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Problem 1. (20 points) (This is a conceptual question.) Consider a quantum mechanical system in a 
superposition state in which the wave function Ψ(x, t) is a linear combination of two wave functions 
each corresponding to a stationary state as specified below. Assume arbitrary nonzero projection 
coefficients (b1 and b2). Is this superposition state a stationary state? Answer this question for the 
following two cases. Explain your reasoning and support your answer by equations/calculations. 
Reminder: in the stationary state the probability density is time independent.  
A stationary state is the state where the probability density is time independent. Therefore, to answer this 
question you need to consider/calculate the probability density using time-dependent form of the wave 
function in question. This means that for the individual wave functions you need to use solutions for the 
time-dependent Schrödinger equation. Assuming these individual wave functions are Ψ1(x, t) for Ψ2(x, 
t), and the corresponding energies E1 and E2, we can generally write:   

1 2/ /
1 1 2 2 1 1 2 2( , ) ( , ) ( , ) ( ) ( )iE t iE tx t b x t b x t b x e b x e− −Ψ = Ψ + Ψ = Ψ + Ψ  , and because the probability 

density *( , ) ( , ) ( , )P x t x t x t= Ψ × Ψ , it will be time-independent only when E1=E2=E, which gives 
[ ] /

1 1 2 2( , ) ( ) ( ) iEtx t b x b x e−Ψ = Ψ + Ψ  such that the time-dependent exponential terms in P(x,t) disappear. 
Because if E1≠E2: 

2 1 1 2
2 2 ( ) / ( ) /* * * * *

1 1 2 2 1 2 1 2 2 1 2 1( , ) ( , ) ( , ) ( ) ( ) ( ) ( ) ( ) ( )i E E t i E E tP x t x t x t b x b x b b x x e b b x x e− − − −= Ψ × Ψ = Ψ + Ψ + Ψ Ψ + Ψ Ψ 

becomes time-dependent. So, all you need to do to answer this question is to compare E1 and E2 . 
    
A. (10 points) Particle on a ring (2D rigid rotor). The two wave functions describe rotational states with 
the quantum numbers lm = -1 and lm = 2.  

The energy depends on ml, 2
2

2 lm m
I

E
l



= , and as a result, 
2

1 2lmE
I=− =
 ≠ 

2

2
4
2lmE

I= =
 . 

Therefore the probability density in this case is time dependent – hence this superposition state is not 
stationary. 
B. (10 points) Particle on a sphere (3D rigid rotor). The two wave functions describe rotational states 
with the quantum numbers: l = 2, lm = -1 and l = 2, lm = 2. 

The energy depends only on l, not on ml, 
2

( 1)
2lE l l

I
= +
 , and as a result both wave functions correspond 

to the states with the same energy, 
2

2
6
2lE

I= =
 . Therefore the probability density in this case is time 

independent – hence this superposition state is stationary. 
Note after grading: unfortunately, for unclear to me reason some students focused on the issues of 
orthogonality of the two time-independent wave functions or whether this is a superposition state or not 
(I already stated in the problem that it is a superposition), completely ignoring my hint in the Reminder 
that the focus should be on time-dependence. Therefore, even if the answer coincided with the correct 
one, in the absence of any reasonable proof this was considered just a lucky guess and assigned 2 points.  
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Problem 2. (35 points) Consider a particle of mass µ moving on a ring of radius r. Assume the ring is 
placed in the x-y plane. The particle is prepared in a superposition state described by the following 

(unnormalized) wave function: ( ) 4 71 7 2 6
2

i i ie ie eφ φ φφ
π

− Ψ = − +  . Answer the following four 

questions (questions C and D are on the next page). 
A. (10 points) List all values of the energy of the particle that one can obtain in a single measurement in 
this state and the corresponding probabilities. 
Energies (E):  Probabilities (p):  

2

2I
   49/(49+4+36) = 49/89 

2 216 8
2I I

=
   4/89 

249
2I
   36/89 

B. (10 points) Calculate the average value of the energy of the particle that would be obtained as a result 
of many measurements.  
Perhaps the simplest way to answer this question is to calculate the average outcome of multiple 
measurements using statistical considerations: 
 

2 2 2 2 2 2 2 2

1 4 7 2
16 49 49 16 4 49 36 1877 10.5449

2 2 2 2 89 2 89 2 89 89 2l l lm m mE p p p
I I I I I I I rµ= = == + + = + + = =
         

 
A direct way to answer this question is by using the expectation value equation (4th postulate):  
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 
Ψ − Ψ 

 = =
Ψ Ψ

   + + − × + ×   
= =

   + + − +   
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=

∫

∫

∫

∫

∫

∫


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

[ ]
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...

I
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=
+ +



 

The integration is pretty straightforward, because 1 2

2

0

2im ime e d
π

φ φ φ π− =∫  if m1=m2, and = 0 otherwise.  
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C. (10 points) Calculate the average value of the angular momentum of the particle that would be 
obtained as a result of many measurements. 

The values of the angular momentum ( z ll m=  ) obtained in a single measurement: 
Values:  Probabilities (same as in Q.A):  
   49/89 
4   4/89 
- 7   36/89 
 
Statistical considerations give: 

1 4 7
49 4 36 1874 7 4 7 2.1
89 89 89 89l l lz m m ml p p p= = =

 = + − = + − = − = − 
 

       

As in Q. B, a direct way to answer this question is by using the expectation value equation (4th 
postulate):  

( )

( )

2
*

0
2

*

0

( )
...

( )
z

di d
d

l
d

π

π

φ φ φ
φ

φ φ φ

 
Ψ − Ψ 

 = =
Ψ Ψ

∫

∫



  

The integration is pretty straightforward, because 1 2

2

0

2im ime e d
π

φ φ φ π− =∫  if m1=m2, and = 0 otherwise.  I’ll 

let you do this yourself, as a homework exercise. If you do all calculations correctly, you should get 
the same answer as above. You can do it! 
 
D. (5 points) Is the particle more likely to be found moving in the counterclockwise direction (positive 
values of the angular momentum, lz) or clockwise direction (negative lz)? Explain your reasoning and 
support it by calculations.  Tip: this is a probability question. 
The probability to find the particle with the positive value of the angular momentum (rotating 
counterclockwise) is 49/89+4/89 = 53/89. The probability to find in rotating in the opposite direction is 
36/89. Thus, the particle is more likely to be found rotating counterclockwise.  
Note that this answer does not contradict the one in question C, because here the question is simply 
about probabilities, not about the average value which depends on both probabilities and the actual 
values of the angular momentum.   
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Problem 3. (20 points) A quantum mechanical harmonic oscillator with mass µ and force (spring) 
constant k is in a state characterized by the quantum number n = 3. Do the following: 

A. (10 points) Write the expression for the wave function Ψ(x, t) of the oscillator. Make sure the wave 
function is normalized and explicitly includes the time dependence.  

( ) 2 2
3

1 4
/ 7/2 2 /2

3 3 3 3

1( , ) 4 (2 3)
2 3!

n HOiE t i tx x
n x t A H x e e x x e e πνα ααα α α

π
=− −− −

=
 Ψ = = − 
 

  

 
Comments after grading this problem: The energy in that equation is 

( )1
2

7 7
2 2n HO HO

kE n h hν ν
µ

= + = =   for n=3, not just some unspecified letter E.  

 
B. (10 points) Determine the values of coordinate x where you are unlikely to find the oscillator. Explain 
your reasoning. 
 
Unlikely means [ ]22

3 3( , ) ( ) 0n nP x t x= == Ψ = Ψ = . This happens when 3( ) 0n x=Ψ = , or more specifically, 
2(2 3) 0x xα − = , because the exponential factor 2 /2xe α−  can’t be 0.  

This means that either x = 0 or 22 3xα =   3
2

x
α

= ± . Thus, there are 3 points (nodes) where the 

oscillator in the state with n = 3 is unlikely to be found: one in the center (at the very bottom of the 

potential well) and two symmetrically positioned at 
1

2 43 9
2 4

x
kα µ

 
= ± = ± 

 

 . 
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Problem 4. (25 points) Your task is to identify and characterize an unknown diatomic molecule X. Here 
is what you know. When the molecule was placed in a 3D box/cube of size a =5 Å (1 Å=10-10 m), the 
transition from the ground state to the first excited state associated with its translational motion required 
1.4169×10-23 J of energy. A transition between the ground state and the first excited vibrational state 
involved 4.3107×10-20 J of energy. The force (spring) constant characterizing vibrations in this molecule 
is 1902 N·m-1 (1 N=1 kg·m·s-2). Answer the following two questions (see next page for question B)  
 

A. (15 points) Use this information to unambiguously identify the molecule. Explain your assumptions. 
(Hint: masses of the atoms in a diatomic molecule can be uniquely identified from the total mass and the 
reduced mass of the molecule. Consider how the energies of the transitions described above depend on 
these characteristics.)  
The energy of translational motion depends on the total mass (M) of the molecule while the vibrational 
energy depends on the reduced mass (µ). Therefore you can determine the mass of the molecule from 
the former and the reduced mass from the latter. 

For translational motion, 2

2

12 8
3
Ma
hEEE transtranstrans =−=∆ , therefore we obtain transEa

hM
∆

=
1

8
3

2

2

= 4.6479 

×10-26 kg = 28 amu. (Note that because in a 3D box motions along x, y, z are independent of each other, 
the first excited state corresponds to an increase in the quantum number for only one of the motions, not 
all three at the same time.)  
 
With this value of M one can think of two possible di-atomic molecules with the total mass of 28 amu: 
N2 and CO. You have no possibility to decide which is the right one based on this value of total M. In 
order to distinguish between the two you need additional data, in this case the reduced mass. 
 
The reduced mass can be obtained from the information about transition between the vibrational states, 
assuming that vibrations can be described by the harmonic oscillator model: 

µ
ν khEEE vibrtvibrvibr

==−=∆ 01 . From here, ( )2

2

vibrE
k

∆
=

µ = 1.1383 ×10-26 kg = 6.857 amu. 

Comparing this result with the expected reduced masses of the two abovementioned molecules (7 amu 
for N2 and 6.857 amu for CO), you can now definitively say that the molecule is CO.  
 
For those who are curious: A general rigorous way for determining the masses (m1 and m2) of the 
individual atoms from the total mass M and the reduced mass µ, is to solve the following system of 
equations: 
m1 + m2 = M  
m1 × m2 = Mµ 
Expressing m2 = M – m1 from the first equation and substituting it into the second yields a quadratic 
equation: m1

2 – m1M +Mµ = 0. Solving this equation gives ( ) 2/42
1 µMMMm −±=  

and ( ) 2/42
2 µMMMm −=  . (The presence of two solutions (±) merely reflects the symmetry with 

respect to which mass is m1 and which is m2.) For M = 28 amu and µ = 6.856 amu, one gets (keeping the 
top signs in the equations): m1 = 16 amu, m2 = 12 amu. Therefore we conclude that the molecule is CO. 
 
Comments after grading this problem: As you can see from the above solution, unambiguous 
identification of a molecule requires knowledge of both the total mass and the reduced mass. Each of 
these characteristics alone is generally insufficient for this, and the identification will require guessing, 
which could be misleading. Noticing that some students made a wrong guess that it’s N2, I would like to 
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point out that, given that the energy values were provided with up to 4 decimal digits precision, the 
reduced mass of µ = 6.856 amu is quite different from µ = 7 amu expected for N2. This difference alone 
should have raised an alarm for you that N2 is not the right molecule.  
 
B. (10 points) The quantum of energy required for a transition between the ground state and the first 
excited rotational state of the molecule in gas phase is 7.6785×10-23 J. From these data, determine the 
equilibrium bond length in the molecule. Explain your assumptions. 
For a rotational transition in gas phase (assuming the particle on a sphere/3-D rigid rotor model): 

2 2

1 0 2 22
2

rot rot rot
l lE E E

r rµ µ= =∆ = − = =
  , where r is the bond length. The reduced mass of the molecule can be 

determined from the energy associated with the transition between vibrational states (see Q.A): 

( )
2

2vibr

k
E

µ =
∆
 = 1.1383 ×10-26 kg (see solution to question A). From here we get 

2

rot rot
r

E Eµ µ
= =

∆ ∆

  =1.128 ×10-10 m = 1.128 Å. 

 
Comments after grading this problem: Some students instead of using the correct reduced mass extracted 
from the vibrE∆ value for vibrational transitions used µ = 7 amu assuming that the molecule was N2. 
Naturally, the bond length obtained using this incorrect assumption was incorrect. I tried to be generous 
in my grading.  
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If you are done with the rest of the problems, you might want to answer the following conceptual 
question for an extra credit. 
 
Bonus question. (15 points)  
Consider a quantum mechanical particle of mass m moving on the outer surface of a hollow vertical 
cylinder (tube) of radius R and length L, see the drawing below. Ignore the gravitational force. Write the 
expressions for the energies and the wave functions that correspond to the stationary states of the 
particle. Explain your reasoning. 
Hint: you can but don’t need to write and solve the Schrödinger equation to answer these questions – 
just consider what motions the particle is involved in, try to decompose them into simple independent 
motions and use solutions to the respective problems that we already covered in this course.    

Motion of a particle on the surface of the cylinder can be decomposed into 
two independent motions of the particle: (1) 1-D translational motion along the z axis and (2) 2-D 
rotational motion on a ring of radius R that is parallel to the x-y plane (imagine slicing the cylinder 
perpendicular to the z axis like a “salami”). The first motion can be modeled by the free particle in a 1D 
box with infinite walls model (as the motion along the z axis is limited to the interval (0, L) but 
otherwise no force is applied along the z axis). The second motion can be modeled by a free particle on 
a ring of radius R. We already know now to describe each of this motions in QM, and the quantization 
rules.  

2 2

28
tranls

n
h nE E
mL

= =   where n = 1, 2, 3, … 

2
2 2

22l

D rot
m lE E m

mR
= =

  where ml = 0, ±1, ±2, ±3, … 

Because the motions are independent of each other, their energies add and wave functions multiply: 
2 2 2

2 2
2 28 2

tranls D rot
l

h nE E E m
mL mR

= + = +
  

2 2 1( , ) ( ) ( ) ( ) ( ) sin
2

l

l

imtranls D rot
n m

nz z z z e
a L

φπφ φ φ
π

 Ψ = Ψ × Ψ = Ψ × Ψ = × 
 
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Some equations and formulae that might or might not be useful: 
 

νhE =∆ ;  
λ

ν c
= ; 

p
h

=λ  h = 6.626 ×10-34 J s; ħ = h/(2π) 
c = 3 ×108 m/s;  kB = 1.38 ×10-23 J K-1 

x
ipx ∂

∂
−= 

ˆ ;  
2

2kinet
pE K
m

= =  2


≥∆⋅∆ xpx   

  

m
kE

2

22


= ; ikxAex =Ψ+ )( ; ikxAex −
− =Ψ )(  

 
me = 9.1 ×10-31 kg 

  

2

22

8ma
nhEn = ; 






=Ψ x

a
n

a
xn

πsin2)(  
 
mp=1.67 ×10-27 kg; 1 amu = 1.66 ×10-27 kg 

  

( ) νhnEn 2
1+= ; ( ) 2/2

)( x
nnn exHAx αα −=Ψ   

µπ
ν k

2
1

= ;           
41

!2
1







=

π
α

n
A

nn  

/µα k= ;  ( )1 2 1 2/m m m mµ = +  

( ) ( )
( )
( )

0 1

2
2

2
3

1; 2

2(2 1)

4 (2 3)

H x H x x

H x x

H x x x

α α α

α α

α α α

= =

= −

= −
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2 lm m
I

E
l



= ;  φ

π
φ l

l
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m e

2
1)( =Ψ  

 
φ∂
∂

−= ilẑ ; lz ml = ; I = µr2 

( )
I

llEl 2
1 2
+

= ; ( )φθ ,,. ll mlml Υ=Ψ ;  

22
)1( 



+= lll ; z ll m=   

 
 

ˆ ˆ ˆˆ ˆ ˆ,A B AB BA  = −  ;     1 ˆ ˆ,
2

A B A B ∆ × ∆ ≥    

( ) πφθ 4/1,0,0 =Υ ; ( ) ( ) θπφθ cos4/3, 2/1
0,1 =Υ  

( ) ( ) φθπφθ ie±
± =Υ sin8/3, 2/1

1,1 

 

( ) ( ) ( )1cos316/5, 22/1
0,2 −=Υ θπφθ  

( ) ( ) φθθπφθ ie±
± =Υ sincos8/15, 2/1

1,2   

( ) ( ) φθπφθ ie 222/1
2,2 sin32/15, ±

± =Υ  
 

 
 
Helpful Math: 

 

ααα sincos iei += ; 
2/)(cos ααα ii ee −+= ; iee ii 2/)(sin ααα −−=  

ααα cossin22sin = ; ααα 22 sincos2cos −=  ; 
αα 2cos1sin2 2 −= ; αα 2cos1cos2 2 +=  

 

nn
nax

a
n

a
dxxe 1

0

2

2
)12(...5312

+

∞
− −⋅⋅⋅⋅

=∫
π  (for n≥1);      

2

0

1
2

axe dx
a
π∞

− =∫ ;      
2 2

0

1
4

axe x dx
a a

π∞
− =∫  

2
)(sin

0

2 adxx
a
na

=∫
π ;     1

0

!
+

∞
− =∫ n

axn

a
ndxex  

 
! 1 2 ...n n= ⋅ ⋅ ⋅  

 
Some atomic masses (in amu, rounded) of the most abundant isotopes:  
H = 1; He = 4; Li = 7; Be = 9; B = 11; C = 12; N = 14; O = 16; F = 19; Ne = 20; Na = 23; Mg = 24; Al = 
27; Si = 28; P = 31; S = 32; Cl = 35 


