MATH 246 Discussion 2 — §1.3-1.5

d
1.3 Separable - t)dt = / /f
Y = I(t)g(y) ()

Stationary first. g(c) =0 = y =, lost when dividing,.

g =ty’,  y(0)=1

Can you integrate it?

1) stationary y = 0; y(0 ) = 1 #£ 0, so divide by 2.

2) separate, mtegrate —5 = +C 3)y0)=1 = C=-—

4) solve: y = tg, three pleces — keep the one holding ¢t = 0

5) interval (— \/_, 2,v/2): blow-up as t = £v/2 y(0) = a: at £+/2/a

We can know a solution exists and is unique without

1.4 Existence ever solving the ODE.

& Uniqueness

y =3y*3,  y(0)=0
Unique without solving?
1) f continuous everywhere 2) 9, f = 2y~1/3 not continuous at y = 0
3) theorem says nothing 4) y =0, y = t3 both solve it = not unique.

Thm 4.1. ' = f(t,y), y(to) = yo, with f over a set S:
f, Oy f continuous over S,  (tp,y0) € int(S) = unique y = Y (¢)
on the largest (a,b) > tg whose graph stays in int(.5).

1.5 Graphical

method: y = 3y%(y + 2)
autonomops What do solutions do, without solving?
_/> phase line 1) Where are the equilibria? ¢(y) =0 = y= -2, 0
Y =g(y) 2) Sign of g in between? —, +, +
3) Then the behavior is already fixed: ~—2 unstable, 0 semistable.
— - +
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0211 Review for Quiz 1 0221
1. ty/:y+2 2. y+t2+4y_t2tj-4
3. Yy +2y%cost=0, y(0)=3 4. Y =z5@w+1), y0)=1




Review for Quiz 1 — full solutions

0211

1. ty =y+2

Normal form needs ¢ # 0:

separable & linear
) = y+2

Stationary: y+2=0 —= y= —-2.
Otherwise separate:

dy [ dt
y+2 t
— Injy+2|=In|t|+c

Exponentiate: |y + 2| = €|t|, so y + 2 = At
with A € R (A = 0 gives back the stationary
solution).

y= At —2 ont>0ort<DO.

t = 0 is excluded: there f = y+2 is undefined,
so Thm 4.1 says nothing. Every branch runs

into (0, —2), so y(0) = —2 has infinitely
many solutions and y(0) = b # —2 has none.
3. ¢y +2y%cost=0, y(0)=3 separable

y = —2y®cost, so f(t) = —2cost, g(y) = y>.

Stationary: y =0; y(0) = % £ 0, so
divide by 72.

d
g 2/Costdt
y

— —5 = —2sint+C

1
So — = 2sint + ¢;

t=0, y:% = c=3J.
Y
B 1
y_3+281nt

3+ 2sint € [1,5], never 0, so the solution
lives on (—o0, 00).

0221
"+ 2% __* linear
O A R
(t) = 2t
Ty
A(t) 2= (t? +4)
= = In .
2 +4
Integrating factor p = At = ¢2 + 4:
2
24+ 4)y) = (2 +4)- — ¢
(7 +4)y) = ( +3) 1
t
Integrate: (12 +4)y = §+c.
B3+c
2 +4

a, f are continuous on all of R and t* +4 > 0,
so every solution lives on (—oo,00) — the
linear case: interval known before solving.

t
I = 1 0)=1
y =g 7w+ wO)
separable & linear
f(t) ﬂ+1,9@) Y+

Stationary: y = —1; y(0)=1%# —1, so0

divide by y + 1.

dy tdt
y+1 ) 2+1
= Injy+1/ =35> +1)+c

Exponentiate: y +1 = AVt2 +1;
y(0)=1 = A=2.

y=2Vt2+1-1
2t

=2
P11 241
t2 41 > 0, so the interval is (—o0, 00).

Check: ¢ = 2+ 1.




