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Modeling Heterogeneity

e The modified SIR model (and simplified versions
thereof) we used previously assume a homogenous
population — each infectuous person is equally likely
to infect each susceptible person in a given time
period.

e A more accurate model should take into account
differences in people’s contacts and behavior, to the
extent that these differences can be reasonably
quantified. Models that go furthest in this direction
are called “agent-based”: each person’s health is
accounted for individually and each person’s behavior
is described by different parameter values.

e We will instead look at the simplest way to add
heterogeneity to the model, by dividing the modeled
population into two homogeneous groups.



Two-Group Model

¢ Divide the modeled population into a “Group 1” and
“Group 27, and let Sk, Zx, and R, be the number of
susceptible, infectuous, and removed people in group
k. Assuming that people remain in the same group
over time, the two-group version of our modified SIR

model is:
dSy/dt = g — p11S1Zy — p12S11s
dSy/dt = Qo — P21 SoZy — P22 Sy
dZi/dt = p11Si1Z1 + p12S1 T — 1Z
dZy/dt = P21SZ1 + P22 SoTs — 11
dR; /dt = 7y
ARy /at = 1T,



Comments on Two-Group Model

e We can, for example, think of Group 1 as
representing a “high-risk” population and Group 2
being a relatively “low-risk” population.

e The number of parameters is getting large, but still
plausible to estimate from a large enough data set.

e This model should fit a given data set at least as well
as the one-group model, because it “includes” the
one-group model in the following sense. If
G1=Q=Qq, P11 =Pr2=P21t =P2=p, 1 ="L=I,
and the initial populations for each group are the
same, then the model will do the same thing as if the
two groups were combined into one with parameters

p.q,r.



More than Two Groups

e If there are n groups, we can write the equations
more concisely as follows, where P is an n x n matrix
of parameters, 7 is a column vector with entries
Z4,...,I,, and (PZ), denotes the kth coordinate of
the vector PZ:

dSk/dt = Qqk — (PI)kSk
de/dt = (PI)kSk — Ly
de/dt = rka,

foreach k=1,... n.



Normalized Parameters

e As before, we can replace the p’s, g’s, and r’s by
parameters with simpler units and a more direct
connection with the properties of the solutions to the
model.

e To simplify matters, let’s consider the case
g1 = g2 = 0, so that the total population of each
group is constant over time; then let
Ny = Sk + Ix + Ry for each k.

¢ Recall that for the one-group model, we started by
letting A = Np. We can do something similar for the
two-group model, but it’s not clear which Ny to
multiply each parameter by.



Nondimensional Variables

e |t can be helpful conceptually to write the equations in
terms of the nondimensional variables s, = Sy /N
and ix = Zx/ Nk, which represent the fractions of
people in group k that are susceptible and infectuous
(the fraction Ry /Ny that are removed is then
1 — sk — Ix). Dividing the equations for group k by Ny
yields:

dsy/dt = —pk1SkTy — PraSkLo = —NiPr1Skit — NopProSkio
dix/dt = Ny pr1Skit + NoProSkl> — Ik
e Thus, it may be most reasonable to let A\, = Nypy, for
each k and /, resulting in:
dsy/dt = —Xk1Sklt — AkaSklo
dii /dt = A1 Skl + AkaSkio — Ikl



Further Comments

e The )\'s and the r’s all have units of 1/time, and
represent normalized rates of transmission and
removal. We could introduce nondimensional
parameters (like v = r/\ in the one-group model), or
we can just keep in mind that it is only the ratios of
these parameters that determine the shapes of the
solutions tothe model.

¢ Notice that if all the \’s are equal (or even if just
A1+ Ao = Ao + )\22) and = Io, then if S1 =8 and
iy = I, at some time, ds;/dt = ds,/dt and
diy/dt = di»/dt as well, and the s’s and /’s will
continue to be the same for each group. In this case,
the two-group model behaves like the one-group
model.



Consequences for Data Fitting

e To make the last idea more precise, if
M1+ o= Xdo1 F oo =Xand ry = = r, then if
51(0) = s,(0) and /1(0) = i»(0), both groups follow the
one-group model

ds/dt = —\si
di/dt = \si — ri.

e Consequently, if you have previously found the values
of N, A, and r for which the one-group SIR model
best fits a given data set, it may be reasonable, when
fitting the two-group model to the data, to use an
initial guess of A1 = A2 = Aoy = Aop = A/2 and
ri = r, = r. Alternatively, you can start with
P11 = P12 = Po1 = P2 = p = A/N.



