq gr qrw qhfhvvdulo| uh hfw wkrvh ri wkh IDD ru wkh X1V1
Ghsduwphqw ri Wudqvsruwdwlrq1

Uhihuhqfhv
^4` Glplwul Ehuwvlpdv dqg Vdudk Vwrfn1 Wkh Dlu Wud!f Iorz Pdqdjh0

phqw Sureohp zlwk Hqurxwh Fdsdflwlhv1 Rshudwlrqv Uhvhdufk/ 79=7390
755/ 4<<;1

^5` Glplwul Ehuwvlpdv dqg Shwhu E1 Yudqdv1 G|qdplf Jurxqg0Kroglqj Srol0
flhv iru d Qhwzrun ri Dlusruwv1 Wudqvsruwdwlrq Vflhqfh/ 5;=5:805<4/ 4<<81

^6` Urehuw H1 El{e| dqg Zlooldp K1 Fxqqlqjkdp1 Frqyhuwlqj Olqhdu
Surjudpv wr Qhwzrun Sureohpv1 Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk/
8=654068:/ 4<;31
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^7` I1 Joryhu/ G1 Nolqjpdq/ dqg Q1 Sklolsv1Qhwzrun Prghov lq Rswlpl}dwlrq
dqg Wkhlu Dssolfdwlrqv lq Sudfwlfh1 Mrkq Zloh| dqg Vrqv/ Lqf1/ Qhz
\run/ 4<<51

^8` Urehuw Kr�pdq1 Lqwhjhu Surjudpplqj Prghov Iru Jurxqg0Kroglqj lq
Dlu Wud!f Iorz Pdqdjhphqw1 Sk1G1 wkhvlv/ Xqlyhuvlw| ri Pdu|odqg/
4<<:1

^9` Urehuw Kr�pdq/ Zlooldp Kdoo/ Plfkdho Edoo/ Dphghr Rgrql/ dqg
Plfkdho Zdpevjdqvv1 Frooderudwlyh Ghflvlrq Pdnlqj lq Dlu Wud!f Iorz
Pdqdjhphqw1 Whfkqlfdo Uhsruw UU0<<05/ QH[WRU/ XF Ehunhoh|/ 4<<<1

^:` Jhrujh O1 Qhpkdxvhu dqg Odxuhqfh D1 Zrovh|1 Lqwhjhu dqg Frpelqdwr0
uldo Rswlpl}dwlrq1 Mrkq Zloh| dqg Vrqv/ Lqf1/ Qhz \run/ 4<;;1

^;` Rfwdylr Ulfkhwwd dqg Dphghr U1 Rgrql1 Vroylqj Rswlpdoo| wkh Vwdwlf
Jurxqg0Kroglqj Srolf| Sureohp lq Dlu Wud!f Frqwuro1 Wudqvsruwdwlrq
Vflhqfh/ 5: &4/ Dxjxvw 4<<61

^<` U|dq P1 Ulinlq1 Wkh Vwdwlf Vwrfkdvwlf Jurxqg0Kroglqj Sureohp1 Pdv0
whu*v wkhvlv/ Pdvvdfkxvhwwv Lqvwlwxwh ri Whfkqrorj|/ 4<<;1

^43` Prvwdid Whuude1 Jurxqg Kroglqj Vwudwhjlhv iru Dlu Wud!f Frqwuro1
Sk1G1 wkhvlv/ Pdvvdfkxvhwwv Lqvwlwxwh ri Whfkqrorj|/ 4<<31

^44` Shwhu E1 Yudqdv/ Glplwul Ehuwvlpdv/ dqg Dphghr U1 Rgrql1 Wkh Pxowl0
Dlusruw Jurxqg0Kroglqj Sureohp lq Dlu Wud!f Frqwuro1 Rshudwlrqv Uh0
vhdufk/ 75=57<0594/ 4<<71

^45` Plfkdho Zdpevjdqvv1 Frooderudwlyh Ghflvlrq Pdnlqj Wkurxjk G|qdplf
Lqirupdwlrq Wudqvihu1 Dlu Wud!f Frqwuro Txduwhuo|/ 7=43:0456/ 4<<:1
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