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Abstract— We consider the collaborative control of a group In this paper, we address the problem of designing a high
of autonomous mobile agents. Building upon our earlier work |evel component responsible for maintaining the commu-
we consider the communication needs and connectivity of the nication needs of the group, and in particular the (path-)

agents’ network as they move. We develop algorithms that tivity of thei icati work th
automatically sense the possibility of connectivity loss among CONNECUVILy OF their communication network as they move.

the agents. We also consider the automatic detection of path The module has outputs to, and inputs from the higher level
disconnection when more than one path need to be maintained path planning component . This communication connectivity

between pairs of agents. Using local probing schemes we js crucial in scenarios with a group of agents moving in a
formulate such problems as event-triggered control problems. 4 ticylar area and covering it, while avoiding obstacles and

We develop distributed algorithms that automatically select llisi H th HVItY | intained by clusteri
some agents and move them appropriately so as to maintain CO'ISIONS. HEre the connectivity IS maintained by clustering

certain degree of desired connectivity among the moving agents. the agents and providing connections between the clusters.
We characterize the trade-off between the gain from main- Building on our previous work [14], we address the prob-

taining a certain degree of connectivity vs. the combined cost |em of maintaining connectivity among ground clusters of
of communications and the associated dynamic re-positioning moving agents. Among the agents in each cluster, one is

of agents. The results illustrate the efficiency achieved by .
event-triggered control in such problems. We also describe designated as theluster-head. The cluster heads can be

the resulting communication topologies and in particular their ~ designated in a distributed manner [2], and can be equipped
similarity to dynamic small world topologies. with multi-mode communication capabilities. In normal sit-

|. INTRODUCTION uations, connectivity is maintained by the cluster-heads, who
send messages directed to other cluster-heads. Therefore, the

Control of swarms of autonomous platforms (Veh'desconnectivity of clusters is a crucial factor in the performance

robots, aircraft,.ships, _etc.) has re.cemly attracted great_im%f the group of agents as a whole. As a result, we develop
est due to a wide variety of applications such as prowd|.n Igorithms that sense the possibility of loss of connectivity

coverage and connectivity to ground agents, autom_ated highy ong the agents. When direct communication between
way systems, mobile sensor networks, disaster relief ef'fortﬁ1e clusters is not possible, a suggested solution is to use

collaborative robotics, _etc. L Aerial Platforms (APs) as relays in networks. However, the
In problems regarding the control and coordination o se of APs is costly and should be kept to a minimum
vehicle networks, decentralized methods are preferred Sel. Eurthermore. the APs should be positioned so that
centralltzid C(I)ntrol requm?rsh |mmﬁn§e ctpmmumtcatllor:c anfle resulting network is well-connected. In other applications
computational resources The- collaborative COntrol of alg,q qjsic agents can move to specific locations and/or change

t%rjorrstzjus .mOb'Ieb?ger_“i ‘;;'?‘”htrus |b§ v!eyved ask'a hier ieir physical characteristics (e.g. increase their transmission
chical design probiem. \gh 1evel decision making an ower) in order to provide and maintain communication

path planning module is responsible for maintaining th onnectivity between the moving agents.

connectivity while creating a sequence of way-points for The organization of the paper is as follows. Section |l pro-

their motion. A low level motion control module COMPULES, 405 the basic set up and discusses a model for detecting the

thg {eal contr?I dcomdmarlﬂs for tggents tc; fc')lltowlthe wayy ossibility of loss of connectivity among the agents. Section
poInts generated under the motion constraints. n a ser;Eis formulates the problem of maintaining connectivity as

oggrewo%stﬁapersbl(see e'fgh_ [ﬁ] [2|0]) ialras,lTar} ano:_ n event-triggered control problem, which uses centralized
addressed the problems of high level and low [evel Mook, qigiqp making. In section IV we explore the issues of

plann:ngbusmg a (t:r? n:jbmatéon Cg ?'Smg.ui?d hyb{'lel\'/leE)ch)IIaborative decision making at the onset of connectivity
sampler based methods and model predictive control ( 9 lilure between clusters. Section V discusses a clustering

*Research supported by the National Aeronautics and Space Adminiglgorithm used to provide the intended connectivity between
tration (NASA) Marshall Space Flight Center under cooperative agreemegfa ground units using as few APs as possible. Section

no. NCC8-235, and also by the U.S. Army Research Laboratory Collabg-, . . . L ..
rative Technology Alliance Program, Cooperative Agreement DAAD19—01C§/I Investigates the question of characterlzmg efficient and

2-0011. ‘good’ topologies, which provide better connectivity.



Il. BASIC SET UP rates, levels of received power and their variations, etc. Here,

we assume that, as in [4], the nodes are provided with failure

We consider a number of autonomous mobile agents {etection modules by which they can maintain reachable
a terrain. Using the methods from our previous work [19]pode lists that enable them to detect unwanted partition-
the planning algorithm initially moves the nodes, so that they,g and network disconnection. We use this simple event-
are arranged im clusters. We assume that each group has@&ggered model, and study the tradeoff between asking for

leader (cluster-head), who is in charge of maintaining comgp interventionvs. the cost of risking graph disconnection.
munications with the other leaders. From now on we refer

to the leaders as nodes or agents. The nodes have identicHl. A MODEL FORAP INTERVENTION COST ANALYSIS
omnidirectional antennas with good quality communication | this section we consider the problem of deciding
possible if their distance is less than a constan... whether AP intervention is necessary in the presence of
The communication connectivity of the agents is modelleink losses. The problem is formulated as a stopping time
by an undirected graph. The vertices€ V, i = 1,2,.n  problem in a stochastic control framework. We assume that
denote the agents and; = (v;,v;) € E, 4,j = 1,..,n  |ocal probing schemes enable the nodes to keep track of
denote the links between them. Assume that there are overgle reachable nodes and of losses in connectivity. We also
m links between the agents (leaders); we give an arbitragssume that the link/path disconnection is reported to a
ordering to the links and alternatively represent the link seioordinating unit (or to the AP). The coordinating unit
asE = {lx,k = 1,..m}. We denote the set of nodes whodecides on whether AP intervention is necessary or not.
are at graph distancé from nodew; as its k—neighbors
(i.e. k—hops away from node;, in multi-hop paths without A. General model
loops). We also call the set of nodes with graph distance Consider ak— connected network configuration. Assume
less than or equal th from nodev;, and the edges between a time horizonN and that during each time interval each
them as nodeé's k— neighborhood and denote it by (v;).  link can fail with some probability. The failure probabilities
A graph is calledk—connected if the minimum number of are determined by terrain specifications and the nodes’ power
edge removals needed to make the graph disconnected igevels. For simplicity we assume a constant average discon-
We assume that initially the leaders form a (path) conmection probabilityp for all links. The ‘state’ of the system
nected graph, and by sending out HELLO messages, eaaheach time is denoted byr; and is equal to the number
leader knows its neighbors and has an estimate of theif link deletions necessary to make the graph disconnected.
distance [21]. Also each leader knows its two-hop away There are two possible choices for the control action at
neighbors. The nodes may occasionally become discoeach time interval. The choice af; = 0 corresponds to
nected. This may happen because of sudden obstacle ocawrmal system operation, in which no AP intervention is
rences or deviations from previously determined paths upaiemanded. In this case the state transitions as a Markov
terrain uncertainties. We assume that the agents send distregstem based on the transition probabilities resulting from the
messages (help request signals) to the AP or some othgraph topology and link deletion probabilities. The choice of
coordinating unit, if they think AP intervention is necessary; = 1, corresponds to AP intervention, in which case APs
to save the graph connectivity. However, AP intervention isill be sent to circumvent the lack of connectivity problem.
costly and should be considered only if the link losses affeat/e augment the state space with a termination Staifter
the connectivity in a serious manner. The basic problem th#ie AP intervention, the state will transition © and will
each agent has to address is whether to call for interventioemain there for the rest of the time horizon.
or not, but before that, each agent has to be provided with aln the normal system operation, we consider a connectivity
method to sense the possibility of link losses. cost Ccon, Which is a non-increasing function df, the
The agents periodically monitor their own energy levebdge-connectivity of the graph. We assume that the engage-
with respect to a reference threshold to make sure if thapent and operation of the APs causes a constant rate cost
can transmit correctly. If they sense any decline in energy 4. We model this by a stopping cost. At the tirite when
or other resources, they will try to inform the coordinatinghe stopping action happens:(- = 1), the system incurs a
unit (or the AP) directly or via their neighbors. Each agentost of C4p(N — t* + 1). The system evolves as:
sends periodical HELLO messages to their neighbor. Upon
receiving a HELLO message a node sends an ACK message _Jwy ifu =0
to the sender. If a node does not receive an acknowledgement Ti+1 = {T if u, =1
after a timeout interval, it will resend the HELLO message. ) ) _
We set a maximum thresholdY,,.,. If the number of trials Where w(t) is determined by the graph topology and link
exceeds this threshold, the link is considered lost [21]. Recel@ss probabilities as described above. The problem could be
literature has addressed elaborate distributed fault detectiB@Sed as an optimal stopping time problem, via defining a
in wireless systems and other distributed systems [1] arf@st function:
[4]. Nodes can employ various local monitoring mechanisms )
to monitor connectivity or loss of connectivity: SNR mea- (e, g, wy) = Cap(N —1) !f up =1
surements, SINR measurements, packet transmission success ' Ccon (wy) if uy = 0.

1)



n=5
n=10

The dynamic programming (DP) equations are: 1

n=15
min[CAp(N —t+ 1), E[CCON(wt) il s
. 0.8f
Jt(JTt) = +Jt+1(wt)]’ if T 7{ T g 07
0 if Tt = T. ZE 06k
The coordinating unit (or the AP(s) themselves) decides 05
on whether to send APs based on this stopping criterion. i oat
B. The ring case Zz
We now illustrate the approach by considering a group ol e ]
of n moving agents with a ring communication topology. ' B O S

The agents participate in a mission with time horizdn

The agents periodically send messages and based on tHe 1. Event triggered cost improvement ragfe 2 vs. o = AL

received messages, they calculate estimates of distances and

update their list of reachable nodes. We assume independent

link losses. Since a ring is&- connected topology, the state there is a cut-off at small values afdemonstrating that even

spaceS consists of three actual states and a termination staden the cost of surveillance is small, it is beneficial to use

T, S ={0,1,2,T}. the event triggered method. However, for a fixed probability
If we denote the probability of state transition fromo ~ ©Of link loss p, as the number of nodes in the ring increases,

j using controll, (I = 0,1) before the stopping ag;; (1), the probability of failure increases. For larger with fixed

then because of the independence assumption ob, 1,2, ». the cut-off happens at greater valuesaof

pis (1 cann?? easily calculated, ego(0) =1 (1-p)" - IV. A COLLABORATIVE METHOD FOR MAINTAINING

np(1 —p) CONNECTIVITY
In the normal mode of operation, when the AP is not called

in, we consider the cost to be proportional to the average Heére we propose a rating mechanism by which, each
hop length. We assume that when AP intervenes, there qgent. rates its incident I.mks (edges) and the links in their
a constant cost of'4p per operation cycle. If the agents ¥—Nneighborhood. The ‘importance” rate that a node

fail to call for intervention before a disconnection happens?SSigns to an incident eddge will be an indicator of the
there would be a high costy;,. > Cap. If the intervention Number of paths starting from;, which pass througfi.
happens, we assume that the APs guide the agents to irdfter each link is rated by its incident links, a consensus

nominal trajectories. The incurred costs are: type algorithm can be utilized, so that a single average
_ “importance rate” is assigned to each link. If a set of links
Cap(N —1t) ifu =1 fail, our algorithm decides on how many APs are needed to
2n if uy=0,2,=2 intervene based on the “importance” of the failing links.
g(xh ut) - .
4n if uy =0,2, =1

A. Measures of link importance

Clise ur = 0,2, =0 The importance of a link is a measure of how many

Therefore the problem is cast as a stopping time probledisjoint paths in the network use it. The following notions

and it can be solved using the DP iteration; of “between-ness” [11] capture the importance of links for
i our application:

To(we) = min{Cap(N =t +1), Blglae) + Jera (wo)]}- « Shortest path between-ness: The number of shortest
with the terminal cost/x(zn) = Cap. The optimal cost paths between all pairs of nodes in a network which
to go function Ji(zx) is a monotone decreasing function pass through the suggested link.
of its argument. We have simulated the ring scenario withyoyever, calculation of the above between-ness measure is
different numbers of nodes, maintenance and disconnectigncentralized task. Here we provide a decentralized, local
cost, and error probabilities. Figure 1 illustrates the benefit gfiformation based algorithm, with which the nodes can rate
the event triggered AP calling for periodic surveillance. Theneir incident links. This way the links will be associated with
parameters of the simulation afe= 0.01,n = 10,N = different importance rates from nodes in their neighborhood.
20, Cyise = 300. Nodes start with complete ring t0p0|_09)/_ If necessary a consensus-type algorithm will be used to attain
and are subject to losses. We have allowed the terminatigncommon estimate of the links’ importance. If a set of links
costtovaryCap = aCisc, for a < 1/3. We have compared faj|, the decision on whether and how many APs to send, will
the expected cost of the event triggered scheme, with the c@g! taken using the information on the importance of links

of periodic AP presence, in which an AP is considered tQhich have failed. We will now describe the algorithm.
always be present and subject to a costChfp per time

interval. Figure 1 shows the ratio of cost improvement duB. A local scheme for finding the importance of the links

to using the event triggered methog/L ) with respect  we assume that each node always maintains a list of its

toa = Ccdi for different number of nodes. For smaller current neighbors. We also assume that each node keeps a



list of nodes which are reachable through Atsneighbors. ground clusters. Since APs are scarce/expensive resources,
The choice ofk is a trade-off between the tractability andthe goal is to find the minimum number of APs and their
locality of the scheme. Therefore we prefer the use of smdbcations so that the resultant network (both between the
values ofk (e.g. k= 1,2,3). This can be done by neighborhoododes and the APs and between the APS) is connected.
discovery methods (e.g. [4], [21]). The idea is that each node The ground nodes and the APs have identical omni-
periodically sends heartbeat signals [1] to its neighbors amtirectional radios with the signal between nodes decaying
piggybacks (on these heartbeat signals) the set of pathsa¥1/R* where R is the distance between nodes amds
which it is aware of since sending its last heartbeat signahe path loss exponent, which depends on the environment
Upon receiving a message, a node investigates the pathstween the nodes. The radio specifications and the path loss
through each of its neighbors and adds the nodes in eaekponenta together determine a maximum communication
path, to the set of reachable nodes through its neighbors.distance between the nodesis equal to 2 (i.e., free space

For a known numbek, each nodey; forwards messages communication) for communication between the ground
along all of the paths in ité—neighborhood. The messageagents and APs as well as for communication between the
will be propagated throughout the network, so that all possAPs. This results in a maximum communication distance
ble nodes will receive the message. When a node receivesfaR, between the ground agents and APs and among the
message, it updates its reachable set along the correspondii®s. Since ground nodes communicate withtrictly greater
path in itsk— neighborhood. If this procedure continues, theéhan 2 (a«= 4 for a suburban environment), the maximum
nodes will eventually come up with a list of reachable setommunication distanc®, between leaders is strictly less
of nodes through each path in théirneighborhood. Each than R, (usually by an order of magnitude). Assume that
node then rates each of the paths. The ratipgof each all the APs fly at an altitude of such that the maximum
path py, according to nodey; is equal to the number of communication distance between agents and APs projected
nodes which are reachable from throughp,. The nodes onto the groundR; (given by Ry = \/R2 — h?), is greater
then rate each edge in théir-neighborhood, wher&;;, the  than R,. Thus the problem of finding the minimum number
rating that each node associates to ljnks equal to the sum of APs (I) and their positions can be reducedR8, with a;
of the ratings of all paths emanating from which include denoting the position of the APs projected onto the ground.
link lj, ie. Eij = El‘Epk Tik- .

After each node runs the algorithm, it will assign subA. Problem Formulation
jective importance ratings, to all of the links in its— We formulate the connectivity problem as a constrained
neighborhood. Therefore each nodewill maintain a list clustering problem ([15], [16]) with a summation form distor-
E of the importance valueg;;(k) it has assigned to the tion function (IXC, A)) involving the distances between the
links ; in its k—neighborhoods. A normalized list,,o-»  ground clusters (C) and the APs (A) and a summation form
is a measure of the relative importance of the links in thegst function (G(A)) involving only the distances between
K —neighborhood of each node. The main properties of theie APs (A). The resultant clustering problem is then solved
algorithm that follow from the definition can be summarized;sing Deterministic Annealing (DA) to obtain near-optimal
as: solutions. In order for the ground nodes and the APs to form

Propostion 1: The following statements hold: a connected network, we need: 1) At least one node from

1) An edgel will be rated by a node if and only if each cluster within a radius d?; from an AP; and 2) Each

l € Ni(v), i.e.l falls in the k— neighborhood ob. AP is within R, of some other AP (i.e., the APs form a

2) The importance rating decreases monotonically alongpnnected graph).

a path emanating from a rater node. Assuming that the APs are numbered frarto L, we can
make sure that they form a connected network by ensuring
that any AP numbereg is connected to at least one lower

Since our scheme provides nodes with subjective impofrumbered AR, wherei < j. This is used in the DA solution
tance ratings on links in thek—neighborhood, these ratingswhere when we add a new AP, we make sure that it is
should be used in each node’s decision making on askir@nnected to at least one of the previously added APs. Hence
for AP intervention. When a link fails, we assume thathe connectivity problem can be stated as:
the nodes incident to it, broadcast the link loss to their

C. Link loss report based on link importance

k—neighbors. Upon acknowledging a link loss in a node’s Minimize L;  subject to
k—neighborhood, the node can decide on whether to ask 41 -- - 0L; el gecy lg—aill < B
for intervention or not based on its importance rating ( or i€{l,...,.L}

normalized importance rating) assessment of the lost link. and, ,hax - min @ —am || < Ro

V. CLUSTERING where || g — a || is the [?>-norm between pointg and a
Assume that all the ground leaders have the same altituda the ground. Finding the exact solution to the problem
(of 0) and form M clusters (G,j = 1,...,M). Aerial above involves an exhaustive search on the different ways
Platforms (APs) placed appropriately and acting as relays can which nodes can be selected from each cluster and the
be used to provide connectivity between thiedisconnected ways clusters can be grouped together for coverage by



step=70 T =0.0000001768

each AP is capable of short time high energy transmission
upon necessity and that via a suitable medium access control
and AP energy scheduling, agents which are located geo-
graphically far from each other can communicate.

This extended notion of neighborhood makes long range
edges realizable. However, establishing long range connec-
tions requires higher cost. Therefore there is a trade off
between the cost of maintaining long range connectivity and
group performance. Here we consider two classes of ‘effi-
o2 T cient’ topologies, small world graphs and expander graphs.

Eig. 2. Complex Scena_ri(_): AP Placement with AP-ground node conneéo—" Small world graphs
tivity and AP-AP connectivity. The small world graphs based on the model of Watts and
Strogatz [18] take a regular lattice and replace some original
gdges by random ones connecting nodes at ‘long distance’
Ygith some probabilityd < ¢ < 1; i.e. by introducing ‘short
cuts’. This family of graphs shows a favorable trade off
between performance and cost of collaboration.
. In [8] Higham analyzed the small world phenomenon in
max(si,...,8,) = (st +...+s5)« for largec the Watts-Strogatz model by considering the hitting time
we can convert the AP-ground node and AP-AP constraing a _shghtly randomly pgrturbed Markov chain on a fng.
: : uilding on [8], we studied consensus problems on grid-
into a summation form, X L
o . based small world graphs in [2]. We showed a significant
Minimize L; - subject to speed up in the convergence speed of consensus algorithms
M in Watts-Strogatz models compared to that of the grid base
Ela17"'7aL; Zdl(cjaaul(]))
j=1

a single AP all the while making sure that the APs ar
connected to each other. This problem is NP-hard as it
a generalization of the Euclidealisk-coverproblem. Hence
using the approximation,

A
oy
=

by perturbing the consensus weight matrix. The perturba-
tion corresponds to considering rare transitions among non-

and idQ(alaaug(l)) < Rg ngighboring states in the Markov chqin associated \{vith the
P grid. In [9], we showed that by choosing shortcuts with low
for large o and 3, where pr_obab_lllty one can improve t_h_e convergence rate o_f regular
' ' grids significantly in a probabilistic sense. For other interest-
di(Cj,a;) = min | g—a;|* ing works on small world graphs in the control community
9€¢; and consensus applications see e.g. [17], [12], [13], [6].
(e, am) = min [ 6 —am & Here, we consider a general setting in which the base

graph can be any sparse graph. We are interested in the ques-

. : _ tion: is a given graph “small-worldizable”? The followin
anduq (j) is a function that assigns an AP to every cluster; g grap g

. ) . ocedure gives an implicit definition of what we mean by
uz(l) is @ function that assigns the closest lower numberdELing “small-worldizable”. Other criteria for a graph to be
AP to an AP.

Constrained clusteri bl f the ab ; small-worldizable are investigated by [5].
onstrained ciustering problems ot the: above 1orm are g .o that ifF is a primitive stochastic matrix, according
non-convex optimization problems except in special casezi

R . . 0 the Perron-Frobenius theorem [3]\; = 1 is a simple
Hence the Determ|n|§t|c A””ea"F‘g (DA) method is use igenvalue with a right eigenvect@rand a left eigenvector
to solve the constrained clustering problem for globall);r such thatlTr — 1, F> — 127 and if Ay, As..... \, are
near-optimal solutions. Within the framework of constraineqhe other eigenvalués df ordered in a way7su£:ﬁ“i[h;t1 _
clustering ([15], [16]), the distortion function between the1 > 1= Dol > Ns| > .. > [A], andms is the algebraic
ground nodes and the APs is given Wy(C,A4) = K 2l = 178l = e = A 2 9

. ._multiplicity of Xz, th
ij‘il d1(Cj, ay, (;y) and the cost function among the APs jg o PHCTy O Az, TheN

given by C1(A) = 1, da(as, ay, ). Figure 2 illustrates F'=F>® £ 0(t™ X)) = 1n7 + O(t™271 | \g]")
an application of our algorithm.
Then A = 1 — u(F') denotes the spectral gap and linear
VI. TopoLOGY iterations on graphs with higher spectral gaps converge faster.
By adding APs we have the advantage that the previously Definition 1: Small-worldizable graphsGiven a con-
far apart nodes now communicate through APs. Prior to ARected grapl@,, on n vertices:
addition the neighborhood relation was based on physical, consider a natural random walk on this graph. Denote
proximity. The addition of APs extends the concept of  he corresponding Markov Chain graph as
neighborhood in that two far apart agents can communicate
directly through their corresponding APs. We assume that Fo=I+D)*A+1I)



whereA is the adjacency matrix of the gragh andD

is the diagonal matrix with each node’s degree on the

corresponding diagonal. .
« Perturb the zero elements &f by ¢ < - and adjust it

to get a new stochastic matrix..

€ (F())ij =0

(Fe)ij = (1 —ne)(Fo)ij + € (Fo)ij #0

i.e. F. = (1 —ne)Fy + e11”.
« Gu(V,E) is small-worldizable if ${7
A(F) denotes the spectral gdp— u(F).
Small-worldizability can be characterized by:
Theor?m 1:A graphg is small-worldizable if and only if 2]
B> .
' 'iﬁhe p?f)of of Theorem 1 is a direct result of the following
Lemma: 3
Lemma 1:The second
(SLEM) of F¢ is given by

u(E) = (1— ne)u(Fy)

> 1, where
(1]

largest eigenvalue modulusis]

(5]
Proof: (Sketch) Consider the matrix [6]
Fi=(1—ne) 'F = F+ —<—117.

1 — Ne [7]

From the Sherman-Morrison-Woodbury formula we have
det(Fy — M) = [1+ %1T(F0 “ADT]det(Fo — AI) 8]

— Ne
(2)

Furthermore, for any\ ¢ Spec(Fy), [e]
(Fo—A)"'1=(1-)"1"1 (10]
It follows that the eigenvalues of} are the same as the [11]

eigenvalues of, except forA;(F1) = 1+ . Therefore:
M (F) =1, and fori # 1, X\i(Fe) = (1 —ne)\;(Fp). The [12]
result follows. [13]

As an example consider the case of ring-type base graphs
of n nodes where each node is connected tokitseigh- (14]
bors [18]. By exploiting the circulant structure of ring type
graphsC(n, k), for k < n, we can derive the result that
A(Fy) = O(n™2). By consideringe = n=%,« > 1, it can
be shown that the small world effect holds far= 2. At
a = 3, the effect of shortcuts begins to dominate. This is thg6]
onset of the small world phenomenon.

[15]

B. Expander graphs [17]

Expander graphs have certain properties that make them
suitable for our application: their large spectral gap ensures,,
fast routing and convergence of decentralized algorithms;
the path diversity they provide results in robustness to link9]
failures [10]. There are at least two methods for distribute&o]
construction of AP-level expander graphs:

« Following the approach of [10] we can form a rando
expander graph as &d—regular multi-graph in which
the set of edges consists df separate Hamiltonian
cycles on the APs. Such a graph can be constructed

21]

distributedly and its diameter will bé&(log;n) with

high probability.

Following the approach of [7] we can form a random
expander graph as the union of two spanning trees
chosen independently from the uniform distribution over
all spanning trees. This can be implemented simply
by taking a random walk and include edges that visit
previously unvisited nodes. Such a graph has a constant
edge expansion with high probability.
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