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Rate matrices, two examples.

dp

dt
= Rp , R = UΛV † , T (t) ≡ eRt = UeΛtV † (1)

Example 1.

R =


−1 0 1

1 −1 0

0 1 −1

 =
1

3


1 1 1

1 −z −z∗

1 −z∗ −z




0

−1− z∗

−1− z




1 1 1

1 −z∗ −z

1 −z −z∗

 (2)

where

z = eiφ =
1

2
+ i

√
3

2
, z∗ = e−iφ =

1

2
− i
√

3

2
, φ =

π

3
. (3)

Using this decomposition we get

T (t) ≡ eRt =
1

3


1 1 1

1 1 1

1 1 1

 +
2

3
e−3t/2


cos(αt) cos(αt− 4φ) cos(αt− 2φ)

cos(αt− 2φ) cos(αt) cos(αt− 4φ)

cos(αt− 4φ) cos(αt− 2φ) cos(αt)

 (4)

where α =
√

3/2. Note that T (0) = I.

Example 2.

R =


−1 1

2
1
2

1
2
−1 1

2

1
2

1
2
−1

 =


√

1/3
√

1/2
√

1/6√
1/3 0 −

√
2/3√

1/3 −
√

1/2
√

1/6




0

−3
2

−3
2




√
1/3

√
1/3

√
1/3√

1/2 0 −
√

1/2√
1/6 −

√
2/3

√
1/6


(5)

Using this decomposition we get

T (t) ≡ eRt =
1

3


1 1 1

1 1 1

1 1 1

 +
1

3
e−3t/2


2 −1 −1

−1 2 −1

−1 −1 2

 . (6)

Again, T (0) = I.
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