


(b) Sketch the lowest three eigenfunctions �m over the interval (0, 2⇡) and plot

V (�) over the same interval. Which of these solutions match the symmetry

of V (�)?

(c) Solve for cm by matching the potential at r = a.

(d) In the limit r � a what is the lowest order non-trivial behavior of the

solution? How does the solution fall o↵ with radius r?

4. (70 points) A liquid is placed in a hollow sphere of radius b. The equation

satisfied by the liquid is
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and T remains zero at the boundary for all time. At t = 0 the temperature of

the liquid is given by r0T0�(r � r0). The goal of this problem is to determine

how the temperature of the liquid decreases with time. Write the temperature

in terms of basis functions,

T (r, t) =

1X

n=1

cn(t)�n(r).

(a) Estimate the time scale over which the temperature of the fluid decays in

time based on a simple dimensional argument.

(b) Write a di↵erential equation for the basis functions �n(r) suitable for the

spherical geometry of the cavity. Show that by making the substitution

�n(r) = gn(r)/r
1/2

that the equation satified by gn is a Bessel equation.

What is ⌫? What is the behavior of the two solutions of the Bessel equa-

tion J⌫(kr) and Y⌫(kr) and the corresponding possible behavior of �n near

r = 0. Do either or both of the solutions satisfy the Stürm-Liouville bound-

ary conditions at r = 0? Give expressions for the eigenvalues of your basis

functions (in terms of the known properties of J⌫(kr) and Y⌫(kr)) and de-

fine the normalization so that the �n(r) have unity norm. State why the

basis functions are orthogonal (you don’t have to prove orthogonality).

Sketch the lowest three eigenfunctions.

Hint: Bessel’s equation is r
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/2 with x⌫n the nth zero of the Bessel func-

tion of order ⌫.



(c) Derive an equation for cn(t). What is the characteristic damping rate of the

eigenfunctions? Solve for cn(t) and then write a solution for the complete

space/time dependence of T .

(d) What is the lowest order non-trivial form of the solution at late time?

What is the decay time of the temperature based on this behavior?






