COUNTING HYPERBOLIC MULTI-GEODESICS WITH RESPECT

TO THE LENGTHS OF INDIVIDUAL COMPONENTS AND
ASYMPTOTICS OF WEIL-PETERSSON VOLUMES

FRANCISCO ARANA-HERRERA

ABSTRACT. Given a connected, oriented, complete, finite area hyperbolic sur-
face X of genus g with n punctures, Mirzakhani showed that the number of
simple closed multi-geodesics on X of a prescribed topological type and total
hyperbolic length < L is asymptotic to a polynomial in L of degree 6g — 6+ 2n
as L — co. We establish asymptotics of the same kind for countings of simple
closed multi-geodesics that keep track of the hyperbolic length of individual
components rather than just the total hyperbolic length, proving a conjec-
ture of Wolpert. The leading terms of these asymptotics are related to limits
of Weil-Petersson volumes of expanding subsets of quotients of Teichmiiller
space. We introduce a framework for computing limits of this kind in terms
of purely topological information. We provide two further applications of this
framework to countings of square-tiled surfaces and countings of filling closed
multi-geodesics on hyperbolic surfaces.
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Let X be a connected, oriented, complete, finite area hyperbolic surface of genus
g with n punctures. In [MirO8b], Mirzakhani showed that the number of simple
closed multi-geodesics on X of a prescribed topological type and total hyperbolic
length < L is asymptotic to a polynomial in L of degree 6g — 6 + 2n as L — oo.
Wolpert conjectured that analogous results should hold for countings of simple
closed multi-geodesics that keep track of the hyperbolic length of individual com-

ponents rather than just the total hyperbolic length.

For instance, let X be a connected, oriented, complete, finite area hyperbolic
surface of genus g with n punctures and v := (v1,...,7%) be an ordered simple
closed multi-curve on X with 1 < k < 39 — 3 + n components. For every L > 0
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consider the counting function
(1.1) m(X,~,1L)

— ordered simple closed multi-geodesics o := (o, ..., a;) on X
T of the same topological type as v with max;—1, 5 ¢n,(X) <L [’

where £, (X) denotes the hyperbolic length of the geodesic a; on X. In this paper
we show that m(X,v, L) is asymptotic to a polynomial in L of degree 6g — 6 + 2n
as L — co. Wolpert’s more general conjecture, introduced below as Theorem
is also proved in this paper.

Mirzakhani’s results and techniques in [MirO8b|] can be used to establish asymp-
totics for countings of simple closed multi-curves with respect to length functions
much more general than total hyperbolic length. Recent generalizations due to sev-
eral authors also establish asymptotics for countings of objects much more general
than simple closed multi-curves [ES16l [EPS20, [RS19]. Wolpert’s conjecture does
not fit into this framework; see Remark below.

Instead, our proof of Wolpert’s conjecture draws inspiration from ideas intro-
duced by Margulis in his thesis [Mar70]. Using general averaging and unfolding
techniques for parametrized countings, we reduce the proof of this conjecture to
an application of equidistribution results for analogues of expanding horoballs on
moduli spaces of hyperbolic surfaces. A first version of these results was established
by Mirzakhani in [MirQ7a] and was later generalized by the author in [Ara20b].

As described in Theorem the leading terms of the asymptotics in Wolpert’s
conjecture are related to limits of Weil-Petersson volumes of expanding subsets of
quotients of Teichmiiller space. In this paper we introduce a framework for comput-
ing limits of this kind in terms of purely topological information; see Theorem [I.16]
We provide two further applications of this framework to countings of square-tiled
surfaces and countings of filling closed multi-geodesics on hyperbolic surfaces; see
Theorems and for precise statements.

The centerpiece of this framework is Proposition [£:4] which shows that an ap-
propriate renormalization of the Weil-Petersson measure on Teichmiiller space con-
verges to the Thurston measure on the space of measured geodesic laminations as
one lets the curvature of the metrics diverge to —oo. The main tool used in the
proof of Proposition [4:4] is the correspondence of the Weil-Petersson measure and
the Thurston measure through Thurston’s shear coordinates [Thu86l, [PP93], [SBOI].

The rest of this section is devoted to setting up notation and providing precise
statements of the aforementioned results.

Notation. For the rest of this paper we fix a pair of non-negative integers g,n > 0
satisfying 2 — 2g — n < 0 and a connected, oriented surface Sy, of genus g with n
punctures (and negative Euler characteristic).

Denote by 7, , the Teichmiiller space of marked, oriented, complete, finite area
hyperbolic structures on Sy ,, up to isotopy, by Mod, ,, the mapping class group of
Sg.n, and by Mgy, := T4 ,,/Mod, , the moduli space of oriented, complete, finite
area hyperbolic structures on Sy .

Let a := (aq,...,ax) with & > 1 be an ordered tuple of pairwise non-isotopic
essential closed curves on Sy ,,, an ordered closed multi-curve for short. For every
X € Tyn, the hyperbolic length vector of o with respect to X is given by

Un(X) i= (o, (X), ... Lo, (X)) € (Rao),
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where, for every i € {1,...,k}, £y,(X) > 0 denotes the hyperbolic length of the
unique geodesic representative of a; on X. Given a vector a := (a1,...,ar) €
(Rso)* of positive weights on the components of «, consider the weighted closed
multi-curve on Sy, given by

(1.2) a-a:=ao+- - +apay.
The total hyperbolic length of a - a with respect to X is given by
laa(X) = a-lo(X) = a1le, (X) + - + arly, (X) € Rsg

Unless otherwise specified, the term length will always refer to hyperbolic length.

Mirzakhani’s asymptotic counting formula. Let v := (vq,...,v) with £ > 1
be an ordered closed multi-curve on Sy ., a := (ay,...,a;) € (R=0)" be a vector of
positive weights on the components of v, and X € 7Ty ,. For every L > 0 consider
the counting function

(1.3) t(X,v,a,L) :=#{ae€Modg -7 | laa(X) <L}

In words, t(X,~,a, L) is the number of ordered multi-geodesics on X of the same
topological type as v whose total hyperbolic length with respect to the weights a
is < L. This function does not depend on the marking of X € 7, , but only on the
subjacent hyperbolic structure X € M, ,,. In [MirO8b|, Mirzakhani’s described the
asymptotics of t(X,~,a, L) as L — oo when 7 is simple, i.e., when the components
of v are simple and pairwise disjoint.

To give a precise statement of Mirzakhani’s asymptotic counting formula, we
first introduce some notation. Consider the subgroup

k
Stab(vy) = ﬂ Stab(y;) € Modg,»,
i=1
of mapping classes of S, ,, that fix every component of v up to isotopy. Denote by
pwp the Weil-Petersson measure on 7y, and by p3, the local pushforward of piyp
to Tg.n/Stab(vy). In [MirO8b], Mirzakhani showed that, if v is simple, the following
limit, known as the frequency of the weighted simple closed multi-curve a-~y, exists,

 1p({Y € Tgn/Stab(v) | fay(Y) < L})
(1.4) r(v,a) = Lh_r}réo P T69—6%2n

Furthermore, Mirzakhani provided an explicit formula for computing r(y,a). More
precisely, letting x := (21, ..., xx) be the standard coordinates of (R>¢)* and dx :=
dzy - - - dxy, be the standard measure of (R>o)¥, there exists an explicit polynomial
Wy n(v,%x) of degree 6g — 6 + 2n — k on the x variables, all of whose non-zero
monomials are of top degree, with non-negative rational coefficients, and which has
x1 -y as a factor, such that the following result holds.

Proposition 1.1. [MirO8bl Proposition 5.1] Let v := (y1,...,7%) be an ordered
simple closed multi-curve on Sy, with 1 < k < 3g — 3 4+ n components and a :=
(a,...,ax) € (Rs0)* be a vector of positive weights. Then,

rpa) = [ Won(y,%) - dx.

a-x<l1
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Remark 1.2. Up to a constant, W ,,(7,x) is equal to z1 - - - z times the sum of the
top degree monomials of the product of the Weil-Petersson volume polynomials of
the moduli spaces of bordered Riemann surfaces associated to the components of
the surface obtained by cutting S, ,, along 7. See §2 for a precise definition.

Denote by ML, ,, the space of measured geodesic laminations on S, , and by
f1ha be the Thurston measure on ML, ,,. Consider the function B: M, ,, = R
which to every X € M, ,, assigns the value

(1.5) B(X) := prm({A € MLy, [ £6(X) < 1}),

where £, (X) > 0 denotes the hyperbolic length of A with respect to X. We refer to
this function as the Mirzakhani function. Roughly speaking, B(X) measures the
shortness of simple closed geodesics on X. Denote by fiw, the local pushforward
of the Weil-Petersson measure fiywp on Ty, to Mgy, == Ty, /Mod,,,. By work of
Mirzakhani, B is continuous, proper, and integrable with respect to fiy, [MirO8b,
Proposition 3.2, Theorem 3.3]. Define

(1.6) by = /M B(X) dfip(X) < +00.

g,m

Remark 1.3. In [AA20], upper and lower bounds of the same order describing the
behavior of B near the cusp of M, , are established. In particular, it is proved
that B is square-integrable with respect to Lwp.

The following theorem due to Mirzakhani describes the asymptotics of the count-
ing functions ¢(X,v,a, L) as L — oo when + is simple.

Theorem 1.4. [MirO8bl Theorem 6.1] Let X € Mgy,, v := (71,-..,7) be an
ordered simple closed multi-curve on Sy, with 1 < k < 3g —3+n components, and

a:=(a,...,a;) € (Rsq)® be a vector of positive weights. Then,
Ii t(Xaf)/,aa L) o B(X) 'T(f}/?a)
Jim e

Remark 1.5. In [EMM19], Eskin, Mirzakhani, and Mohammadi improved Theorem
by obtaining a power saving error term for the asymptotics of ¢(X,~, a, L). Their
methods are very different from the ones in [MirO8b| and rely on the exponential
mixing rate of the Teichmiiller geodesic flow.

Wolpert conjectured that results analogous to Theorem[I.4should hold for count-
ings of simple closed multi-geodesics that keep track of the the hyperbolic length
of individual components rather than just the total hyperbolic length. To give a
precise statement of this conjecture we first introduce some terminology.

Length spectra of ordered closed multi-curves. Let v := (y1,...,7) be an
ordered closed multi-curve on Sy, with k£ > 1 components and X € 7T ,. One can
record, with multiplicity, the hyperbolic length vector with respect to X of every
ordered closed multi-curve in the mapping class group orbit of v by considering the
counting measure on (Rx>0)" given by

,u%X = Z 5ZQ(X)'

a€Mody n-y
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This measure does not depend on the marking of X € 7, ,, but only on the subjacent
hyperbolic structure X € M, ,,. We refer to this measure as the length spectrum
of v with respect to X.

To study the asymptotic behavior of p, x we consider the rescaled counting
measures {ﬂ$7X}L>0 on (R>)* given by

L . .
2 Z 5%-@(}()'
aEMody -y

Asymptotics of length spectra of ordered simple closed multi-curves.
The first main result of this paper is the following theorem, which describes the
behavior near infinity of the length spectrum of ordered simple closed multi-curves
with respect to complete, finite area hyperbolic structures.

Theorem 1.6. Let v := (v1,...,7) with 1 <k <39 —3+n be an ordered simple
closed multi-curve on Sy, and X € My ,,. Then,

L
. :u'y,X _ B(X)
Lh_{réo [69—6+2n bg,n 'Wg,n

(v,%x) - dx

in the weak-x topology for measures on (R>o)".

Remark 1.7. Theorem [T.4] can be deduced directly from Theorem [T.6]and Portman-
teau’s theorem. This provides an alternative proof of Theorem independent of
Mirzakhani’s original work in [MirO8b].

Remark 1.8. Theorem is not a direct consequence of Theorem Indeed,
simplices of (Rx¢)* of the form

A, = {(331, R ,$1€) S (Rzo)k | a1x1 + -+ apxg < ].}

with a := (a1,...,a;) € (Rs0)* arbitrary do not generate the o-algebra of Borel
measurable subsets of (R>0)*. Furthermore, Mirzakhani’s more general counting
results in [MirO8b] do not directly imply Theorem as the notion of hyperbolic
length of individual components does not extend continuously from the dense subset
of rationally weighted simple closed multi-curves to all ML ,.

Let v := (71,...,7) be an ordered closed multi-curve on S,, with k& > 1
components, b := (by,...,bx) € (R=0)* be a vector of positive scaling parameters,
and X € 7T,,,. For every L > 0 consider the counting function

(L.7)  o(X,v,b,L)
=F#{a:=(o1,...,ar) € Modg -7 | o, (X) <bL, YVi=1,...,k}.

In words, ¢(X, v, b, L) is the of number of ordered closed multi-geodesics on X of the
same topological type as v whose i-th component has hyperbolic length < b; L. This
function does not depend on the marking of X € 7, but only on the underlying
hyperbolic structure X € M, ,. The following theorem corresponds to Wolpert’s
conjecture. It is a direct consequence of Theorem [1.6| and Portmanteau’s theorem.

Theorem 1.9. Let X € My, v:= (m,...,7) with1 <k < 3g—3+n be an
ordered simple closed multi-curve on Sy, and b := (b1,...,b) € (Ro)k. Then,
c(X,7,b,L)  B(X)

li = . Wy n(v,X) - dx.
L;H;o 69—6+2n byom /Hfllo,bi] g, (7,x%) - dx
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Remark 1.10. A version of Theorem [I.9]for pair of pants decompositions was proved
by Mirzakhani [Mirl6l Theorem 1.2]. A result closely related to Theorem was
independently established by Liu [Liul9, Theorem 1.2]. Other results related to
Theorem are discussed in forthcoming work of Erlandsson and Souto [ES20].

Remark 1.11. Letting b := (1,...,1) € (Rx()" in Theorem gives asymptotics
for the counting functions m(X,~, L) introduced in (1.1)).

Remark 1.12. Wolpert has used Theorem to prove asymptotic formulas for
counting functions of proper, bi-infinite, simple complete geodesics on connected,
oriented, complete, finite area hyperbolic surfaces with punctures.

Remark 1.13. Theorems [I.6] and can be strengthened to obtain asymptotics of
countings that also keep track of the equivalence class of rationally weighted simple
closed multi-geodesics in the space of projective measured geodesic laminations; see
Theorems and [3.7] for precise statements.

Outline of the proof of Theorem [1.6] To prove Theorem [I.6] we consider the
following equivalent reformulation. Let X € M, v := (71,...,7%) be an ordered
simple closed multi-curve on S, with 1 < k& < 3¢9 — 3 + n components, and
f: (Rzo)k — R>g be an arbitrary non-negative, continuous, compactly supported
function. For every L > 0 consider the counting function

(18)  dXonfil)i= [ FEdidx = S (3 G).

R* a€Mody n-y
This function does not depend on the marking of X € 7, but only on the hyper-
bolic structure X € M, ,,. Notice that, for b := (by,...,b) € (Rso)¥, if

k
f(x) = H Lio,6,)(wi),
=1

then ¢(X,~, f,L) = ¢(X,~,b,L). By the definition of weak convergence of mea-
sures, Theorem is equivalent to the following result.

Theorem 1.14. Let X € My, v := (y1,...,7%) with 1 < k < 3g—3+mn be
an ordered simple closed multi-curve on Sy, and f: (R>0)® — Rso be a non-
negative, continuous, compactly supported function. Then,
. oX L B(X
ngr;o ([16;:)/;3—‘}:’2n) - bim) ’ R f(X) ’ ng(’y,x) -dx.
Our proof of Theorem [1.14] is inspired by ideas introduced by Margulis in his
thesis [Mar70]. The upshot of the proof is the following: approaching these count-
ings directly for a particular hyperbolic structure X is rather hard but averaging
them over nearby points in M, ,, should make them more tractable. After suit-
ably averaging the countings over nearby points, unfolding such averages on an
appropriate intermediate cover reduces the proof of Theorem to the question
of whether certain analogues of expanding horoballs on M, ,, equidistribute. Such
equidistribution results were established by the author in [Ara20b] building on ideas
introduced by Mirzakhani in [MirO7al.

Remark 1.15. If the analogues of expanding horoballs on M, alluded to in the
previous paragraph equidistributed at a polynomial rate, see Remark [3.4] for a
precise statement of this condition, the methods in our proof would yield an effective
version of Theorem [I.14] with a power saving error term.
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Asymptotics of Weil-Petersson volumes. Let v := (y1,...,7) with 1 < k <
39 — 3+ n be an ordered simple closed multi-curve on S ,,. According to Theorem
the asymptotic length spectrum of v with respect to any X € 7, , has a factor

Wg,n(’% X) - dx

which depends only on -« and not on X. This factor can be described in terms of
limits of Weil-Petersson volumes of expanding subsets of quotients of 7, ,,; see Re-
mark [I.2] The second goal of this paper is to introduce a framework for computing
limits of this kind in terms of purely topological information.

Let i: MLy pnx MLy, — Rxo denote the geometric intersection number of mea-
sured geodesic laminations on Sy .. For every p € ML, ,, denote by ML, (1) C
MLy, the open, dense, full measure subset of measured geodesic laminations that
together with p fill Sy ,,. More precisely,

(1.9) MLy () :={Ae MLy, | i(Nn) +i(p,n) >0, Vne MLy, }.

Denote by ML, ,,(7) € ML, ., the corresponding subset when + is endowed with an
arbitrary transverse measure of full support. The stabilizer Stab(y) C Mod, ,, acts
properly discontinuously on ML, ,(7y); see Proposition Consider the measure
Py 2= MThulame, . (v) o0 MLy () and denote by fify  its local pushforward to
ML, (v)/Stab(7). Let

I’y: Mﬁg,n(V) - (RZO)k
be the map which to every A € ML, () assigns the vector

L) = (i(, A), .-k, A)) € (R0)"
and let
L MLy (7)/Stab(y) = (Rx0)*
be the induced map on ML, ,(7v)/Stab(y). In this paper we prove the following.

Theorem 1.16. Let v := (y1,...,7k) be an ordered simple closed multi-curve on
Sgn with 1 <k <39 — 3+ n components. Then,

Won(7,%) - dx = (1)« (fipy,,)-

Remark 1.17. For a pair of pants decomposition of Sy ,, Theorem can be
proved directly using Wolpert’s magic formula [Wol85, Theorem 1.3] and an explicit
computation in Dehn-Thurston coordinates; see [Ara20al, §4] for details.

The main tool used in the proof of Theorem [1.16] is the correspondence of the
Weil-Petersson measure on 7y, and the Thurston measure on ML, , through
Thurston’s shear coordinates [Thu86l [PP93| [SBOI]. Using this correspondence we
show that an appropriate renormalization of the Weil-Petersson measure converges
to the Thurston measure as one lets the curvature of the metrics diverge to —oo;
see Proposition for a precise statement. The characterization of the subset
MLy (v) € ML, , provided by Proposition will play an important role when
dealing with issues of non-compactness that arise in the course of the proof.

We provide two further applications of the framework developed in the proof of
Theorem [I.16] to countings of square-tiled surfaces and countings of filling closed
multi-geodesics on hyperbolic surfaces. We now describe these applications.
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Counting square-tiled surfaces. A square-tiled surface is a surface constructed
from finitely many disjoint unit area squares on the complex plane, with sides paral-
lel to the real and imaginary axes, by identifying pairs of sides by translation and/or
180° rotation. Points of the surface with cone angle 7 are considered as punctures.
The horizontal core multi-curve of a square tiled-surface is the integrally weighted
simple closed multi-curve obtained by concatenating the horizontal segments run-
ning through the middle of each square. The wvertical core multi-curve of a square
tiled-surface is defined in an analogous way. See Figure [I] for an example.

B, Bs

7 t

m
[}
W
i
m
m

1
? tt ‘ t L it
‘\» | * ‘ ‘\» 1
? s

t T L

(a) Square-tiled sur- (b)  Horizontal core (c) Vertical core multi-
face. multi-curve. curve.

FIGURE 1. Example of a square-tiled surface of genus 2 with no
punctures. The horizontal core multi-curve is a; + 2. The ver-
tical core multi-curve is 1 + B2 + f3.

Two integrally weighted simple closed multi-curves on homeomorphic surfaces
have the same topological type if there exists a homeomorphism between the surfaces
mapping one multi-curve to the other preserving the weights. Let o := (a1, ..., ax)
be an ordered simple closed multi-curve on S, , with 1 < k < 3g—3+n components,
a:= (ay,...,ax) € (Z-o)" be vector of positive integral weights on the components
of a, and a-a be as in . For every L > 0 consider the counting function

s(a-a.n)i=#{

square-tiled surfaces with horizontal core multi-curve /
of the same topological type as a -« and < L squares ’

where ~ denotes the equivalence relation induced by cut and paste operations. We
are interested in the asymptotic behavior of s(a-«, L) as L — oc.
Denote by

4 if (g,n)=(0,4),
(1'10) €g,n = 2 if (gan) € {(171)3(1’2)7(230)};
1 it (g,n) ¢{(0,4),(1,1),(1,2),(2,0)},
the number of automorphisms of a generic square-tiled surface of genus g with n

punctures. Recall the definition of r(«, a) in (1.4). In this paper we combine results
and techniques from [Ara20a] with Theorem [1.16[to prove the following.

Theorem 1.18. Let o := (a,...,ax) with 1 < k < 3g—3+n be an ordered simple
closed multi-curve on Sy, and a = (a1,...,ax) € (Z=o)*. Then,
. s(a-a,L) €5, -r(a,a)
LII_)H;O [69—6+2n - 229—3+n
Remark 1.19. Theorem was originally proved by Delecroix, Goujard, Zograf,
and Zorich using algebro-geometric methods [DGZZ19]. In [Ara20a] we gave a dif-
ferent proof of Theorem using results of Mirzakhani [MirO8b]. The proof in
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this paper establishes an explicit connection between countings of square-tiled sur-
faces and asymptotics of Weil-Petersson volumes of expanding subsets of quotients
of Teichmiiller space through their relation with Thurston volumes of subsets of
quotients of ML, ,,.

Asymptotics of length spectrum of ordered filling closed multi-curves.
An ordered closed multi-curve on S, is said to be filling if it cuts the surface
into polygons with at most one puncture in their interior. Recall the definition of
the counting functions with respect to total hyperbolic length ¢(X,~,a, L) in .
In [MirI6], Mirzakhani showed that, if v := (y1,...,7%) is a filling ordered closed
multi-curve on Sy, with & > 1 components and a := (a1,...,a;) € (Rso)” is a
vector of positive weights, then the counting function #(X,~, a, L) is asymptotic to
a polynomial in L of degree 6g — 6 + 2n as L — co.

In this paper we combine results and techniques of Mirzakhani in [Mirl6] with
the framework developed in the proof of Theorem [I.16]to describe the behavior near
infinity of the length spectra of ordered filling closed multi-curves with respect to
complete, finite area hyperbolic structures. More precisely, we prove the following.

Theorem 1.20. Let v := (v1,...,7) with k > 1 be an ordered filling closed multi-
curve on Sgp, and X € Mg . Then,

L
. My x B(X) ,~, -
Jim L6936+2n T Togm (I3)« (ppa)

in the weak-x topology for measures on (R>o)".

Recall the definition of the counting functions ¢(X,~,b, L) introduced above.
The following theorem is an analogue of Wolpert’s conjecture for filling closed multi-
geodesics. It is a direct consequence of Theorem and Portmanteau’s theorem.

Theorem 1.21. Let X € Mg ,,, v := (y1,...,7) with k > 1 be an ordered filling
closed multi-curve on Sy, and b := (by,...,b;) € (Rso)k. Then,
«(X,7,b,L)  B(X)

Am e = bom Foppy ({A € ML (7)/Stab(v) | i(A,7i) < bi}).

Remark 1.22. As highlighted by Mirzakhani in [Mirl6], applying the methods in
the proof of Theorem to get an effective version of the same theorem with a
power saving error term seems rather hard.

Organization of the paper. In §2 we introduce the preliminaries needed to un-
derstand the proofs of the main results. In §3 we prove Theorem and discuss
how refining the ideas in this proof leads to the stronger version alluded to in Re-
mark In §4 we prove Theorem and develop the aforementioned general
framework for computing limits of Weil-Petersson volumes of expanding subsets
of quotients of Teichmiiller space. In §5 we review the techniques introduced by
the author in [Ara20a] and prove Theorem In §6 we review the techniques
introduced by Mirzakhani in [Mir16] and prove Theorem [1.20}

Acknowledgments. The author is very grateful to Alex Wright and Steve Ker-
ckhoff for their invaluable advice, patience, and encouragement. The author would
also like to thank the anonymous referee whose detailed comments and suggestions
greatly helped improve this paper.
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2. PRELIMINARIES

Outline of this section. In this section we introduce the preliminaries needed to
understand the proofs of the main results of this paper. Of particular importance
for later will be the definitions of the horoball segment measures /M;’L and V%c,’aLl as
well as Theorems 2.3] and 2.4

The Thurston measure. Train track coordinates induce a 6g — 6 + 2n dimen-
sional piecewise integral linear (PIL) structure on the space ML, , of measured
geodesic laminations on Sy ,,; see [PH92| §3.1] for details. By work of Masur, there
exists a unique (up to scaling) non-zero, locally finite, Mod, ,-invariant, Lebesgue
class measure on ML, ,, [Mas85, Theorem 2]. Several different definitions of such
measure (equal up to scaling) can be found in the literature. We will consider the
definition coming from the symplectic structure of ML, ,,.

More precisely, consider the Modg ,-invariant symplectic form wrp, on the PIL
manifold ML, ,, induced by train track coordinates; see [PH92, §3.2] for an explicit
definition. This symplectic form is known as the Thurston symplectic form. The top
exterior power vrhy = m /\f’i I3+n wThy induces a non-zero, locally finite,
Modg, p-invariant, Lebesgué class measure fith, on ML, ,,. We refer to this measure
as the Thurston measure.

This measure satisfies the following scaling property:

(21) I Thu (t . A) — tﬁg—6+2n . /JThu(A)

for every Borel measurable subset A C ML, ,, and every ¢t > 0. In particular, the
following lemma applies; see [EULS|, Page 24] for a proof.

Lemma 2.1. Let Q be a topological space endowed with a continuous (Rsq)-action
and p be a measure on Q such that the following property holds for some k > 0:

plt-A) =" p(A)

for every Borel measurable subset A C Q and everyt > 0. Let f: Q@ — Rxo be a
non-negative, homogeneous, continuous function. Then, for every c > 0,

u(f~ ({eh) =0.

Dehn-Thurston coordinates. Let P := (y1,...,739—34+n) be a pair of pants
decomposition of S, ,. The following theorem, originally due to Dehn in the case
of integral multi-curves and later extended by Thurston to the case of general
measured geodesic laminations, gives an explicit parametrization of ML, ,, in terms
of intersection numbers m; € R>o and twisting numbers ¢; € R with respect to the
components of P; see [PH92] §1.2] and [Marl6l, §8.3.9] for details.

Theorem 2.2. Let P := (V1,...,73g—3+n) be a pair of pants decomposition of Sg .
Any set of intersection and twisting numbers (m;, ti)?i?%" of MLy, with respect
to the components of P gives a parametrization of ML, ,, by the set

© = {(mi,t;) € Rso x R)* " | m; =0=1,>0, Vi=1,...,3g—3+n}.

We refer to any parametrization as in Theorem as a set of Dehn-Thurston
coordinates of ML, ,, adapted to P and to the set © as the parameter space of
such parametrization. The Thurston measure prn, on ML, , corresponds (up to
scaling) to the Lebesgue measure on 0.
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The Mirzakhani measure. Consider the bundle Pngm of unit length measured
geodesic laminations over 7T ,. More precisely,

Py = {(X,\) € Tyn X MLy, | 01(X) = 1}.

For every X € 7., consider the measure 7, on the fiber P T, ,, of P17, ,, above
X which to every Borel measurable subset A C Py 7, ,, assigns the value

(2.2) M%(hu(A) = i ([0, 1] - A).
The Mirzakhani measure vy on Pngm is defined by the disintegration formula
dvmir (X, A) := dﬂ%(hu()‘) dpep (X).

The mapping class group Mod, , acts diagonally on Pngm in a properly dis-
continuous way preserving vyi;. The quotient P M, ,, := P'T, ,/Mod, , is the
bundle of unit length measured geodesic laminations over M, ,,. Locally pushing
forward vy through the quotient map ]31’7;7n — Plngn yields a measure Dy,
on Pl./\/lgm7 also called the Mirzakhani measure. The pushforward of Dy, under
the bundle map m: P'M,,, = Mg, is given by

dm (Unir)(X) = B(X) dfip (X),

where B: Mg, — R is the Mirzakhani function defined in (|1.5)). The total mass
of P M, ,, with respect to Dy, is given by

Pain (P M, ) = /M B(X) dfip(X) = by .

In particular, by (1.6]), the measure Dy, is finite.

Horoball segment measures. Let v := (y1,...,7%) be an ordered simple closed
multi-curve on S, ,, with 1 < k < 3g — 3 +n components and f: (R>0)* — Rx be
a non-negative, bounded, compactly supported, Borel measurable function that is
not almost everywhere zero with respect to the Lebesgue measure class. For every
L > 0 consider the horoball segment BI-* C T, ., given by

Bl = {X € T, | [,(X) € L-supp(f)}.

Every such horoball segment supports a horoball segment measure ,ufy*L defined as

(23) dpF(X) = (4 5(X)) dptp(X).

This measure is Stab(+)-invariant. To get a locally finite horoball segment measure
on M, , one needs to get rid of the redundancies that arise when taking pushfor-
wards. For this purpose consider the intermediate cover

Ty = Tgn/Stab(y) = Mg .

Let /1% be the local pushforward of puf-* to Ty, /Stab(v) and fi{X be the pushfor-
ward of ﬁJ;L to Mgy n.

Let a := (a1,...,ax) € (Q=0)* be a vector of positive rational weights on the
components of v. The rationally weighted simple closed multi-curve a - v defined
as in belongs to ML, ,,. The horoball segment measures ,u{’L on Ty also
give rise to horoball segment measures V%C”g on the bundle P17;7n by considering
the disintegration formula

vl 5 (X, ) = dOay e, ) (A) dpd " (X)),
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where § denotes point masses. This measure is Stab(~)-invariant. In analogy with
the case above, to get locally finite horoball segment measures on Pl./\/lgm we
consider the intermediate cover

P'T, , — PYT,.,/Stab(y) — P* M, ..

Let ﬂ{:g be the local pushforward of l/,];:é’ to P17, ,,/Stab(v) and ﬁ!;;é be the push-
forward of ’172;;{2 to P M, .

One can check, see Proposition below, that the measures ZZ{L and ﬁi;:g are
finite. We denote by mf/L the total mass of the measures ﬁéL and ﬁ{;ﬁ, ie.,

m{’L = ﬁ,J;’L(Mg,n) = A};:ﬁ(PlMg,n) < +o00.

The main tool used in the proof of Theorem is the following result, which
shows that horoball segment measures on P! M, ,, equidistribute with respect to
Dmir- This result is an analogue of the classical equidistribution theorem for ex-
panding horoballs on homogeneous spaces; see [KM96] for instance. This result is
proved in [Ara20b], expanding on ideas introduced by Mirzakhani in [MirQ7a.

Theorem 2.3. In the weak-x topology for measures on P* M, p,

From Theorem [2.3] taking pushforwards through the map P'M,, — M, ,,
we deduce the following result, which shows that horoball segment measures on
M, equidistribute with respect to B(X) - dfiwp(X). The proof of Theorem
will directly use this result

Theorem 2.4. In the weak-%x topology for measures on Mg,

o B B(X) - dfiuy(X)
L—oo mf/’L bg,n '

Teichmiiller and moduli spaces of hyperbolic surfaces with boundary.
Let g,n,b > 0 be a triple of non-negative integers satisfying 2 —2g —n —b < 0 and
SS,n be a connected, oriented surface of genus g with n punctures and b labeled
boundary components 31, ..., 8. Let L := (L;)’_; € (R=0)” be a vector of positive
real numbers.

Denote by 7;lfn(L) the Teichmiiller space of marked, oriented, complete, fi-
nite area hyperbolic structures on S;’yn with labeled geodesic boundary compo-
nents whose lengths are given by L, up to isotopy fixing each boundary compo-
nent setwise. The mapping class group of Sgb’n, denoted Modg’n, is the group
of orientation preserving diffeomorphisms of S_Z,n that setwise fix each boundary
component, up to isotopy fixing each boundary component setwise. The quotient
ngn(L) = ’Tgb’n(L)/Modgyn is the moduli space of oriented, complete, finite area
hyperbolic structures on Sg,n with labeled geodesic boundary components whose
lengths are given by L. We warn the reader that these definitions of Tgb’n(L),
Mod® ., and M’ (L) might differ from others found in the literature.

g.n?
Denote the total Weil-Petersson volume of the moduli space Mg’n(L) by
Vyn(L) 1= Volup(Mj , (L)).
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The following remarkable theorem due to Mirzakhani shows that V2, (L) is a poly-
nomial on the L variables.

Theorem 2.5. [Mir07bl Theorem 6.1] [Mir07c, Theorem 1.1] Let g,n,b > 0 be
non-negative integers with 2 —2g —n — b < 0. The total Weil-Petersson volume

VYu(Ly, ..., Ly)
is a polynomial of degree 3g — 3+ n + b on the variables L3, ..., L%. Moreover, if

ng»n(Ll’ s Ly) = Z Cq -L%al ...Lio‘m
a€(Zx0)",
|a|<3g—34+n+b
where |oz\ =1+ + oy for every o € (Zzo)b, then co € Qo - 769—6+2n+2b—2a|
In particular, the leading coefficients of ng,n(Ll, ..., Ly) belong to Q.

Remark 2.6. If the surface Sg’n is a pair of pants, i.e., if g = 0 and n+ b = 3, then,
for any L := (L;)}_; € (Rx0)", the moduli space M? (L) has exactly one point.
In this case we adopt the convention

Vb (L) =1
The polynomials W ,,(,x). Given a simple closed curve o on Sy ,,, let
Stabg(a) € Mody »,

be the subgroup of all mapping classes of S, ,, that fix o up to isotopy together
with its orientations. Although « is unoriented, it admits two possible orientations.
We require mapping classes in Stabg(«) to fix these orientations. More generally,
given an ordered simple closed multi-curve v := (y1,...,7v) on Sy, with 1 <k <
3g — 3 + n components, let
E
Stabg(v) = () Stabg(v:) € Mody.

=1
be the subgroup of all mapping classes of S, ,, that fix each component of v up to
isotopy together with their respective orientations.

For the rest of this discussion fix an ordered simple closed multi-curve v =
(Ms--,v) on S with 1 < k < 3g — 3 4+ n components. Let S, () be the
(potentially disconnected) oriented surface with boundary obtained by cutting Sy ,,
along the components of v. Let ¢ € Z+ be the number of components of Sy ,,(7)
and {X;}%_, be the components of S, (7). For every j € {1,...,c} let g;,n;,b; €
Z>( be the triple of non-negative integers satisfying 2 —2g; —n; — b; < 0 such that

%; is homeomorphic to Syl .. Given a vector x := (2;)%_, € (Rso)¥, for every
je{l,... ¢}, let x; € (Rs0)% be the subvector of x whose entries correspond to

the boundary components of 3J;.

Let pg.n(7y) be the number of components of v that bound (on any of its sides) a
component of S, ,, () which is a torus with one boundary component. Let o, ,,(y) €
Q- be the rational number given by

c b
o ( ) L Hj:l |K9j»nj‘
90\ "= IStabo (7) N Kyop|’

where Kg”, ;< Modg n, is the kernel of the mapping class group action on 7'9”, .

and K, , <Mody, is the kernel of the mapping class group action on 7y ,. These
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kernels are non-trivial only in the low complexity cases where special involutions
arise. For example, if g = 2, n = 0, and ~ is a separating simple closed curve on
5270, then 0'2’0(’}/) = 4/2 = 2.

For vectors x := (z;)¥_; € (Rx¢)" consider the polynomial

1
V. n (7, = . n . Q_Pg,n(’Y) . Vb:i ) AN A .
on %) = Stab () - Stabo(m)] 7 jr:[l s B5) 2
By Theorem Vg.n(7,x) is a polynomial of degree 6g — 6 + 2n — k with non-
negative coefficients and rational leading coefficients. This polynomial represents
the total Weil-Petersson volume of the moduli spaces associated to the (potentially
disconnected) oriented surface with boundary S, (7). Denote by

(2.4) Wyn(y,x) := V(;Op(%x)

n

c

the polynomial obtained by adding up all the leading (maximal degree) monomials
of V4 »(7,x). This polynomial depends only on g, n, and the Mod, ,,-orbit of .

Example 2.7. Tablecontains the polynomials Wy o(, 21, . . ., ) for all Mods o-
orbits of ordered simple closed multi-curves 7 := (y1,...,7) on Sz0. These poly-
nomial were computed using (2.4)) and the tables in [Dol3l §B].

Example 2.8. For every pair of pants decomposition P := (v1,...,73g—3+4n) Of
Sg.n there exists kp € Z>( such that

Wg,n(,])y AT 7x3973+n) =27kr. L1 T3g—34+n-
Total mass of horoball segment measures. Let v := (y1,...,7) be an or-

dered simple closed multi-curve on S, with 1 <k < 3¢9 — 3 + n components and
f: (R>0)® = R>o be a non-negative, bounded, compactly supported, Borel mea-
surable function that is not almost everywhere zero with respect to the Lebesgue
measure class. As mentioned above, the horoball segment measures ﬁJ:L on My,
and ﬁj::ﬁ on P*M,,, are finite. One can actually compute explicit formulas for
their total mass mf/L in terms of the polynomial Vj ,(v,x) and use them to de-
scribe the asymptotics of m§7L as L — oo in terms of the polynomial W, ., (v,x).
More concretely, in [Ara20b] we prove the following.

Proposition 2.9. [Ara20bl Proposition 3.1] For every L > 0,

mlt = | f(x)-Vyu(y,L-x)-L"-dx,
Rk

where dx := dx1 - - - dxg. In particular,
mf’L

] Py P . .
LIEI;OW = /Rk f(x) Wy n(y,x) - dx.

The symmetric Thurston metric. Consider the asymmetric Thurston metric
d’y,, on Ty, which to every pair X,Y € 7, assigns the distance

éf\(Y)>
(X, Y) = su lo < .
5= S 6 m)

As this metric is asymmetric, it is convenient to consider the symmetric Thurston
metric drpy on Tg, which to every pair X, Y € 7, assigns the distance

drn (X, Y) == max{dry, (X, V), dpy, (Y, X)}.
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Y= (V1,5 k) Waol(y,r1,...,2k)

1,3 1 3
IT1%2 + 77125

1 3
%Z1I2

1
5L1L2T3

1
717223

TABLE 1. Polynomials Ws o(7, 21, ..., 2x) for all Modg g-orbits of
ordered simple closed multi-curves v := (y1,...,7%) on Sa.

A pair X|Y € T, satisfies dprnu(X,Y) < € for some € > 0 precisely when
(2.5) e UNX) < U(Y) < el (X), VAe MLy ,.

The metric dry, induces the usual topology on 7,,. We denote by Ux(¢) C Typ
the closed ball of radius € > 0 centered at X € 7, with respect to drn,. For more
details on the theory of the Thurston metrics see [Thu86] and [PS15].
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Measure Description
Hwp Weil-Petersson measure on 7y p,
Py Local pushforward of pyp to 7Ty, /Stab(7y)
Thwp Local pushforward of piy, to My,
IThu Thurston measure on ML, ,,
Pt Restriction of prn, to MLg ., (7)
L. | Local pushforward of pty to ML, (v)/Stab(y)
,u!;’L Horoball segment measure on 7, 5,
ﬁé’L Local pushforward of ,u%c’L to Tg,n/Stab(v)
//E;L Pushforward of ﬁﬁL to My
vl k Horoball segment measure on P'7,,
2z Local pushforward of vk to P'T; ., /Stab(7)
I/,J;g Pushforward of '171:5 to P M,

TABLE 2. Measures introduced in §1 and §2.

Table of measures. As a guide to the reader, Table [2] contains brief descriptions
of the measures introduced in §1 and §2 that will appear in the rest of this paper.

3. COUNTING SIMPLE CLOSED HYPERBOLIC MULTI-GEODESICS

Outline of this section. In this section we prove Theorem As explained
in §1, Theorem is equivalent to Theorem [1.14] We also prove a stronger ver-
sion of Theorem introduced below as Theorem This version allows one
to consider countings that also keep track of the equivalence class of simple closed
multi-geodesics in the space of projective measured geodesic laminations; see The-

orems 3.7 and 3.8

Setting. For the rest of this section, let v := (7y1,...,7) with 1 <k <39g—3+n
be an ordered simple closed multi-curve on S, X € 7T, , be a marked, oriented,
complete, finite area hyperbolic structure on Sy ,, and f: (Rzo)k — R>g be a
non-negative, continuous, compactly supported function. We refer the reader back
to §1, in particular to the definition of the counting functions ¢(X,~, f, L) in ,
for the notation that will be used in the following discussion.

Outline of the proof of Theorem As explained in §1, to prove Theorem
[[.14} we proceed in two steps. First, considering X as an element of Mg, we
average the counting functions ¢(X,, f, L) over points Y € M, , near X. Second,

we unfold these averages over a suitable intermediate cover, reducing the proof of
Theorem to an application of Theorem

Averaging counting functions. With the purpose of describing how the count-
ings ¢(Y,~, f, L) vary as we move Y in a small neighborhood of X € M, ,, we
introduce functions f™* and f™" that closely bound f above and below. Given
x = (2;)%_, € (R>0)¥ and € > 0, let N.(x) C (R>0)* be the subset

N (x) :={y = (yi)f:l e (Rzo)k | e ax; <y <ewy, Vi=1,...,k}.
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For every € > 0 consider the functions fma* fmin: (Rsq)* — Rsq which to every
x € (Rxo)¥ assign the value

(3.1) [ (x) = S f(y), f&(x):= y énNifEx> f(y).

As f: (Rx0)* — R is continuous and compactly supported,

lim f2(x) = f(x),  lim f7(x) = f()

e—0

uniformly over all x € (Rzo)k. Recall that drp, denotes the symmetric Thurston
metric on Ty .

Proposition 3.1. LetY € Ty, and € > 0 be such that drp(X,Y) <e. Then, for
every L > 0,

c(Y,y, fE, L) < e(X,, f, L) < oYy, £, L).
Proof. Fix e > 0. As highlighted in , itY e 7, , satisfies dr, (X,Y) < ¢, then
e UNX) <UO(Y) <elr(X), VAe MLy ,.
In particular, directly from , one deduces that, for every L > 0,

(Yo, ff°, L) < e(X, v, f, L) < oY, y, f2, L). 0

Recall that Ux(e) C 7T, denotes the closed ball of radius e > 0 centered at
X € Tg4n with respect to drn,. Denote by m: Ty, — Mg, be the quotient map.
Recall that iy, denotes the Weil-Petersson measure on M, ,,. For every € > 0 let
Ne: Mg — R>o be a bump function of total fi-mass 1 with support in 7(Ux (€)).
Directly from Proposition we deduce the following corollary, which concludes
the averaging step of the proof of Theorem

Corollary 3.2. For every e > 0 and every L > 0,

(3.2) / DY) - eY, 7, f7 L) dfi (V) < e(X, 7, 1. L),
Mg,n
(3.3) (X7, f,L) < / DY) - (Y7, £, L) i (Y):
Mg,n

Unfolding counting averages. Consider the intermediate cover
Tgm — Tgn/Stab(y) = Mg .

Unfolding the integrals in and (3.3) over 7,,/Stab(y) and pushing them
back down to M, , in a suitable way will reduce the proof of Theorem to an
applicaton of Theorem The following proposition describes this principle; see
§2 for the definition of the horoball segment measures 2.

Proposition 3.3. Let h: (R>0)* — Rxo be a non-negative, continuous, compactly
supported function. Then, for every e > 0 and every L > 0,

(3.4) /M

Ne(Y) - e(Y, 7, hy L) dfiy (V) = /M ne(Y) dl " (V).

g,n
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Proof. Let e > 0 and L > 0 be arbitrary. For every Y € M, ,, one can rewrite the
counting function ¢(Y,~, h, L) as follows:

oY, hL)= Y h(

a€Modgy n-y

>

[¢]eModyg,  /Stab(v)

(
D CRACEEe)
(

==
~
!
-
=
N———

>

[#]€Modgy n /Stab(v)

>

[#]€Stab(v)\Modg,»

Let us record this as

(3.5) o(X,7,h, L) = ACRACI)E
[¢]eStab(y)\Modg »

Let py: Tgn/Stab(y) = M, ,, be the quotient map and 77 : Ty, /Stab(y) = Rx>o
be the lift of . given by 77} := ncop,. Recall that uJ,, denotes the local pushforward
of the Weil-Petersson measure iy, on 7, to the quotient 7, ,/Stab(y). Unfolding
the integral on the left hand side of using it follows that

[ v dinm) - | T (5 E,0) digy (1),
Mg.n Tg.n/Stab(v)

By definition, see l} the measure MQ’L on Ty, is given by
dpleF (V) i= (4 (V) dpp(Y).
Taking local pushforwards to 7y ,/Stab(y) we deduce

A= (V) = h (- E,(Y)) diigy(¥).
It follows that
/ Ty b (1 L) i, ) = [ (V) (V).
Tg,n/Stab(y) Tg,n/Stab(y)

As ﬁ,’; is the pushforward of uh L to My,

/ T Y = [ ) dty),
Tg,n/Sth(’Y) Mg

Putting everything together we conclude

/.

W) (¥ b L) iy (V) = [ (V) a1, O

g,m
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Application of Theorem We are now ready to prove Theorem Theo-
rem and Proposition will play a fundamental role in the proof.

Proof of Theorem[I.1}} By Proposition 2.9 given any non-negative, continuous,
compactly supported function h: (Rzo)k — R>o,

. mhL
(36) ) = i gt = [ ) W (0) -
Proving Theorem is then equivalent to showing that
B(X) _ . . .cX,7, [, L)
(3.7) r )5 = < lminf Srei
: (X7, £, L) B(X)
(38) llznﬁsolip W < T(’}/7 f) . bg7n .

We first verify (3.7). Let € > 0 and L > 0 be arbitrary. Consider h := f™*, By
Proposition and (3.2)),

/M ne(Y)dil (V) < e(X. . f.L).

g,n

Dividing this inequality by mz’L > (0 we get

d’\h,L Y X L
/ vy P ) _ X,y £, L)
M

h,L n,L
g.n My MMy

Taking lim inf7,_, o, on both sides of this inequalty and using Theorem [2.:4] we deduce
B(Y) - diig, (Y X L
/ T]e(Y) ( ) d:LLWp( ) S hm lnf C( ?77 f7 ) .
Mg.n

bg,n L—oo mg’l’
As .
L
r(y, [ = r(y,h) = lim —
73 € - ’Y? - Loo L6g—6+2n’

it follows that

mi B() )dﬂWP() ) P c(‘(?’yvaL)
. my i A Al - S SR AK Ry
(3.9) r(y, fiM) /M 7:(Y) Do < hLm inf [69—672n

g,n

Recall that f™* — f uniformly on (R>0)* as e — 0. In particular,

lim ’I“(’}/, femin) = lim femin(x) : Wg,n(’}/)X) -dx
e—0 RF

e—0
= | f(x)Wn(v,x) - dx
Rk
=7(f,7).

Using the properties of the functions n.: Mgy, — R>o one can check that

b [ () B di(Y) _ BOX)

e—0 Mg bg,n bg,n
Taking € — 0 in (3.9) we deduce
BX) _ . . coX L)
r(n )5 = < liminf Zre i
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This finishes the proof of (3.7)).

Analogous arguments using f™** instead of ™" and (3.3) instead of (3.2 yield
a proof of (3.8). This finishes the proof of Theorem m O

Remark 3.4. Let ||-||¢c1 denote the C! norm for real valued, smooth, compactly sup-
ported functions on M, ,. Carefully following the steps of the proof of Theorem
one can check that the same methods would yield an effective version of the
theorem with a power saving error term under the following polynomial equidistri-
bution condition: There exist constants C > 0, k > 0, and ¢y > 0 such that for
every smooth, compactly supported function n: My, =+ R>¢ and every L > 0,

it (Y) B(Y) - dfigy (Y .
\/ o) P = [ g PO < e g,
Myon my’ M bg.n

g,n

where h ranges over all the functions f™in, fmaX with ( < € < €.
As explained in §1, this finishes the proof of Theorem [T.14}

Length and projective class spectra of ordered simple closed multi-curves.
To state the stronger version of Theorem alluded to at the beginning of this
section, we first introduced some notation. Denote by PML, , = ML, /R0
the space of projective measured geodesic laminations on S, ,,. The projective class
of a measured geodesic laminations A € ML, ,, will be denoted by A € PML, .

Let v := (v1,...,7) with 1 <k < 3g—3+n be an ordered simple closed multi-
curve on Sy, X € Ty, and a := (ay,...,a;) € (Q=0)* be a vector of positive
rational weights. One can record, with multiplicity, the hyperbolic length vector
with respect to X and the projective class in PML, ,, with respect to the weights
a of every ordered closed multi-curve in the mapping class group orbit of v by
considering the counting measure on (R>)* x PML,, given by

Uny X,a '= Z 6ZQ(X) R Oza-
a€Mody n-y
This measure depends on the marking of X € 7, ,. We refer to this measure as the
length and projective class spectrum of ~ with respect to X and a.
To study the asymptotic behavior of v, x . we consider the family of rescaled
counting measures {I/,$7X’a}L>0 on (Rxo)F x PML,,, given by

L o R
Vy X,a = E , 5%{&(}() ® daa
a€Mody -y

Asymptotics of length and projective class spectra of ordered simple
closed multi-curves. Given X € T, ,, denote by u=,  the measure on PML, ,
which to every Borel measurable subset V' C PML, ,, assigns the value

,U”)r(hu(v) = prnu({A € MLy | (X) <1, AeVy).

Under the natural identification of PML, ,, with the fiber Py 7Ty, of the bundle
P'T, ., above X, this definition is equivalent to the one in . A refinement of
the ideas in the proof of Theorem yields the following stronger result, which
describes the behavior near infinity of the length and projective class spectra of
ordered simple closed multi-curves with respect to complete, finite area hyperbolic
structures and positive rational weights.
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Theorem 3.5. Let v := (71,...,7) be an ordered simple closed multi-curve on
Sgn with 1 < k < 3g—3+n components, X € Ty, and a := (ay,...,ax) € (Qso)*
be a vector of positive rational weights. Then,
L
v, 1
lim — X2 — L,

X
A 76 e = g, Wan(7,%) - dx ® pp,

in the weak- topology for measures on (Rxo)* x PML, .

Remark 3.6. Theorem[I.6)can be deduced from Theorem [3.5]by taking pushforwards
under the map (Rx0)* x PML, ., — (R>0)* which projects to the first coordinate.

Let X € Tgm, v:=(71,...,7) with 1 <k < 39 — 3+ n be an ordered simple
closed multi-curve on Sy, b := (by,...,by) € (R>0)*, a:= (a1,...,ax) € (Qs0)",
and V C PML, , be a continuity subset of the Thurston measure class, i.e., V' is
a Borel measurable subset satisfying

NThu({A c M,Cg,n | e 8V}) =0.
For every L > 0 consider the counting function
C(X) 77 b7 L’ a7 V)

::#{ a:=(a;)k €Mody -y | la,(X)<bL, Vi=1,... k, }

a-acV.

Compared to ¢(X,~,b, L), the counting function ¢(X,v,b,L,a,V) imposes the
additional restriction that the weighted simple closed multi-curves a- o € ML, ,
must belong to the cone in ML, ,, corresponding to V' C PML, ,,. This function
depends on marking of X € 7T, ,. The following strengthening of Theorem |'1;§| is a
direct consequence of Theorem and Portmanteau’s theorem.

Theorem 3.7. Let X € Ty pn, v := (71,-..,7) be an ordered simple closed multi-
curve on Sy, with 1 <k < 3g—3+n components, b := (by,...,b;y) € (Rxo)*, a:=
(a1,...,ar) € (Q=0)*, and V.C PML,,, be a continuity subset of the Thurston
measure class. Then,

o(X,v,b,L,a, V)  pi. (V)

li = . Wyn(y,x) - dx.
Ppareet [69—6+2n byon /fl[o,bi] g (7, %) - dx

Proof of Theorem ‘We now explain how to adapt the arguments in the proofs
of Theorems [1.6] and [T.14] to obtain a proof of Theorem [3.5]

Let X € Tgn, v := (71,...,7%) be an ordered simple closed multi-curve on
Syn with 1 < k < 3g — 3 + n components, and a := (ay,...,ar) € (Qso)*. Let
f: (R>0)* = Rspand g: PML,,, — R>o be non-negative, continuous, compactly
supported functions. For every L > 0 consider the counting function

(3'10) C(X7’7afaL7aa g) = /Rk AL f(X) g (X) dV,iX7a (X,X)
= > r(})g@a).
aEMody n-y

This function depends on the marking of X € 7,,. Notice that, for any b :=
(b1,...,bg) € (Rs0)k and any V C PML, ,,, if

k
fx) = H Lop (i), g(X) =Ly (M),
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then ¢(X,~, f,L,a,9) = ¢(X,v,b,L,a, V). By the definition of weak convergence
of measures and the Stone-Weierstrass theorem, Theorem is equivalent to the
following analogue of Theorem [1.14

Theorem 3.8. Let X € Tgpn, v := (71,...,7) be an ordered simple closed multi-
curve on Sy, with 1 <k < 3g—3+n components, and a := (ay,...,ax) € (Qso)".
Let f: (R>0)® = Rso and g: PML,,, — Rx>q be non-negative, continuous, com-
pactly supported functions. Then,

im K filag 1 )W X.dx./ N duX, ().
I oyeo [69—6+2n byn  Jr f(x) gﬂ(% ) PML‘g,ng( ) :uThu( )
We now explain how to adapt the arguments in the proof Theorem to prove
Theorem . For the rest of this discussion we fix X € Ty, v := (7,...,7) an
ordered simple closed multi-curve on Sy, with 1 < k < 3g — 3 + n components,
a = (ay,...,ar) € (Qs0)*, and a pair of non-negative, continuous, compactly
supported functions f: (R>)¥ — R>o and g: PML,,, — R>¢. Identify

Pl’E],n = 7~g,n X PMﬁg,n,
P'Mg ., = (Tgn x PML, ) /Mod, ..

It will be important to make a clear distinction between points Y € 7T, ,, and their
images [Y] := n(Y) € Mg, under the quotient map m: Ty, — M, ,, as well
as between points (Y,\) € P'T,, and their images [Y,\] € P'M,, under the
quotient map II: P17, ,, — P'M,.,.

To deal with the fact that the counting functions defined in depend on
the marking of Y € 7, ,,, we introduce a local averaging procedure that yields well
defined counting functions on My, ,. This procedure also deals with the orbifold
issues that arise from working on M, ,. Using the proper discontinuity of the
action of Modg , on 7y, one can find a neighborhood Wx C 7, ,, of X such that

(1) Wx is Stab(X)-invariant,

(2) ¢-Wx NWx =0 for every ¢ € Mod,,, \ Stab(X).
For every every [Y] € m(Wx), every non-negative, continuous, compactly supported
function h: (R>0)* — Rxo, and every L > 0, consider the counting function

1
(Y h,L = -Y,v,h, L .
c ([ ]’77 ) 7a’g) ‘Stab(X)| Z C(QS ’,-Y’ ) 7a’g)
¢EStab(X)
Notice that
4 ([X],7,h, L,a,g9) = c(X,7,h,L,a,9).
For the rest of this discussion let ¢y := ¢y(X) > 0 be small enough so that

Ux(€) € Wx for every 0 < € < ¢. Recall the definition of the functions fmin, fmax
in (3.1). Equation (2.5)) ensures the following analogue of Proposition holds.

Proposition 3.9. LetY € 7, , and 0 < € < €y be such that dpp,(X,Y) < e. Then,
for every L > 0,

Cl ([Y]a,% feminaL7a7g) S C(X,’Y,f,L,&,g) S cl ([YL’Y)fgmaXaLvaag)'

As in the proof of Theorem for every € > 0 consider a bump function
Ne: Mg — R>o of total fi-mass 1 with support in 7(Ux (¢)). Directly from Propo-
sition we deduce the following analogue of Corollary
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Corollary 3.10. For every 0 < € < €y and every L > 0,

(3.11) /M 0 (V) - ¢ (IV], 7 S™%, Ly, g) iy (IV]) < ¢ (X,7 f, Loag).

g,n

(312)  o(X.y.f Lag) < /M 0 (V]) - e (Y], S5, L., 9) dfiuy ([Y]).

g,n

Let p: P'7,, = Tyn X PML,,, — PML,,, be the map that projects to the
second coordinate. Consider the function ¢’: P*Mg, — Rs¢ which to every
[Y,A] € P! Mg, assigns the value

(WT)=MWHWE§%W > (o p (Wihrme,, (X))

$EStab(X)

where H\;V;XPMEQW([Y, ) € Wx x PML,, denotes any of the finitely many

preimages of [V, A] under the restriction II|w « patz, .. This function averages the
value of g over the second coodinate of every Stab(X)-orbit in Wx. The following
analogue of Proposition [3.3] can be proved using a similar unfolding argument; see
§2 for the definition of the horoball segment measures z/h L,

Proposition 3.11. Let h: (RZO)’c — R>o be a non-negative, continuous, com-
pactly supported function. Then, for every 0 < € < e¢g and every L > 0,

[ D¢ (V]rh Lag) dii (V)
[ n@D-g () el ().
PIMgy n

Theorem [3.§] can now be proved by mimicking the proof of Theorem above:
the inequalities (3.11)) and are used in place of the inequalities (3.2) and
, Propositio is used in place of Proposition and Theorem used
in place of Theorem

Remark 3.12. A polynomial equidistribution condition analogous to the one intro-
duced in Remark but for horoball segment measures on PlMg’n would yield
an effective version of Theorem with a power saving error term.

4. ASYMPTOTICS OF WEIL-PETERSSON VOLUMES

Outline of this section. The leading terms in the asymptotic formulas of Theo-
rems and include a factor Wy (7, x) - dx which can be described in terms
of limits of Weil-Petersson volumes of expanding subsets of quotients of 7, ,,. The
purpose of this section is to prove Theorem [I.16] which gives a purely topological
description of this factor. In the course of the proof we develop a framework for
computing general limits of this kind in terms of purely topological information.

Setting. For the rest of this section, let vy := (71, ...,7%) be a fixed ordered simple
closed multi-curve on Sy, with 1 <k < 3¢g — 3 + n components.
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Outline of the proof of Theorem The main tool used in the proof of
Theorem is the correspondence of the Weil-Petersson measure on 7, ,, and the
Thurston measure on ML, ,, through Thurston’s shear coordinates [Thu86, PP93]
SBOT]. We begin with an elementary reduction of the proof of Theorem to a
more concrete statement, which we introduce below as Theorem We then focus
on proving this statement for the rest of this section. After introducing Thurston’s
shear coordinates and the correspondence of measures alluded to above, we turn to
an analysis of how an appropriate renormalization of the Weil-Petersson measure
converges to the Thurston measure as one lets the curvature of the hyperbolic
metrics diverge to —oo; see Proposition [£.4] for a precise statement. We then prove
Theorem [£.1] by passing to a suitable quotient and using an intuitive but rather
technical no escape of mass argument; see Proposition [I.7] The last part of this
section is devoted to the technical aspects of the proof of Proposition [4.7

A first reduction of the proof of Theorem We refer the reader back
to the statement of Theorem [[.I6] for the notation that will be used in the follow-
ing discussion. By Carathéodory’s extension theorem, to prove Theorem [1.16] it
is enough to show that the measures Wy ,(7v,x) - dx and (E)*(ﬁ%hu) on (Rxo)*
coincide on the generating semi-ring of boxes

k
Bap = H[ai, b;)
i=1
with a := (a;)*_;,b = (b))%, € (R>0)* arbitrary. By the inclusion-exclusion

principle and Lemma to prove this, it is enough to show that the measures

Wyn(7,%) - dx and (1)« (fity,) coincide on the set of closed boxes

k
By = [ ][0, b:]
i=1
with b := (b;)%_; € (Rx0)* arbitrary. By Proposition

fo,L
m'Y

/Bb Wyn(v,x) - dx = thgo 769—6+2n"

where fp: (R>0)® — R is the function which to every x := (z;)¥_; € (R>0)"
assigns the value

k
Fo(x) =[] L0 (z:)-
i=1
By definition,
m»fyb’L = ﬁféb’L(Mg,n)'
As fifeL is the pushforward to My, of the measure fif>* on Ty, /Stab(7),
//E;b’L(Mg,n) = ljf,hL(Tg,n/Stab('V))-

Denote by i3, the local pushforward of the Weil-Petersson measure iy, on 7y,
to Ty.n/Stab(7y). Notice that

A (X) = fo (£ 0(X)) djig,(X).
In particular,
mi>t =07 ({X € Tyn/Stab(y) | £,(X) < bL, Vi=1,....k}).
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It follows that, to prove Theorem [I.16] it is enough to prove the following result.
Theorem 4.1. For any b := (by,...,b;) € (Rso)F,

i, (X € Tgn/Stab(y) | £4,(X) < biL, Vi=1,...,k})
lim
L—o00 [69—6+2n
= [, ({X € MLy n(7)/Stab(y) | (A, i) < b, Yi=1,....k}).

The rest of this section is devoted to the proof of Theorem Some of the
arguments in our proof are closely related to ideas in the proofs of [Mir(4, Theorem
5.17] and [RS19, Theorem 3.3].

The Yamabe space. Denote by ), , the Yamabe space of all complete, finite
area, constant negative curvature metrics on Sy, up to isotopy. One can identify

Yon = (Rx0) X Ty,

where (¢, X) € (Rs0) X Ty,» corresponds to the scaling t- X € ), ,, of the hyperbolic
metric X € 7, , which scales lengths by ¢ > 0. Denote by ), ,, the enlarged Yamabe
space obtained by adjoining a copy of ML, to Yy n,

yg,n = yg,n U M‘Cg,n-

Consider the pairing i: Vg, X MLy, — R>o which to every (o, p) € Vgn X
ML, ,, assigns the value

‘ (X)) i a= (6 X) € Vg,
i) "{ i) i a=Ae MLy,

This pairing is homogenous with respect to the natural R~ actions on each co-
ordinate. On ), , consider the weakest topology making this pairing continuous.
With this topology Tyn = {1} X Tyn C Vyn and MLy, C V., are embedded.
By work of Thurston, see for instance [FLP12, Theorem 8.7], ), », is projectively
compact, that is, PY, , := Vy.n/Rs¢ is compact. The natural action of Mod, ,, on
Yy,n is continuous.

Thurston’s shear coordinates. Let i be a maximal geodesic lamination on Sy ,,.
In the following discussion it is not required that p supports an invariant trans-
verse measure. For instance, p could be an ideal geodesic triangulation (if n > 0)
or a maximal completion of a geodesic pair of pants decomposition. Denote by
Stab(u) € Modg,, the subgroup of mapping classes of S, ,, that stabilize . In
[Thu86], Thurston introduced a Stab(u)-equivariant global parametrization of 7T, ,,

Fu: Tgn = MLy n,

called the shear coordinates of Ty, with respect to u. The map F), is a homeo-
morphism onto its image; below we describe its image in certain cases of interest.
Roughly speaking, this map sends X € 7, to the transverse horocyclic foliation
F,(X) of pon X. The F),(X)-measure of a subarc of y is given by its hyperbolic
length on X. In particular, given any X € 7, ., and any A € ML ,,,

(4.1) i(Fu(X),0) < r(X).
Moreover, if one of the leaves of u is a simple closed curve -, then

(4.2) i(Fu(X),7) = £4(X).
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As explained in [PP93, §4], if n > 0 and p is an ideal geodesic triangulation, F},
surjects onto ML, ,,. By work of Mirzakahani [Mir08a, Theorem 1.3],if n = 0 and
is a maximal measured geodesic lamination, Im(F,,) = ML, (1), where ML, (1)
is as in . As explained in [Mir08al §7], if u is a maximal completion of a
geodesic pair of pants decomposition P, Im(F),) = ML, ,(P). Given an arbitrary
maximal geodesic lamination p on Sy ., denote MLy (1) := Im(F,) € MLy ;
this notation is consistent with .

By work of Papadopoulos and Penner [PP93|, Corollary 4.2] and of Bonahon and
Sozen [SBOI, Theorem 1], if n > 0 and p is an ideal geodesic triangulation, or if
n =0 and p is a maximal measured geodesic lamination, the shear coordinates

Fut Tym = MLy (1)

pull back the the restriction of Thurston symplectic form on ML, (1) to the
Weil-Petersson symplectic form on 7,,. As a direct consequence of these results
we deduce the following.

Theorem 4.2. Suppose that n > 0 and u is an ideal geodesic triangulation of Sy n,
or that n =0 and p is a mazimal measured geodesic lamination on Sy . Then, the
shear coordinates

Fu: Ton = MLy n (1)

pull back the restriction of the Thurston measure (tpp, on MLy, (1) to the Weil-
Petersson measure flyp on Ty p.

By work of Papadopoulos [Pap88|, [Pap91], the behavior of Thurston’s shear co-
ordinates along sequence in 7, approaching the Thurston boundary PML,,, is
well understood. More precisely, the following holds.

Proposition 4.3. [Pap88| Proposition 3.1] [Pap91], Lemma 4.9] Suppose that n > 0
and p is an ideal geodesic triangulation of Sy, or that n =0 and p is a mazimal
measured geodesic lamination on Sy .. Let (Xi)ren be a sequence of points in Ty p
converging to a projective measured geodesic lamination on the Thurston boundary
PML,,,. Then, for every simple closed curve a on Sy, there exists a constant
Cq > 0 such that for every k € N,

{(Flu(Xk), @) < La(Xy) < i(Fu(Xk), @) + Ca.

Shear coordinates of the enlarged Yamabe space. Suppose that n > 0 and p
is an ideal geodesic triangulation of Sy ,,, or that n = 0 and p is a maximal measured
geodesic lamination on Sy . Denote by F,: Ty, = ML, (1) the corresponding
shear coordinates. Consider the map ®,,: Vg, — (0,00) x ML, (1) given by

Dy (t, X) = (£t Flu(X))

for every t > 0 and every X € 7y ,. Using Proposition one can check that this
map extends to a homeomorphism

Du: Vg = ((0,00) x MLy () U ({0} x MLyp),

where the topology on the target is the one coming from its natural embedding into
[0,00) x ML, . This map satisfies the following property:

(4.3) B,(\) = (0,\), YA € ML,

We refer to this map as the shear coordinates of Y, , with respect to p.
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Asymptotics of the Weil-Petersson measure. Given t > 0, denote by uﬁvp the

pushforward to {t} x Ty n C Yy n of the Weil-Petersson measure fiyp, on 7, with
respect to the map
Tgn = {t} X Tgm, X — (1, X).

We will also denote by pivp the extension by zero of this measure to ), , and by

HTha the extension by zero of the Thurston measure on ML, , C m to Vgn-
The following proposition describes the asymptotic behavior of the measures uf,vp
on Y, , as t — 0. Roughly speaking, this proposition shows that an appropriate
renormalization of the Weil-Petersson measure converges to the Thurston measure
as one lets the curvature of the hyperbolic metrics diverge to —oo.

Proposition 4.4. In the weak-% topology for measures on Vg n,

lim t6g—6+2n

t
150 :uwp H Thu-

Proof. If n > 0 let 11 is an ideal geodesic triangulation of Sy ,,, and if n = 0 let p is
a maximal measured geodesic lamination on Sy . Denote by

Dy Vg = ((0,00) x MLy () U ({0} x MLy p)

be the shear coordinates of m with respect to pu. For every ¢ > 0 consider the
measure pf,, on
((0,00) x MLy (1)) U ({0} x MLy.p)
given by
Hng = 0t @ Wrhal me, ()
Notice that
}gf(l) Wy = :ugl“hu

in the weak-x topology. Using Theorem and the scaling property of the
Thurston measure, one can check that, for every ¢t > 0,

(B), pip = ¢ 70 iy,

As the subset MLy (1) € MLy, has full measure,

u-

[Ty = 60 ® M-
This together with (4.3 imply

((I)lt) « HThu = N’%hu'
Putting everything together we conclude

lim tGg—6+2n

b= (]
o) Hwp = HThu-

Properly discontinuous stabilizer actions. Consider the subset

Vo (1) = Vg U MLy (7) € Vg,

If n = 0, the following result is a direct consequence of [EMIS8| Proposition 4.1];
the same arguments can be adapted to obtain a proof in the case n > 0.

Proposition 4.5. The group Stab(vy) acts properly discontinuously on Vg (7).

Proposition implies in particular that Stab(y) acts properly discontinuously
on ML, (7). It follows that, as was mentioned in §1, fit, ., the local pushforward
of the measure pgy, = UThalme, . (v) 00 MLy () to the quotient MLy . (7)/
Stab(vy), is well defined.
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Towards a proof of Theorem By Proposition [4.5] the subgroup Stab(v) C
Modg, ,, acts properly discontinuously on

ﬂ(v) =Yg U Mﬁg,n('}’)-

Denote by iJ; and fif,, the local pushforwards of the measures pl,, and pf,, =

Bhu|me, . (v) 00 Vgn(7) to the quotient Y, (7)/Stab(y). Directly from Proposi-
tion [4.4) we deduce the following corollary.

Corollary 4.6. In the weak-* topology for measures on Y, ,(v)/Stab(7),
P_% 169—6+2n L=
Consider the subsets
Vg = 01 Ton € Vg
Vin = YgnUMLgu C Vg,
Vin(1) = Vgn UMLyu(7) € Vg (7)-
Notice that Stab(y) preserves E(’y) C Yy.n(7). Consider the embedded quotient

VL. (7)/Stab(y) € Vygou(7)/Stab(y).
Given b := (bh RN bk) € (].:{>0)k7 let éb(’y) - ﬂ(v)/Stab('y) denote the subset
By(y) i={a € ¥} ,(v)/Stab(y) | i(a, i) < bsy Vi =1,...,k}.

One would like to use Corollary [£.6] together with Portmanteau’s theorem to deduce

(4.4) lim #9902 5t (B (1)) = B (Bo(7))

t—0

Notice that, for every 0 <t < 1,
A (Eb(’y)) = iy ({X € Ton/Stab(y) | Lo, (X) < bi/t, Vi=1,....k}),
and that
i (Bo(1) = i, () € MLy, /Stab() [ i(0,5) < bi, Vi=1,...,k}).

Letting ¢t = 1/L with 0 < L < 1 and taking L \, 0 would prove Theorem But
the hypothesis of Portmanteau’s theorem are not verified by the subset b('y) -
Vg.n(7)/Stab(7) as it does not have compact closure. Such non-compactness comes
from the fact that MLy ,(v) € ML, , is open. To overcome this difficulty we will
prove the following no escape of mass result.

Proposition 4.7. Let b := (by,...,by) € (Rsq)*. For every e > 0 there erists a
compact subset Kf(v) C Bp(y) with the following properties:

(V) B (0K5() =0,
(2) W (BoON\E5 () < e,
(3) too—0+2n . ot (Eb('y)\f{g(’y)) < e for all small enough t > 0.

Let us prove Theorem assuming Proposition holds.
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Proof of Theorem[/.1]. Following the discussion above, it remains to verify .
Fix b := (by,...,br) € (Rso)* and let € > 0 be arbitrary. Consider the compact
subset I?f)(’y) C Bp(y) given by Proposition As I?g('y) C YVyn(7)/Stab(y)
is compact and satisfies ﬁ%hu(af(g (7)) = 0, Corollary [4.6| together with Portman-
teau’s theorem imply

lim #9752 it (K6 (0)) = b (Kb ()

t—0
Let ty > 0 be small enough so that

oo (Re()) = s (Ro(0)) | <

and

(o0 2 it (By(y)\Ki (7)) < e
for every 0 <t < to. As [ity, (B, (’y)\f(f)('y)) < €, the triangle inequality implies
097520 it (Bo()) = i (Bo(1) ‘ < 3e
for every 0 < t < to. As € > 0 is arbitrary, this proves and thus concludes the
proof of Theorem O

The rest of this section is devoted to the proof of Proposition To define the
compact subsets K () € Bp(y) we approximate the open condition A € ML, ()
by a sequence of closed conditions.

Filling together with a simple closed multi-curve. Consider the subset
Zon(Y) i ={AeMLy, | i(Ay) =0, Vi=1,...,k}

This subset is homogeneous and closed. In particular, it is projectively compact.

Let Z84.,(v) € ML, ,, be the subset of all simple closed curves on Sy ,, that belong

to Z4 n(7). This subset is discrete and closed. Notice that every component of

belongs to Z8, ,(y). Consider the map sy: Yy, — Rx>o which to every o € Vg,
assigns the value

sy(e) ;== inf  i(a, B).

BEZSg,n(7)
We refer to s (o) as the systole of o relative to y. As complete, finite area hyperbolic
surfaces always have a simple closed geodesic of shortest length, s,(«) > 0 for
every a € Vg, and the infimum defining this quantity is attained. The following
proposition characterizes the subset MLy () € ML, in terms of this function.

Proposition 4.8. Given A € ML, ,,
AeEMLy (7)) & s4(N)>0.
Moreover, if A € MLy, (7), the infimum defining s,(X\) is attained.

Proof. Let us first assume that A ¢ ML, (7). By definition, one can find n €
ML, such that i(y,n) = i(A,n) = 0. If one of the components of 7 is a minimal
component of 7 then s, (\) = 0. Assume then that 7 has a minimal component 7’
which is not one of the components of v. Given € > 0, as 1’ is minimal and not
one of the components of v, one can follow any half-leaf of 1’ for long enough so
that it comes back near to its starting point in such a way that it can be closed up
by adding an arc disjoint from the components of 4 and whose tranverse measure
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with respect to A is < e. This produces a simple closed curve 3 € §7,, such that
i(A, B) <e. As e > 0 is arbitrary, this shows that s, (\) = 0.
We now assume that A € ML, (). Consider the restriction

i(A, ‘)|Zg,n(7): Z4n(7) = Rxo.

This function takes only positive values because of the definitions of ML, (7)
and Z,,,(7v). From this fact and the projective compactness of Z, ,,(7y) it follows
that this function is proper. As ZS8,,(y) C Z4n(7) is a discrete closed subset,
we deduce that s,(\) > 0 and moreover that the infimum defining this quantity is
attained. This finishes the proof. O

One can check that the systole relative to v is continuous as a function on Y .
We record this and other properties in the following proposition.

Proposition 4.9. The systole relative to v,
Syt yg’n — Rzo,
is homogeneous, Stab(y)-equivariant, and continuous.

Proof. The homogenity and Stab(y)-equivariance of s, can be checked directly from
the definition. We now show that s, is continuous. Consider first o € yg,n such
that s,(a) = 0. Let € > 0 be arbitrary. As s,(«) =0, one can find § € ZS5,,(7)
such that i(c, f) < e. Consider the open neighborhood U C Y, ,, of « given by

U:={0€Vyn|ilo,B)<e}

Notice that s, (0) < € for every o € U. As € > 0 is arbitrary, this shows that s, is
continuous at every a € Yy, such that s, (a) = 0.

Now consider a € Vg ,, such that s,(a) > 0. Let 1 < e < 2 be arbitrary. Let
U’ C Yy be a compact neighborhood of a. As Z, ,,(7y) is projectively compact,
one can find a constant C' > 0 such that

1_i(gN)

C ~ i(a,N)
for every A € Z, ,,(v) and every 5 € U’. In particular, if A € Z, ,,(y) is such that
i(a, A) > 2Csy (), then i(8, ) > 2s4(a) for every 8 € U’. Consider the subset

K= A€ Z,0(7) | i(a,A) < 2Cs, ().

<C

As the restriction

i(a, ')|Zg,n(v): Zgn(7) = Rxo
is proper (see the proof of Proposition , the set K is compact. As ZS,.,(v) C
Z4.n(7) is a discrete closed subset, ZS,,,(y) N K is finite. Consider the neighbor-

g,m

hood U C Y, ., of o given by
U .= {UE U'| %-i(ogﬁ) <i(o,8) < e-i(a, B), VB ES;”nﬁK}.
Notice that
¢ 51(a) < 5,(0) S € 55(a)
for every 0 € U. As 1 < € < 2 is arbitrary, this shows that s, is continuous at
every a € Y, , such that s,(a) > 0. This finishes the proof. O
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It follows from Propositions [£.§ and [£.9] that the restriction
37|y97n(~y): Ygn(7) = Ro
induces a homogeneous, positive, continuous map on the quotient Y, ,,(7)/Stab(y).

No escape of mass. We are now ready to introduce a family of compact subsets
satisfying the properties described in Proposition For every b := (by,...,bi) €
(R>0)* and every & > 0 consider the subset KJ(v) C By(7) given by

]Efs)(’Y) - { a € Vi, (v)/Stab(y) ;:cza';l)zgab“ Vi=1,...,k, } .

One should interpret l%f)(*y) as the intersection of By (7) with the d-thick part of
Vi (7)/Stab(y). Proposition is a direct consequence of the following result.

Proposition 4.10. Let b := (by,...,b) € (Rsq)*. The subsets lzg(’y) - Eb(y)
are compact and satisfy the following conditions:

(1) W (9KE()) =0,

(2) Timyo [, (Bo()\EE () =0,
(3) There exists a constant C > 0 such that for every 0 < 6 < 1,
limsup 1992 it (B (1)\K(7)) < C -6,
t—0

For the rest of this section we fix b := (by,...,b;) € (Rso)* and show that the
subsets K2 (v) C By(7) satisfy the conditions described in Proposition

Bers’s Theorem. The following version of Bers’s theorem can be proved using
arguments similar to those in the proof of [FM12, Theorem 12.8].

Theorem 4.11. Let 1 <k <3g—3+mn and b := (b1,...,bx) € (Rx0)*. There
exists a constant C' > max;—1,. . 1 b; such that for any X € Ty, and any ordered

simple closed multi-curve v := (y1,...,7) on Sy, satisfying
0, (X)) <b;, Yi=1,... k,
there exists a completion P := (y1,...,73g—3+n) 0f ¥ to a pair of pants decomposi-

tion of Sg.n such that
0, (X)<C, Vi=1,...,3g =3 +n.

Bers’s theorem for E(v). Complete 7 to a pair of pants decomposition P of
Sg,n and further complete P to a maximal geodesic lamination u on Sy ,,. Consider
the shear coordinates F),: Ty, — MLy (1) of Ty, with respect to pu. Properties
and allow one to deduce the following analogue of Bers’s theorem directly
from Theorem [L.1T]

Corollary 4.12. Let 1 <k <3g—3+n and b := (by,...,b) € (Rxo)*. There
exists a constant C' > max;=1,.. b; such that for any a € ygl,n(”y) and any ordered

simple closed multi-curve vy := (71,...,vk) on Sy, satisfying
i(aﬁi) < bi, Vi = 1,...,k,
there exists a completion P := (y1,...,73g—3+n) 0f 7 to a pair of pants decomposi-

tion of Sg.n such that
i(a,v) <C, Vi=1,...,3g—3+n.
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Compactness. We now prove that the subsets

K5 (7) € Vgu(7)/Stab(y)

are compact. This result is an analogue of Mumford’s compactness criterion; see
for instance [FM12, Theorem 12.6]. The proof, although rather technical, hinges
on the following basic ideas:

(1) For every a € lzi(v) there exists a pair of pants decomposition of Sy,
containing the components of v that is short with respect to a.

(2) There are finitely many topological types of pair of pants decompositions of
Sg.n containing the components of .

(3) Thus, when expressed in shear coordinates, the closed set IE‘Sb(’y) is con-
tained in the union of finitely many quotients of compact domains in Dehn-
Thurston coordinates times the interval [0, 1].

Proposition 4.13. For every 6 > 0 the set Izg('y) is compact.

Proof. Fix 6 > 0. Notice that the subset KC{,(7) € Vy.n(7) given by

s . aeﬁ(v) i(a,y) <b, Yi=1,...,k,
ol = { T sz }

is mapped onto the subset lzf)(*y) C Yy.n(7v)/Stab(y) by the quotient map

Vgn(7) = Vgn(7)/Stab(y).

To prove I%‘sb(fy) C Y, .n(7)/Stab(y) is compact, it is enough to show that K¢ (y) C
Yy.n(77) can written as a finite union of Stab(~y)-orbits of compact subsets of Y, (7).
Let C' > 0 be asin Corollary Notice that, up to the action of Stab(y), there
are finitely many pair of pants decompositions P of S, ,, containing the components
of v. It follows from Corollary that K¢ (7) € Vyn(7) can be written as the
union of finitely many Stab(v)-orbits of subsets CJ(P) C Y, () of the form

a eV ()| ila,y) <b, Vi=1,...k

Co(P) = i, ) <C, Vi=k+1,...,3g—=3+n, ¢,
sy(a) > 6.
where P := (y1,...,73g—3+n) is a pair of pants decomposition of Sy, containing

the components of v. We now show that each one of the Stab(P)-invariant subsets
CJ(P) C V,.n(7) can be written as the Stab(P)-orbit of a compact subset of V, (7).
As Stab(P) C Stab(7y), this finishes the proof.

Fix a pair of pants decomposition P := (71, ...,73g-3+n) of Sy containing the
components of . By Proposition Cg (P) C E can be rewritten as

aem i(a,y) < b, Yi=1,...,k,
Cg(P): i(,v)<C, Vi=k+1,...,3g —3+n,
sy(a) > 6.

It follows that CJ (P) is a closed (see Proposition[4.9)) subset of the Stab(P)-invariant
subset D (P) C Vy.n given by

Dg(P) = { e y;m

(5§’L(Ol7’}/l)§bz, V’izl,...,k,
§<i(a,v)<C,Vi=k+1,...,3g—3+n.
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If we show that D(P) C V), is the Stab(P)-orbit of a compact subset & (P) C
Yyn, then C3(P) C Y, will be the Stab(P)-orbit of the compact subset CJ(P) N
EX(P), thus finishing the proof.

Complete P to a maximal geodesic lamination p of Sy, and consider the shear
coordinates of m with respect to u,

Bt Vg — ((0,00) x MLy (1) U ({0} x ML)
By ([ and (3)

i(Ppu(),vi) = i, 1)
for every o € ), ,, and every i = 1,...,39 — 3 + n. It follows that

3,(Dh(P)) = [0,1] x Dy(P),
where D} (P) € ML, (1) is the subset given by
<1 i) < b | = e
Dg('P) = { A€ Mﬁg,n(luf) d <i(ay,y) <b;, Vi=1, Jk, }

d<i(layvy)<C,Vi=k+1,...,3g—3+n.
Notice that, as MLy, (1) = MLy, (P) and as P is a pair of pants decomposition
of Syn, DY (P) C MLy, can be rewritten as
<1 i) < by, Vi=1,...
Dg(P) :: { AeMLy, | 6<i(a,v)<b, Vi=1,...,k, }

6 <i(a,7)<C, Vi=k+1,...,3g—3+n.
As @, is Stab(u)-equivariant and as the Dehn twists along the components of P
belong to Stab(u), it is enough for our purposes to show that D (P) C ML, ,, can
be written as the orbit of a compact subset of ML, ,, under the action of the group
generated by the Dehn twists along the components of P.
Let (my,t:)227°%" be a set of Dehn-Thurston coordinates of ML, adapted

to P and denote by © C (R>o x R)3973%" its parameter space. Notice that
D§(P) € MLy, can be described in such coordinates as

. $.)3973+n <m. <b: Vi—=—
Dg(P)—{(m“tl)l—l €O d<m; <b;, Vi=1,...,k, }

0<m; <C,Vi=k+1,...,3g—3+n.
Consider the compact subset Ef(P) C ML, ,, described in coordinates as
(mi,ti)g’£;3+n€@ 5§m1§b7, Viil,...,k7
EY(P) = 0<m; <C,Vi=k+1,...,3g—3+n,
0<t;<my, Vi=1,...,3g—3+n.

Notice that Dj(P) is the orbit of EJ(P) under the action of the group generated
by the Dehn twists along the components of P. This finishes the proof. O

Measure estimates. We now show that the subsets K9 (y) C Vy.n(7)/Stab(y)
satisfy the measure estimates described by conditions (1), (2), and (3) in Propo-
sition Condition (1) is a direct consequence of Lemma [2.1] and Proposition

Notice that, as a consequence of Proposition ﬁf)(y) ' By(7) as 6 \ 0.
Condition (2) then follows from the continuity of the measure i1, ~on Y, () and
the following result, which can be proved using arguments similar to the ones in

the proof of Proposition
Lemma 4.14. The subset By(7) C Vo (7)/Stab(7y) has finite [i,. measure.
It remains to show that condition (3) of Proposition holds.
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Proposition 4.15. There exists C > 0 such that for every 0 < § < 1,

limsup #5902 .t (Eb(v)\@(v)) <C-4.

t—0

Proof. Let 0 < § < 1 be arbitrary. Notice that a € Y, (v)/Stab(v) belongs to
By (7)\K (7) if and only if

i(a,’yi) Sbi, Vizl,...,k,

and at least one of the following conditions holds:

(1) i(a,y;) < 0 for some i =1,...,k,
(2) i(a,B) < 0 for some 8 € S, that is not a component of 1.

In particular, for every ¢ > 0,
e (Bo()\ER()
is equal to the iy, measure of the set of X € 7T, ,/Stab(y) such that
0, (X) <bi/t, Vi=1,...,k,

and at least one of the following conditions holds:

(1) £,,(X) </t for some i =1,...,k,
(2) £5(X) < 6/t for some 3 € S, which is not a component of .

This quantity can be estimated using Mirzakhani’s integration formulas [MirQ7h].
More specifically, following arguments similar to those in the proof of [Ara20bl
Proposition 3.9], one can show that, for sufficiently small ¢ > 0,

i (Bo()\K(1)) < 8- P(1/22),

where P is a polynomial of degree 3g — 3 + n depending only on g, n, v, and b. It
follows that
limsup 19902 it (Bp(1)\Kh(7)) < €6

t—0

for some constant C' > 0 depending only on g, n, v, and b. O

This finishes the proof of Proposition [4.10]and thus of Proposition It follows
that Theorem [£.1] holds, thus concluding the proof of Theorem [I.16]

5. COUNTING SQUARE-TILED SURFACES

Outline of this section. In this section we explain how to combine results and
techniques from [Ara20al with the methods developed in §4 to prove Theorem :1.18
We first give a brief outline of the proofs of the relevant results from [Ara20al and
then explain how Theorem can be combined with these results to obtain a
proof of Theorem We refer the reader to [Ara20a] for a detailed treatment of
the arguments discussed here.
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Setting. For the rest of this section, let o := («1,...,ax) be an ordered simple
closed multi-curve on Sy, with 1 <k < 3g—3+n components, a := (a1,...,a;) €
(Z+o)* be vector of positive integral weights, and a - a be as in . Recall that
for every L > 0 we consider the counting function

s(a-a,L) ;:#{

where ~ denotes the equivalence relation induced by cut and paste operations. We
are interested in the asymptotic behavior of s(a- «, L) as L — oo.

square-tiled surfaces with horizontal core multi-curve /
of the same topological type as a -« and < L squares ’

Notation. To discuss the relevant results and techniques from [Ara20a], we first
introduce some notation. A marked square-tiled surface (S, ¢) of genus g with n
punctures is a square-tiled surface S together with a homeomorphism ¢: Sy, — S
called a marking. Denote by QT ¢ »,(Z) the set of all marked square-tiled surfaces of
genus g with n punctures up to cut and paste operations and isotopy of markings.
The group Mody, acts on QT4 ,(Z) by changing the markings. The quotient
QT yn(Z) := QT 4 n(Z)/Mod, ,, is the set of square-tiled surfaces of genus g with
n punctures up to cut and paste operations.

Denote by ML, ,(Z) C ML, ,, the set of all integrally weighted simple closed
multi-curves on S, up to isotopy. Consider the map ¥: QT ¢ »(Z) = MLy (Z)
which to every marked square-tiled surface (S, ) assigns the pullback through ¢
of the horizontal core multi-curve of S. Let [J]: QM ,(Z) - ML, (Z)/Mod, ,,
denote the map induced on quotients. Consider the map Area: QM ,(Z) — Zxo
which to every square-tiled surface S assigns the area of S, or, equivalently, the
number of squares of S. In terms of this notation,

s(a-a, L) ={5€ QM,,(Z) | [S](S) € Mod,,, - (a- ), Area(S) < L}.

Counting square tiled-surfaces and Thurston volumes. In [Ara20a] we de-
scribe the function s(a - «, L) in terms of countings of integrally weighted sim-
ple closed multi-curves in the following way. Consider the map R: QT ;,(Z) —
ML, (Z) which to every marked square-tiled surface (S, ¢) assigns the pullback
through ¢ of the vertical core multi-curve of S. Denote the induced map on quo-
tients by [R]: QMg n(Z) - MLy n(Z)/Mody,,,. Let A C MLy o (Z) x MLy, (Z)
be the set of pairs of integrally weighted simple closed multi-curves that do not fill
Sg.n- These definitions give rise to a bijection

U: QT gn(Z) — MLyn(Z) x ML, (Z) — A
(S,0)  — (R(S, ), (S, 9))
This bijection is Mod, ,-equivariant and maps area of square tiled surfaces to geo-

metric intersection number of integrally weighted simple closed multi-curves. In
[Ara20al §3] we use this bijection to show that

s(a-a,L)y={b-Be ML, (Z)NML,  (a-a)/Stab(a-a) | i(a-a,b-F) < L}.
To study the asymptotics of these counting functions we consider the measures
1
ML= T65—6+2n Z 01 g
b-BEMLy (Z)
By work of Masur [Mas85, Theorem 2],

(5.1) MThu = 22g—3+n - lim my,.
L—o0
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For a computation of the explicit scaling factor in (5.1) see [MT19]. Equation
(5.1) is an analogue of the definition of the Lebesgue measure as a limit of rescaled
integer point counting measures. Consider the measures p3 = Wrhu|m Lgn(aa)
and m3'* == my|pme, , (aa) O0 MLy n(a - a) and denote by ffy), and m7® their
local pushforwards to ML, . (a- «)/Stab(a - ). Directly from (5.1) we deduce
(5.2) AL = 22973 lim m% e,

L—o0

Consider the subset
Ala-v):={d e MLy, (a-a)/Stabla-a) | i(a-a,A) < 1}
Recall the definition of €5, € Z>o in (L.10). Notice that
(5.3) s(a- L) = egn - W3 (Afa- 7)),

where €, , accounts for orbifold considerations. We would like to combine
with and apply Portmanteau’s theorem to obtain asymptotics for the counting
functions s(a - «,L) as L — co. As in §4, we run into the issue that the subset
A(a-v) € MLy, (a- «)/Stab(a - ) does not have compact closure. The same
methods used to deal with this issue in §4 also work in this case. See [Ara20al
Proposition 3.5] for an alternative argument using period coordinates of strata of
quadratic differentials. Overall, we deduce the following.

Theorem 5.1. [Ara20al, Proposition 3.4] Let a- o € ML, ,(Z) be an integrally
weighted simple closed multi-curve on Sy . Then,
s(a-o, L) €gpn- s, (N e MLy p(a- o)/Stab(a-a) | i(a-a,\) <1})

lim =
Looco [69—6+2n 229—3+n

Thurston volumes and Weil-Petersson volumes. Recall that the frequency
r(a,a) € Qsq of the integrally weighted simple closed multi-curve a-a € ML, ,,(Z)
is defined as the limit of Weil-Petersson volumes of expanding subsets of quotients
of Ty pn in . Directly from Theorem we deduce the following.

Corollary 5.2. Leta-a € ML, ,(Z) be an integrally weighted simple closed multi-
curve on Sgp. Then,

(o) = B2, (I € MLy (a-a)/Stab(a- ) | i(a-a,A) < 1}).

Remark 5.3. In [Ara20a] we give a different proof of Corollary [5.2] using an indirect
argument which relies on a result of Mirzakhani [MirO8b, Theorem 1.3] and the
involution on strata of quadratic differentials given by rotation by 90° [Ara20al §4].

Theorem [[.1§ now follows directly from Theorem [5.1 and Corollary

6. COUNTING FILLING CLOSED HYPERBOLIC MULTI-GEODESICS

Outline of this section. In this section we explain how to combine results from
84 with techniques of Mirzakhani in [Mirl6] to prove Theorem We give a
brief overview of Mirzakhani’s work in [Mir16] and introduce a general asymptotic
formula that can be proved directly using her methods; see Theorem We then
use this formula in combination with Proposition [£.4] to prove Theorem

Setting. For the rest of this section, let v := (y1,...,7) be an ordered filling
closed multi-curve on S, with & > 1 components and X € 7, , be a marked,
oriented, complete, finite area hyperbolic structure on S ,.
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Outline of the proof of Theorem We begin with an elementary reduction
of the proof of Theorem to a more concrete statement, which we introduce
below as Theorem The proof of Theorem reduces to a simple application
of the general asymptotic formula alluded to above and Proposition

A first reduction of the proof of Theorem We refer the reader back to
the statement of Theorem for the notation that will be used in the following
discussion. As « is filling, its stabilizer Stab(y) € Mod,,, is finite. Consider the
family of rescaled counting measures {H,% x>0 on (Rxg)¥ given by

E"L”X = Z 6%'@-%?{)'
$EMody,,,
Notice that, for every L > 0,
7y x = [Stab(y)| - 1] x,
()« (1) = [StaD()] - (1) (i)-
It follows that, to prove Theorem [T:20] it is equivalent to show

—L
. Ky x B(X)
(6.1) Jim e = e () ()

in the weak- topology for measures on (Rx>q)".
By standard approximation arguments, to prove (6.1)), it is equivalent to show

L
) Iz ,X(A) B(X)
Jim e s = 5, () (k) (4)

for boxes A = Hle[o, b;) C (Rxo)* with b := (by,...,b;) € (Rso)* arbitrary. By
Lemma we can instead consider closed boxes A := H?Zl[O, bi] € (R>0)* with
b := (b1,...,bx) € (Rso)¥ arbitrary.

Fix b := (by,...,bx) € (Rso)*. For every L > 0 consider the counting function

f(X,7,b,L) :=#{¢p € Modg, | s~,(X) <b;L, Vi=1,...,k}.
In terms of the counting functions ¢(X,~, b, L) introduced in (1.7),
f(Xa 7> b7 L) = |Sta’b(7)| : C(Xa 7> b7 L)
Directly from the definitions we see that
k
i=1
Thus, the proof of (6.1)), and so of Theorem [1.20} reduces to the following result.
Theorem 6.1. For every b := (b1,...,bx) € (Rxo)*,

_ f(X,1,b,L) B(X . .
th};o (LGQ*6+2n ) = b(g,n) ':uThu({/\ € M‘CQJL | Z(’Yia)‘) < bi7 Vi= L..., k})

The rest of this section is devoted to the proof of Theorem The proof
combines Proposition 4.4| with techniques of Mirzakhani in [Mirl6]. More precisely,
we use the general asymptotic formula introduced in Theorem below.
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Overview of Mirzakhani’s work. In [Mirl6], Mirzakhani proved asymptotic
formulas analogous to the one in Theorem [I.4] for counting functions of filling closed
hyperbolic multi-geodesics with respect to total hyperbolic length. As highlighted
in [Mirl6, §1.2], such formulas hold for length functions more general than total
hyperbolic length. We now introduce one such class of length functions and give
a precise statement of the corresponding asymptotic formula; see Theorem In
the course of the following discussion we give a brief overview of Mirzakhani’s work.
Let m € N be arbitrary. Every linear function £: R™ — R cuts out a positive
open half-space and a positive closed half-space in R™ corresponding to the sets

Ho(L) :={z e R™ | L(x) > 0},
Hso(L) := {z € R™ | L(z) > 0}.

A convez polytope P C R™ is an intersection of finitely many positive open/closed
half-spaces of R™. The boundary P C R™ of a convex polytope P C R™ is its
topological boundary when considered as a subset of R™.

Let P C R™ be a convex polytope. We say that a function F: P — R is
asymptotically linear if there exists a linear function £: P — R and a constant
¢ € R such that
Flx) — L(z) =c,

lim

z€EP: d(z,0P)—0c0

where d denotes the standard Euclidean distance on R™. We say that a function

F: P — R is asymptotically piecewise linear if P can be partitioned into finitely

many convex polytopes on which F restricts to an asymptotically linear function.

The basic example of an asymptotically piecewise linear function in the setting

of this paper is the hyperbolic length of a closed curve on S, , interpreted as a
function on 7, . More precisely, the following holds.

Theorem 6.2. [Mirl6, Theorem 4.1] Let v be a closed curve on Sy ,,. The hyper-
bolic length function

Ly Tgm — Rso
is asymptotically piecewise linear with respect to any set of Fenchel-Nielsen coordi-

nates (€Z—7Ti)§’ifg+”. More precisely, after identifying

Ton = (Rsg x R)?97547

using the Fenchel-Nielsen coordinates (¢;, Ti)?i;3+", the length function

3g-3
0y Ty = (Rsg x R)Y77T" o Ry
is asymptotically piecewise linear.

Let P := (71,...,V3g—3+n) be a pair of pants decomposition of Sy ,,. Fix a set of
Fenchel-Nielsen coordinates (£;,7;)297 %™ of Ty.n adapted to P, i.e., whose length

parameters correspond to the lengths of the components of P. After identifying
Tom = (R x R)* 72"

using these coordinates, we can partition 7y, into a countable union of convex
polytopes of the form

Cg‘ = {Y € 7;’” | m; él(Y) < Ti(Y) < Mijyq - &Jrl(Y)}

with m := (mq,...,mgg_34n) € Z3973T" arbitrary. These polytopes are, up to
finite index, fundamental domains for the action of Stab(P) on 7, .. We say that
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a function F: Ty, — Rso is bounding with respect to the set of Fenchel-Nielsen

coordinates (&,Ti)fiIng" if for every Y € 7Ty, there exist constants Ly > 0 and
C > 0 such that for every m := (m1,...,m3g—34n) € 7397347 every L > Lg, and

every i € {1,...,3g — 3+ n},

L
max{|m;|, |m; + 1|}

ZeMod,,, - YNCRNF0,L) = t;(2) < C-

The basic example of a bounding function is the total hyperbolic length of a
weighted filling closed multi-curve on Sy ,,. More precisely, the following holds.

Proposition 6.3. [Mirl6, §9.4] Let v := (vy1,...,7) with k > 1 be an ordered
filling closed multi-curve on Sy, and a := (ay,...,a;) € (Rso)* be a vector of
positive weights on the components of ~v. The total hyperbolic length function

53.7: 7—g,’l’L — R>0
is bounding with respect to any set of Fenchel-Nielsen coordinates on Ty .

Another important property of the total hyperbolic length of a weighted filling
closed multi-curve on S, is its properness when interpreted as a function on 7y .
We record this fact in the following lemma.

Lemma 6.4. [Ker83) Lemma 3.1] Let v := (y1,...,7) with k > 1 be an ordered
filling closed multi-curve on Sy, and a := (a1,...,a;) € (Rs0)* be a vector of
positive weights. The total hyperbolic length function la.~: Tgn — Rso is proper.

Let F: Tgn — Rso be a positive, continuous, proper function that is asymp-
totically piecewise linear and bounding with respect to some set of Fenchel-Nielsen
coordinates. For every L > 0 consider the counting function

(X, F, L) == ##{¢ € Mody n | F(¢- X) < L}.

Using Wolpert’s magic formula [Wol85, Theorem 1.3] and the properties of F, one
can check that the following limit, which is an analogue of (|1.4)), exists,

. wr({Y €Ton | F(Y)< L
(6.2) HF) i tim 2 »({ Lﬁgg,_6|+2n< )< L})

We are now ready to introduce the general asymptotic formula that will be used
in the proof of Theorem [6.1} The arguments in the proof of [Mir16, Theorem 1.1]
directly yield the following result.

Theorem 6.5. Let F: Ty, — Rso be a positive, continuous, proper function that
is asymptotically piecewise linear and bounding with respect to some set of Fenchel-
Nielsen coordinates. Then

lim =
L—oo [69—6+2n byg.n

Remark 6.6. According to Theorem Proposition [6.3] and Lemma given
any set of positive weights a := (ay,...,ar) € (R>0)k on the components of -,
the total hyperbolic length function la.4: 74, — Rso satisfies the hypothesis of
Theorem 6.5} It follows that we can recover [Mirl6l Theorem 1.1] from Theorem

by setting F := la.,.
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Topological interpretation of r(F). The arguments introduced in the proof of
Theorem can also be used to give a topological interpretation of the limit r(F)
in for a particular class of maps F: 7,4, — R which we now describe.

Let F: (R>0)*® — R0 be a continuous, homogeneous, and proper function. In
particular, F' is positive away from the origin. Consider the map F: T4, — Rxo
which to every Y € 7T, ,, assigns the positive value

(6.3) FY) = F(ly, (Y), - 45,(Y)).

More generally, consider the map F: Yg.n — Rso which to every a € ), ,, assigns
the positive value

(6.4) F(a) = Fli(m,a), il ).

For any map F: Ty, = Rso as in , the following holds.

Proposition 6.7. Let F: Ty, — Rso be as in , Then,
H(F) = o (1A € ML, | FO) < 1),

where F: Yy, — Rsg is as in .

Proof. By Proposition [£.4]

lim %9-0+2n

to_
e Hwp = HThu

in the weak- topology for measures on ), ,. Consider the subset of ), ,, given by
D(F):={a €Yy, | Fla) <1}.

Using the properness of the function F: (R>0)* — Rso and the fact that v is
filling, one can check that D(F) C ), , is compact. By Lemma

ﬂThu(aD(?)) =0.
It follows from Portmanteau’s theorem that

lim ¢%970F2" .yt (D(F)) = prrnu(D(F)).

t—0

Letting ¢ := 1/L for L > 0 and taking L — oo we deduce

ity (D(F)) —

(6.5) lim = prha(D(F)).

500 [69—6+2n
As the function F': (R>0)* — Rx¢ is homogeneous,
(6.6) HYH(D(F)) = (Y € Ty | F(Y) < L)
for every L > 0. Notice also that
(6.7) prrhu(D(F)) = prne (fA € MLy, | F(A) <1}).
Putting together , , and , we conclude

oy Bp({Y €Ty | F(Y) < L})
r(F) = Lh_)rr;o P Lﬁgg—6+2n

= i ({2 € ML | FV) <13) .
O



COUNTING HYPERBOLIC MULTI-GEODESICS 41

Proof of Theorem We are now ready to prove Theorem [6.1] and thus finish
the proof of Theorem [1.20

Proof of Theorem[6.1 Let b := (by,...,b;) € (Rso)" be arbitrary. Consider the
function F': (R>0)® — R0 which to every (21,...,2) € (R>0)" assigns the value
F(z1,...,z,) = max{x1/b1,..., 2 /b }.

Let F: Tgn — R0 be the map induced by F as defined in (6.3]). Notice that, as
a consequence of Theorem F is asymptotically piecewise linear with respect to
any set of Fenchel-Nielsen coordinates. Let 1 := (1,...,1) € (Qs¢)". Consider the
total hyperbolic length functions ¢1.4: T4, — Rso. The bound

l1.4 < k-max{by,...,bp} - F
ensures that, for every L > 0,
FH([0,L]) € 61 1([0, k - max{by,...,bg} - L]).

This fact together with Proposition [6.3] implies F is bounding with respect to any
set of Fenchel-Nielsen coordinates. The same fact together with Lemma [6.4] implies
F is proper. By Theorem [6.5] it follows that

(6.8) Lli_{l’;o 769—6+2n bym

Notice that

(6.9) f(X,F,L)= f(X,v,b,L)

for every L > 0. As a consequence of Proposition

(6.10) 7(F) = prna({A € MLy | i(yi, A) < by, Yi=1,...,k}).

Putting together , , and (6.10)), we conclude

_ f(X,7,b,L) B(X . |
nggo ([/6976+2n ) = bi,n) “prh({A € MLy | (i, A) < b, Vi=1,....k}). O
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