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Problem 1  (20 points)

A projectile mass m is shot from the origin at speed v0, at an angle  with respect to the horizontal x-axis.   There is gravity downward.   There is also a funny friction – the atmosphere is anisotropic so that the friction acts only in the x-direction.  In particular, if vx is positive, the friction force is –bvx; but there is no friction in the y-direction.   The projectile is shot from a cliff so it does not encounter ground for a long time.    

(a)  From differential equations, find explicit solutions for x(t) and y(t).

(b)  Find the x-range of the projectile, defined as the x-distance traversed as t .   Express the answer in terms of v0, , m, b, g.




Problem 2    (30 points)

There are 2 masses m1 and m2 which attract each other by a central force, ie, the attractive force is along the distance vector joining the masses.   The forces are equal and opposite, ie, F12 = - F21.   Let the mass positions be given by r1(t)  and r2(t).   The angular momentum of m1 is 
L1 = m1 r1  x v1, v1 = dr1/dt.   Likewise, for m2.  The total angular momentum of the system is 
L = L1  + L2.

(a)  Prove whether or not L is a constant of the motion.  Your proof must start with the line  

dL/dt = …….

and must show all the important steps.  (Can be done in 6-10 steps).   The proof depends on two crucial steps (apart from Newton’s Laws and action = reaction), one of which is mathematical and the other one mathematical and dependent on the properties of the interparticle force.   You must clearly highlight these 2 steps. 

(b)  A grad student experiments theoretically with the forces.  Instead of F12 as defined above, the student assumes that F12 = b r2 |r1 - r2|, ie, the force on 1 due to 2 is proportional to the position vector of 2 and proportional to the distance between 1 and 2.   (b is a constant.)  In a symmetric manner, F21 = b r1 |r2 – r1|.   

1.  (Yes/No only)  Is the new force a central force (in general, as conventionally defined)?
2.  (Yes/No only)  Is the new interparticle force equal and opposite?
3.  Prove whether or not the total angular momentum a constant of the motion?
(you do not have to repeat the entire proof as long as you can demonstrate a key step or two).







Problem 3    (30 points)
A force field is given as F = (-x,y), in 2D Cartesian coordinates.    A particle mass m=1 is placed at the origin and given a kick so that its initial velocity (at t=0) is v0 in the x-direction, ie, v(0) = (v0,0).   
(a) From differential equations, by explicit calculation starting from Newton’s Laws ma = F, find x(t) and y(t).    
(b)  At some time T, the mass comes to a momentary stop.   What is the earliest T?  At what (x,y) location does this happen?   
(c) We can explore some facets of the above problem by using Energy as a constant of the motion.   Show which property of F allows you to do this.    Given this fact, obtain the potential energy U(x,y).     Write down the expression for the Energy constant in terms of U, etc, in general Cartesian coordinates.  
(d) For the explicit solution found in (a), show that the energy at t=0 is equal to the energy at t=T, at the location where the mass comes to a momentary stop.   
(e)  Make a contour sketch of U(x,y).   This should allow you to confirm for yourself some of your answers above.
    

Problem 4     (20 points)

A particle mass m moving along the x-coordinate is subject to a force 
F(x) = - F0 sinh(x),  = constant.

(a)  Find the equilibrium position of the particle.

(b)  Show that the equation satisfied by x(t) for small oscillations of this mass about its equilibrium position is of the undamped harmonic oscillator type with some angular frequency 0.  Define 0 in terms of F0, m, .   
(c)  The mass is subjected to an external driving force f(t) = f0 cos(t).   Find an expression for the amplitude of small oscillations in response to the driving force if 2 = 0.99 02.    Compare this with the amplitude of oscillations for when  << 0, or, effectively, when  = 0.   Assume friction is negligible.      
