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Existence, Uniqueness, and Asymptotic
Behavior of Solutions to a Class of Zakai
Equations with Unbounded Coefficients

JOHN S. BARAS, MEMBER, IEEE, GILMER L. BLANKENSHIP, MEMBER, IEEE,
AND WILLIAM E. HOPKINS, JR.

Abstract —Conditions are given to guarantee the existence and unique-
ness of solutions to the Zakai equation associated with the nonlinear
filtering of diffusion processes. The conditions permit stronger than poly-
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nomial growth of the coefficients, and depend instead on the relative
growth rates. The results are derived by adapting, through a sequence of
exponential transformations, the classical existence and uniqueness theo-
rems for parabolic PDE’s due to Besala to the “robust” form of the Zakai
equation. In this process we also obtain sharp estimates for the tail
behavior of the conditional density. Examples, including observations
through a polynomial sensor and estimation of the state of a “bilinear”
system, are worked out in detail. Qur results are compared to those of
Fleming and Mitter, Pardoux, and Sussmann who, among others, have
obtained existence and uniqueness theorems for a more limited class of
problems by different methods.
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I. INTRODUCTION AND SUMMARY OF RESULTS'

HE general nonlinear filtering problem for diffusion

processes involves computing the conditional distribu-
tion of a diffusion x(¢) given nonlinear observations of
x(1) in additive Gaussian noise. Conditional statistics which
exist and are of interest may be computed from this
distribution. If the conditional distribution is absolutely
continuous with respect to Lebesgue measure, then it has a
density which, at least formally, satisfies a stochastic par-
tial differential equation—the Duncan-Mortensen-Zakai
(DMZ) equation. Background information on this equation
and other aspects of the nonlinear filtering problem may
be found in the anthology [3]. We are particularly in-
terested in conditions for the existence, uniqueness, and
representation of solutions to the DMZ equation and in
the tail behavior of the resulting solutions. These are
important considerations for the numerical treatment or
small parameter asymptotic analysis (see, e.g., [2]) of non-
linear filtering problems.

When the state process x(7) evolves in a bounded do-
main in R”, or when the state space is unbounded, but the
coefficients of the DMZ equation are bounded and possi-
bly degenerate, then a satisfactory existence and unique-
ness theory is available [4]-[6]. When, however, x(#) evolves
in R™ and the coefficients of the DMZ equation are un-
bounded functions of x (but bounded in ¢), then existence
and uniqueness results are only available for “mildly”
unbounded coefficients [1], {7]-{10]. In this paper we prove
that the nonlinear filtering problem is well-posed for a
large class of systems with strongly unbounded coefficients
(greater than polynomial growth in x), and we provide
precise estimates for the tail behavior (as x| — o0) of the
conditional density. These results are stated in detail and
proved in Section II. Among the examples covered by our
conditions are systems whose coefficients have polynomial
growth in |x| and the “bilinear” filtering problem. These
special cases are analyzed in Section III.

Our approach is to apply the methods of Besala [11] for
classical parabolic PDE’s to the “robust” form of the
DMZ equation. Besala’s theorems are based on a maxi-
mum principle and the use of weight functions—standard

- devices for the treatment of PDE’s. Since the robust form

of the DMZ equation may be regarded as a parabolic PDE,
it is entirely appropriate that it be treated by classical
methods.

To set the problem, we consider the pair of Itd stochastic
differential equations?

dx(1)=f(x(¢)) dt + g(x(1)) da(t)
dy(t)=h(x(t))dt +dp(z)

x(0) = x,, y(0)=0, (1.1)

01T <.

'Some of the results of this paper [when g(x)=1 in (1.1)] were
announced in [1}, [2].

“Only the scalar case is treated here. In [18], a class of vector problems
(x € R", y € R™) is treated by similar methods. The general vector case
appears to be open.

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. AC-28, NO. 2, FEBRUARY 1983

Here a, B8 are standard R-valued Wiener processes, mutu-
ally independent, and independent of x, which is a random
variable with density p,(x). The functions f, g, # are smooth
(f € CY(R), g, h € C*(R)) and may grow rapidly as [x] =
oo. The filtering problem for (1.1) is to estimate x(¢) given
the o algebra ¥, = o{y(s), 0< s <1}

Formally, the conditional density of x(¢) given 7, is the
normalization of U(z,x)>0 which satisfies the DMZ
equation’

du(1, x) = [a(x)U, (1, x)+ b(x)U,(, x)
+c(x)U(t, x)] dt
+h(x)U(t,x)dy(1)

U@0,x)=p,(x), 0<t<T

(1.2)

where

a(x) = 38%(x),
b(x)=2g(x)g.(x)—f(x)
e(x) = g2(x)+ 8(x) g ()~ (x) — 3H2(x). (13)

We have used the Fisk—Stratonovich version of the sto-

chastic calculus in writing (1.2). We shall study this equa-

tion indirectly by studying its associated “robust” form.
Introducing

V(t,x)=exp[—h(x)y(:)]U(z, x) (1.4)

we find (formally) that V satisfies an “ordinary” parabolic
PDE, pathwise in y(¢), 0T

Vi(t,x) = A(x)V, (¢, x)+ B(1,x)V, (1, x)
+C(t, x)V(t,x)

V(0,x)=p,(x), O0<t<T (1.5)

where
A(x)=a(x),
B(1, )f) =b(x)+2a(x)h (x)y(r)
C(t,x)=c(x)+b(x)h (x)y(2)
+a(x)[h (x)p(1)+R2(x) ¥} (1)]. (1.6)

Equation (1.5) is the “pathwise-robust” form of the filter-
ing problem. We will call it the “robust” DMZ equation.
(See [12] for a discussion of this equation.) It is the starting
point for our study.

For each “given” path y(¢), 0<r<7T, (1.5) may be
regarded as a classical PDE. Since the process y is equiva-
lent to a Brownian motion under an invertible change of
measure, we can assume that the paths y(7), 0 <t < T are
Holder continuous [13]; therefore, the coefficients in (1.6)
are jointly locally Holder continuous in (x,¢) whenever

3The paper [12] by Davis and Marcus in [3] has an especially clear
derivation.
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assumption Al) of Section II holds. [Thus, we could let
f.g, hin(l.1)depend on raslongasf, f., 2, 8> 8xx> 1o Fiys
h,,., h, were jointly locally Holder continuous in (x,?).]
Because the transformation (1.4) is invertible and (1.2),
(1.5) are linear, existence and uniqueness results for (1.5)
translate directly into corresponding results for (1.2).

Under various conditions on the relative growth of f, g,
h (specifically, on f/g, (1/8%)» fe» B% ghys by, B, etc.
(see Al)-A3), B1)-B6) in Section II), we show that (1.5)
has a fundamental solution (Theorem 1), that if the initial
density p,(x) falls off sufficiently rapidly as |x| — oo, then
(1.5) has a unique solution which falls off rapidly (Theorem
2), and in this case, that the tail behavior may be computed
exactly (Theorem 3). These results are applied to the case
when f, g, 4 are polynomials, and to the bilinear case when
g(x)=x (Theorem 4) in Section III. The conditions im-
posed on f, g exclude the occurrence of “explosions” in the
X process in an entirely natural way.

Existence and uniqueness of solutions to (1.5) in the case
g(x) bounded (essentially g(x)=1), f € C*(R"), fand v/
bounded, A(x) of polynomial growth, and p,(x) rapidly
decaying have been derived by Fleming and Mitter [8]
using a nonlinear transformation leading to an associated
control problem. In [9] Sussmann treats the case f =0,
g=1, h(x)=x> using measure theoretic arguments. He
also obtains growth estimates on the conditional density.
Pardoux [10] has also treated nonlinear filtering problems
with mildly unbounded coefficients (f, % have linear
growth, g bounded) starting with methods somewhat like
those used here. The final form of his results is, however,
very different from ours. His earlier paper [4] treats the
case f, g, # bounded using arguments based on coercivity.
It also contains many other interesting ideas. Michel [6] has
analyzed regularity properties of solutions to Zakai equa-
tions with smooth f, g, #. Her results address bounded
f> g, h, however, and focus on existence of conditional
densities. Her methods are completely different from ours.

II. CONDITIONS FOR EXISTENCE AND UNIQUENESS,
AND GROWTH ESTIMATES

Our assumptions on the coefficients in (1.6) are stated in
terms of the original functions f, g, #. To state these suc-
cinctly, we will use the following relative order notation.

Definition: Let F,G: R— R and

L= | }im sup|F(x)/G(x) € [0,00].

Then F=0(G)if L<oo and F=0o(G)if L=0.

The coefficients of the diffusion x are assumed to satisfy
the following:

Al) feCY(R), geC*R), f.,g., are locally Holder
continuous;

A2)* g(x)> A >0,Vx € R and some A;

A3) — [X(f/8*)(€)dE > M, ¥x € R and some M;

4See, however, the second example in Section IIIL
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Ad) (f/8%),=0(f*/g*). [, =o(f?/8%); and

A5) The martingale problem for ( f, g) is well-posed.

The last condition implies that the stochastic differential
equation for x has a unique weak solution for all 7> 0. A
sufficient condition for this is the existence of a Lyapunov
function for the backwards Kolmogorov equation associ-
ated with the process x [14]. If the integral in A3) diverges
to + oo as |x| = oo, then its exponential could serve as the
Lyapunov function. If the martingale problem is not well
posed, then the process x may have “explosions” (escape
times which are finite with probability one). In this case
the conditional distribution of x(z) given Y, may have
singular components which are not computed by the DMZ
equation.

The observation function %4 is assumed to satisfy the
following,

B1) he C*(R), h,, is locally Hélder continuous;

B2) either g%h,,, (8%h,), = 0(h?), of g%k, (g°h,), =
o(g*h?)

B3) either gh, =0(h) or gh,=o(f/2):

B4) either (g°),, = o(k?) or (g),, = o(f*/8%);

B5) one of the two mutually exclusive cases holds:

a) either h=0(f/g) or h=0(gh,); or
b) both f/g=o0(h) and gh,=o(h); in addition,

gh,, g.h=o0(h?)

B6) in case B5a),

tim _max {Jh ()L~ [(7/87)(§) d | =+ o0

|x|— +

and in case B5b),

|x1]-i»n+1°° u;x(h/g)('f) dii =+ 0.

Remark 1: The growth conditions are relatively easy to
understand in the case when f, g, 2 are polynomials, espe-
cially f(x)= fyx/, g(x)=go(1+ x*)*, h(x)=hyx'. This
case is discussed in detail in Section III. While many
systems with polynomial coefficients are covered by
A1)-Bé6), the conditions do not permit

a) too rapid growth of A when g is superlinear (k >
1/2); or

b) unstable f with g sublinear.
Nor are cases like f=0, g=1, A(x)=xsinx permitted
(B6) is violated), or cases in which #(x) is highly oscilla-
tory.

Remark 2: The conditions A1)-B6) are not necessary;
different choices of the weight functions used in the proofs
would lead to different growth restrictions. In fact, one
could consider optimizing the choice of the weight func-
tions.

In the analysis of the robust equation (1.5) we use
certain exponential transformations which have parameters
that are functionals of the path y(t), t = 0. To express this
dependence, we will use a sequence of stopping times
{t,)%_g, With 7, =0 and 1, — + co as k — co which depend
on the path y(¢), t > 0. (These are defined in the proof of
Theorem 1.) If V(z, x) is the solution of (1.5), then we
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define
uk(1,x) =V(t, x)exp ($*(x)—v*t),
1€ (ttesy), XER (2.1)
where
W (x) = ag, (x)+ Bl (x) + B[ 1+ #3(x)]
- [[(#/8*)(§) ¢ incase Bsa)
¢ (x)= 0
0 in case B5b)

h(x)
a)=4 [ (h/g)(8) at
0

in case B3a)

in case B5b). (2.2)

The parameters a, 8,,{8F, v*, ,}¥_, will be functionals of
the path y(¢), ¢ > 0. (These are also defined in the proof of
Theorem 1.)

The function u*(z, x) satisfies the transformed robust
equation

ub(t,x)=a(x)u (¢, x)+b*(r, x)uk(s, x)

+c* (2, x)u*(1,x), (¢,x) € (ty,t,41)XR,
k=0,1,2,--

p(x)exp[9°(x)], k=0
uk (1, x) = u* (1, x)exp [¥* (x) - ¥4 (x)
o CAREEEL T Y S

(2.3)

where for (¢, x)e (2,2, )X R and omitting the argu-
ments

a(x) = 38
b*(t,x)=—2ay*+2a,— f+2ah,y
¢ (1, x) = a[(v4)’~ ¥, | - ¥4 [2ah,y +2a,— 1]
+a(hly?+ hey)+h.yQa, —f)

+(an—fx—%h2)—yk. (2.4)

Assumption A2) guarantees that each equation in (2.3)
and the original (1.5) are nondegenerate parabolic equa-
tions. Assumptions A3) and B6) together with the con-
straints «>0, B, >0, B,>|BF|, imply that the weight
functions y*(x) diverge to + oo as |x| — co. The remaining
growth conditions serve to identify the dominant terms (as
|x| = o) in the potential ¢*(#, x) in (2.3) and in the poten-
tial of the adjoint of (2.3). Assumption B3) permits us to
select the functions Y* and the constants y* so that these
potentials are nonpositive. This in turn permits the use of a
maximum principle.

Under these assumptions we shall show that the robust
equation (1.5) has a fundamental solution which may be
used to construct a unique solution to the DMZ equation
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within a certain class of functions. To describe this class,
we define the constants

"7:' = |xl|]inoo suplg((pi)xl/[hz +f2/g2]1/2

vi= l‘im mflg(¢l)xV[h2+f2/g2]l/2, i=1’2-
|x| =00

(2.5)

The assumptions imply %,, », €[0,1] and 7,, », €[0, )
when BS5a) holds, while n,=0=»,, 9,=1=», when
B5b) holds. The assumption that either B5a) or b) holds
implies (v, +»,)>0. This will prove to be essential in
establishing a lower bound on the unnormalized condi-
tional density (Theorem 3).

Finally, we remind the reader that a fundamental solution
of (1.5) is a real-valued function T'(¢, x; s, z) defined for
0<s<rgT, x,z € R, which satisfies the following condi-
tions:

a) As a function of (¢, x), T has continuous deriva-
tives I, I, I',, and satisfies (1.5) in (s, T)X R;

b) If p(x) is continuous and has compact support,
then

lim [ Tt x:5,£)p(8) dé=p(2).

tls v —
x—z

Theorem 1: If Al1)-AS5), Bl)-B6} hold, then for each
Hélder continuous path {y(t), 0 <t < o0} of the observation
process there exist constants &, {B¥,Y*)_,, B, and an
unbounded monotone increasing sequence of times {{,}%_o,
ty =0, (which may depend on the path) such that for each
k > 0 there exists a fundamental solution f‘k(t, x;8,2) of
(2.3). Then

(¢, x;8,2) -
=1,(t,x;5,z)exp [yb"(z)~:,bk(x)+ y*(t—s)]
(2.6)

is a fundamental solution of the robust DMZ equation (1.5)
on (ty,t,. ). Moreover, I' (¢, x; 5, 2) satisfies the inequali-
ties

0T (t,x;5,2)<e /(1 —5)" (2.7)
for some constant ¢, and x,z E R, t € (t,, 1, ) and
foo (e, x;5,2)dz <1 (2.8a)
oc
f T(r,x;5,2)dx <. (2.8b)

-0

Theorem 2: Suppose Al)-A5), Bl)- B6) hold. Let p,(x)
be continuous p,(x)>0 and assume that there exist con-
stants 8,> 0, i =1,2, such that 0 <8, + 0,m, <1, and

pa(x)exp[01¢1(x)+02|¢2(x)|]<M, Vx€ER

(2.9)

for some M <co. Then for any constants 8, 0<§, <48,
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i=1,2, there exists a unique solution to the DMZ equation
(1.2) within the class of functions satisfying

lim supU(z, x)exp [51‘?51(3‘)"‘ 0~2|¢2(x)|] =0,

|x] =20

Vi>0. (2.10)

This solution satisfies U(t, x)=U*(t, x),t € ({1, tp11)
20
Uk(t,x) = eh("))’(’)f T (t,x;2,8,) U Y1, 2) dz
—oC

U°0,x)=p,(x) k=1,2,-- (2.11)

where T, is defined by (2.6).

Theorem 3: Suppose Al)—A5), Bl)-B6) hold, and as-
sume that when case B5) a) holds with v, > 0,v, >0, that
— f(x)sgn(x) and h (x)sgn(xh(x)) are nonnegative for
|x| sufficiently large> Let p,(x) satisfy the conditions in
Theorem 2, and suppose further that there exist My>0,
K, > 0 such that

Myexp| ~ Kop(x)] <p,(x) VxR (2.12)

where

¢(x)=¢l(x)+|¢2(x)|. (2-13)

Then for any T < co, there exist positive constants M|, M,,
K, K,, which may depend on the path { (1), 0 <t < T} such
that the solution of the DMZ equation given by (2.11)
satisfies

Mexp[— Ko(x)] <U(t,x) < M,exp[— K,o(x)]
v(t,x)e[0, TIXR. (2.14)

The proofs of Theorems 1 and 2 are based on the results
of Besala [11]. These provide a very general existence
theory for the Cauchy problem for parabolic equations on
a half-space with unbounded coefficients. The key result
which we shall use is the following.
Lemma 1: (Besala [11]) Let a(z, x), b(¢, x), c(1, x) (real
valued ) together with a_, a.., b, be locally Hélder continu-
ous in ) = (1, 1,)X R. Assume that
a) a(t, x)= A>0, V(¢, x) €D, for some constant A
b) (1, x)<0, V(s, x) €D
©) (c—b, +a ), x)<0, V(L x)eD.

Then the Cauchy problem

u (1, x)=a(t, ), +b(t, x)u, +c(t,x)u

u(0,x)=u,(x), (r,x)e® (2.15)

has a fundamental solution 1'(1, x; s, z) which satisfies

0<T(t,x;5,2)<c/(t—s)"* (2.16)
for some positive constant ¢ and
oC
f (¢, x;s,z)dz<1
J7 N(ex5s,2) dx <. (2.17)

-2

>This last condition is satisfied whenever h(x) is a polynomial.
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Moreover, if u,(x) is continuous and bounded, then
20
u(e, x) sf T(t,x;t9,2)u,(z)dz
— 00

is a bounded solution of (2.15).

In addition, we will need a technical result which identi-
fies the dominant behavior of the potentials of (2.3) and its
adjoint. Let

(2.18)

cly=c—bf+a,, (2.19a)

1 2

choe =58 (V= h,y +1/8%)

1
-5 (r*+f%/g%) (2.19b)
cg=c— Czlzcdj
=(a,— f+2yah, —2a¢%) . (2.19)
Note

c=ck, +[a(wh, - yh)—v*+ k] (2.20)

Lemma 2: Suppose Al})—AS5), Bl)- B6) hold. Let {1, }%_,,
1, =0 be monotone increasing and assume a>0, B, >0,
B, > |Bf| for all k > 0. Then, for i =0,1

[a( ko= Yh ) +ick(t,x)— yk](t, x)=o(ck,) (2:21)
uniformly in t € (1,1, ,,) for all k > 0, and for each Hélder
continuous path of the observation process { y(t),t = Q).

Proof: In view of (2.2), (2.19), (2.20) it suffices to
show that

yer fer(870,) . 870, 82(f/8%), incaseB5a)
a,.f (gzhx)x, gh, .. gh.,g.h in case B5b)

k k

are all o(cZ,,). This is immediate from the definition of ¢,
and A4), B2)-B5). (For details, see Appendix I.)  Q.E.D.

Proof of Theorem 1: From Lemma 1 it suffices to choose
the parameters a, 8,, {B¥, 1,, Y*)2_o with £, =0, lim, _, .7,
= + o0, so that the potentials ¢*, ¢}, are nonpositive on
(x>t e DX R for all k> 0. If the potentials are bounded
above for y* = 0, then for y* > 0 sufficiently large, they are
nonpositive, From Lemma 2 the potentials are bounded
above whenever c¢% _is bounded above. From the triangle
inequality and the definition of the constants u;, c% is
bounded above provided

le—1|n, <l

2
IBzi(.B{(")’)Mz <5

in case B5a)

1B, £ BfI<1

condition arises since ¢,(x) may not be sign

in case B5b). (2.22)

The +
definite.

Recall that 1, 1, are finite by B3), B5). Let 0 <e <47,
and define

ty=0

o = zigfk(t: 1y(£)=y(2 ) =¢). (2.23)
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Since the covariance of the observation process is nonde-
generate, it follows that lim, , ¢, = + . In case BSa),
take a=1, B = y(z,). and 0 < B, <im, and in case B5b)
take a =B85 =0 and 0 < B8, <1/7,. Then (2.22) holds, and
the parameters y* may be chosen large enough so that
Lemma 1 applies. Q.E.D.

Remark: In some cases it is not necessary to let the
parameters depend on the y path. For example, if g(x) is
sublinear in growth and 4 is of polynomial growth with
h = 0(f/g), then case B5a) holds, 1, =0, and we can take
t, = +oc0.

Proof of Theorem 2: Let 3, ¢ be constants with

O<e< (0 -6,)

0<8<-1—min[01—5l,62—52]

4

and define the sequence of stopping times {#,)%_o by
(2.23). Also, let

1 1
a=§+5(01+01)
Bi=y(1) in case B5a)
1
.32“5(92“‘02)
e (29)
1 i in case B5b) 225
/32—5(02"‘02)

and
F(x) =9 (x)+ 89y () + 1+ 63()] V7]

(1, x)=u*(z, X)CXP( [¢1(x)+ [1+ ‘i’z(x)]l/z])
(2.26)

Then i* also satisfies an equation of the form (2.3). Let &

,,d be the potentials of this equation and its adjoint, and
let ck denote the function in (2.19b) with ¢* replaced by
yk. The assumption (2.9) guarantees that the initial data
uk(t,, x), #*(t,, x) of these equations are bounded pro-
vided

a<l, at+d<8
By (Bl — y(1)) <6, in case B5a)
By (Bf—y(1))+8<6,
B, £Br<8,, BtBf+8<8, in case B5b)
(2.27)

for all k> O. As in the proof of Theorem 1, there exist
parameters y such that c*, &%, ¢k, ,, &, are nonpositive
whenever cX, &% are bounded above. A sufficient condi-
tion for the latter is that there exist constants 4,, i =1,2,
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0 < A, + A, <1, such that for all £ > 0,

lo—1n, < A4,
la—148|n, < A4, )
Byt (B = y)iny <y, (OB
1B, £(Bf — y)+8ln, < 4,
1B, £Bf1<4,, 1B, £Bf+8] <4, incaseB5b).
(2.28)

These inequalities are satisfied by 4, = 1,8,. From Lemma
1 u*, it* exist and are bounded, U* is given by (2.11). Since
8>0, u*(1,x)—> 0 as |x] > co. Applying the maximum
principle as in [15], [16], #* is unique in the class of
functions which tend to zero as |x| = co. (The method of
(15], [16] only applies to this class.) In the original coordi-
nates this unique class consists of those functions satisfying

U(1, x)exp[¢*(x)=v*t = h(x) y(1)] > 0
as|x|—co. (2.29)

Hence, U(z, x) is unique in the class of functions satisfying
(2.10) provided

o>, i B5a)
- m casc a
Bzi(ﬁfc_)’)>02
B,+B%>8, incaseB5b). (2.30)

The choice of parameters (2.24), (2.25) satisfies all the

conditions (2.27), (2.28), (2.30) and the result follows.

Q.ED.

Proof of Theorem 3: The lower bound in (2.14) is a

simple consequence of the comparison theorem for para-

bolic equations (see, e.g., [16]). Suppose w(?, x),w, (¢, x),
i=1,2, satisfy

<wir,x)<w(r,x)
<(Tw)(t, x) < (Tw,)(1, x)
(t,x)e(r,s)xXR (2.31)

w(r, x)
(Tw))(2, x)

where T=49/0t—£ is a parabolic operator and that
w,w;,w, >0 as |x| > oo uniformly for 7€ (r,s). Then
wi(t, x)<w(r, x)<wy(r,x) forall (1, x)E(r,s)XR.

Now let the parameters a, 8,,{ 8%, ¢, Y*)¥_, be defined
as in the proof of Theorem 2, and let (7, s) be any one of
the intervals (¢,, 7, (), k = 0. Let £ be the operator in the
transformed robust equation (2.3), and define

w(t, x)=u*(t, x)

wi(t,x)=exp[>\it—p.i4;(x)], i=1,2 (2.32)
for some constants A, p; to be chosen and

$(x) =, (x)+[1+¢3(x)]"% (2.33)

Let ¢X (i) be the function in (2.19b) with J* replaced by

ess
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p,$(x)+ ¢*. Then by Lemma 1,
(l)+ Ai + O(C’Je(ss(i))'

In case B5a), — ¢k (1) is bounded above if, for all |x|

ess

sufficiently large,

|—sgn (x)(f/g*)(m, +a—1)
+sgn(x)h, (BF— y+sgn(h)(By + 1))

> é[h“r(fz/gz)]l/z-

— _ ak
Twi - ess

(2.34)

(2.35)

Because v, + v, > 0, this is ensured by choosing p, so large
that

(p+a—1)r>1
(M1+BZ i(Blk_Y))Vz>1

Similarly, in case B5b), », =0, »,=1, and —¢&%, (1) is
bounded above if u, is chosen so large that (2.36b) holds
with p(¢) formally set equal to zero. Also, & . (2) is
bounded above if g, = 8 [recall (2.24)]. Hence, Tw,, — Tw,
are bounded above, and there exist constants A, so that
(2.31) holds. This implies that (2.14) holds for ¢ € (¢, ¢, )
for some constants M*, K¥. The proof is completed by
repeating this argument for each of the intervals
(tgs tes 1) 8, < T and defining

ifr,>0 (2.36a)
ifv,>0. (2.36b)

K, =max(K{), M= min(M()

Kymmin(Kf). - max(uf).  237)

Q.E.D.

II1. ExAMPLES

To illustrate our results and make contact with other
recent work on nonlinear filtering (e.g., [7}-110]), we con-
sider a class of systems with polynomial £, 4. In particular,
we consider the case of a Wiener process observed through
a polynomial sensor. We also obtain a new uniqueness
result for a generalization of the bilinear problem studied
in [17].

Example 1. Polynomial coefficients.

Let £, h be polynomials with f of odd degree and stable,
ie.,

2g-1

f(x)= X2 fx', é"f2q—|>0
i=0

h(x)= 2 hxi, HE&R =0 (3.1
j=0
where ¢, s are positive integers. Suppose
g(x)=G(1+x2)"*, G>0 (3.2)
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where r € [0, 00). Our conditions for existence and unique-
ness and estimates of the asymptotic behavior of the den-
sity depend on whether or not g(x) is globally Lipschitz
and on the degree of h(x) relative to the degree (or
stability) of f(x). There are two cases covered by Theorems
1-3.

Case I: re0,1],g>r,s21,g>1.

The restrictions A1)-AS5), B1)-B6) applied here require
g(x) to satisfy a linear growth constraint € [0, 1], that f be
at least a cubic polynomial, g > 2, when g(x) is of linear
growth, r =1, and that #(x) be nonconstant.” In defining
the transformation (2.2) only the asymptotic behavior (|x|
— o0) played a role in the proofs of Theorems 1-3. There-
fore, ¢*(x) may be defined in terms of the monomials

é,(x)=(F/G*)x*97/2(qg~r)
Hx?, rzlorr<landr+s<2g-—1

(H/G)x*""*Y/s—r+1,
r<landr+s>2g—1.

‘;bz(x) =

(3.3)

Then the dominant behavior of the potentials of the trans-
formed robust equation (2.3) and its adjoint are char-
acterized by the constants

0, r+s>2g-1
1, r+s<2g-1
m=n= F/G (3.4a)
s r+s=2g-1
2 2 ;23 172
(H*+[*/G?)
0, r=1,r+s<2g-1
sG, r=1,r+s>2g-1
=y = SGH , r=1,r+s=2¢qg-1
MTRTY (g2 Fr62)'
0, r<l,r+s<2g-1
1, r<l, r+s>2g-1.
(3.4b)

Notice that 1, + 7, > 0.
Now suppose that the initial density p,(x) in (1.2)
satisfies

p.(x)exp[8,0,(x)+ 8,1¢,(x)]] = 0(1) (3.5)

for some positive constants é,,8, that satisfy 0 <8n, +
#,m, <1. Then from Theorem 2 the DMZ equation has a
unique solution in the class of functions satisfying

U(t,x)exp[071¢[(x)+072|¢2(x)]]=o(1) (3.6)

In case 1, gh, = 0(h), whereas in case 2, & = o(gh,). The conditions
on the parameters g, r, s are obtained from assumptions A4), B2)-B5),
using the fact that when F(x), i =1,2, are asymptotic to monomials of
degrees p;, then F, = o(F,) [resp. F, = O(F,)] if and only if p, < p, {resp.
P, < p,]. Also, the condition s > 1 satisfies B6), while the restriction that
f(x) is odd and stable is a consequence of A3).

"This case includes the linear filtering problem when f(x)=ax -+ b, a
<0,g(x)=1, h{x)=cx + d; when g > 0, assumption A3) is violated.
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for all 1> 0 and §, €(0,8,), i=1,2. Suppose in addition,
that

Mexp[— 6, (x) = byl (x)] < p(x)  (3.7)

for some positive constants f,, M. Then from Theorem 3,
for any 0 < ¢, < 1, there exist constants M;, K, depending
on the observation path such that

M, exp[— K1|x|“’] <U(t,x)< Mzexp[—- Kzlxl"]
(3.8)

where

(3.9)

s—r+1, r<landr+s>2g-—1
p= otherwise.

max [5,2(g —r)],

Although it is not covered in the present case, the
situation r = 0, f and its first two derivatives are bounded,
and / is asymptotic to a nonconstant polynomial, can be
easily treated by adapting the arguments in Theorems 1-3.
In particular, the inequalities (3.6), (3.8) hold withp =5 +1,
and this result overlaps [8), [9]. For example, if f =0, g =1,
h(x)=h,x*, hy =0, then

p=s+1

0<K,<l|h,|/(s+1). (3.10)

This was obtained by Sussmann for s =3 in [9].

Case2: r>1,g>r+1s,521,g> 2.

Here g(x) is of superlinear growth, f(x) is at least a
cubic polynomial, and h(x) is dominated, as indicated, by
the dynamics of the state process. In this case the asymp-
totic behavior of the conditional density is the same as that
of the a priori density {of x(#)]. To see this, let ¢, = o(d,).
Thus, the dominant part {(as |x| — c0) of the potentials of
the transformed robust equation (2.3) and its adjoint are
given by

= 82 (x)¥E[ 05— (1/87)] () +0( 1/87)(x).
(3.11)

Since n, =1, 1, =0, we can in fact take *(x) = a¢ (x),
independent of k. Thus, the results (3.6), (3.8) of case 1
hold with 8, =6, =0 and p=2(g — 7).

There are two interesting classes of problems with poly-
nomial coefficients not covered here: 1) when g has super-
linear growth (7 > 1) and 4 is strongly nonlinear (s > 2(g —
r)); and 2) when g has at most linear growth (r <1) and f
is linear and unstable (i.e., f; > 0). In these cases it may be
possible to obtain results by selecting time-varying weight
functions more complex than those used here.

Example 2: Bilinear filtering problem. Consider the sys-
tem

dz(t)=f(z(2)) dt + z(¢) da(z)
dy(t)=h(z(2))dt +dB(1)

z(0)=z,, y(0)=0, 0<t<T<oo (3.12)
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with z, having density p,(z), and z,, a, § mutually inde-
pendent as before. Since z(r) will eventually be trapped in
either the positive or negative half space, we shall arrange
that z(7) € [0, «c) by taking f € C'(0, c0) satisfying

[ (N<K(1+2)
D0

(3.13a)
(3.13b)

for some K > 0

and by taking p,(z) defined on (0, c0) and continuous and
integrable there. We also assume that 4 € C%(0, ) with
h_, h,. locally Holder continuous (and so, bounded at
Ze10).

We impose the following growth conditions on f, 4.

C1") f.(z) is bounded and locally Holder continuous

C2) lim, [ f(2)/2}> 0

C3) lim, _, |A(z)|/logz=+ 0

C4) lim, _, [h,,(2)/h3(2)]=0

C5) for some constants K, M, i=1,2

M+ Ky|zh (2)| < [h(2)| < My + K2k (2)).

Note that these conditions are satisfied when f(z) is affine
and #(z) is a nonconstant polynomial; we do not consider
the case A(z) constant. The assumptions that f, # and their
derivatives are bounded at the origin are made for conveni-
ence only. They can be relaxed by introducing more com-
plex growth restrictions. The other assumptions C2)-C5)
are essential (to our method).
The DMZ equation associated with (3.12) is

dU(1,z) = %(zzU)::—(fU):—%th di + hUdy(1)

U(0,z) = p,(z),

Because the generator for the diffusion x in (3.12) is not
uniformly elliptic, our theorems are not directly applicable.
If we make the logarithmic change of coordinates x = log z,
then (3.8) becomes

(t,2)€[0,T]x[0,0). (3.14)

dx(1) = (e"‘f(e")—%) dt + dals)

dy(r)=h(e*)dt+dB(z)

and Theorems 1-3 can be applied to this system. Alter-
nately, we can change coordinates directly in the DMZ
equation. Let W(z, x)=U(t.e*), x € R. Using (3.14), we
have

(3.15)

dw (i, x) = {%W +[3/2—e7f(e)]W,

-i-_[l—fz(ex)—%hz(e"')] W} dt
+ h(e*)Wdy(1)
w(0,x)=p,(e*).
The methods of Besala [11] as used in the proofs of
Theorems 1 and 2 can be directly applied to the robust

version of this equation. This is the line of attack which we
shall take.

(3.16)
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These two approaches are inherently different because
the robust form of (3.16) does not “solve” the filtering
problem (3.15). In fact, (3.16) does not correspond to any
filtering problem of the form (1.1). Nevertheless, the proofs
of Theorems 1-3 go through when the weight functions
Y*(x) are defined by (2.2) with x =log z and

(z)=-f fe) 8 at

62(2) = h(2). (3.17)
The transformations
V(t,x)=W(t,x)exp[— h(e*) y(1)]
uk (2, x) =V(t, x)exp [ *(x)— v*] (3.18)

map (3.16) into an equation of the form (2.3) where a(x)
1
=5 and

D(x) == 9ht 3 = 1(2) /24 yeh,(2)]ompe
et(x) = [(4) = v v~ 9t
[3/2=1(2)/z + yah (2)]
+ 222y (2) ph (2)]
+ yh ()22 = f(2)] +1
~ ()= () e

Note that y*(x) diverges to + oo as |x| = co by assump-
tions C2), C3). In Section II this was ensured by assump-
tions A3), B6) which preclude unstable, linear f. Since we
are considering the general bilinear problem, we must
allow ¢, to diverge to — co more slowly than ¢, diverges to
+ . Also because b, ¥* in (3.18) are asymptotic to
linear combinations of [e*h,(e*)], and [e™*f(e*)],, as-
sumptions C1)-C5) ensure that the potentials c*, c¥, ; (as-
sociated with the adjoint of the equation for u#*) are both
asymptotic to (as |x| — o)

(3.18)

Sela=2)f*(2)/22 + o7/ -,

asx —> —oo

cko(x) = %{ [Bén(z)+8,(1+ n2(2))' ] = yeh (2))
P+ oW 25X +o0.
(3.19)
Defim_a
v=m, = lim|f/z1/[12 + 1/5%]

=1 by(C2)

v, = lim infzlh,(2))/[n* +£°/g°] " € (0,00)

mp=_lim supzlh,(2)/[1* +1%/g*]"* € (0,00).
(3.20)
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Because min(»,, »,) > 0 by C5), the remainder of the argu-
ments in the proofs of Theorems 1-3 go through, with
appropriate simplifications due to the dichotomy of (3.19).
Details are given in Appendix II. This proves the following,
Theorem 4: Suppose CI1)—C5) hold. Let 6,> 0,0 <8, +

1,8, <1, and suppose p,(z) satisfies

p.(z) < Mexp [alj; (f(g)/gz) d§— 02|h(2)|]

(3.21)

for all z € (0, 00) and some M, > 0. Then for any 6, < 6, the
DMZ equation (3.14) has a unique solution in the class of
functions satisfying, for all t > 0

Ziil(fwsupU(t,Z)exp{-—éljl'z(f(g)/gz) d§+9zlh(z)|]
0. (3.22)

Moreover, if there exist constants M,, 6,, 0 <8, <8, such
that for all z € (0, c0)

Mzexp[él [(ree) ae- 92|h(z)|] <p.(2)

(3.23)
then for all t > 0 the solution U(t, z) is asymptotic to

exp [ f1 Z(f(s)/£2)ds—|h(z)|]

in the sense of (2.14) in Theorem 3.
For example, when f(z)=az + b, assumption C2) im-
plies either > 0 or 2> 0 and b= 0. Then

(3.24)

¢1(z)=bz"'—b—alog:z (3.25)

and, whenever (3.21), (3.22) are satisfied, U(z, z) is asymp-
totic to

exp[—|h(z)|-b/z],
zoexp[~|h(2)]],

Finally, we mention two examples involving coefficients
with rapid growth (faster than any polynomial) to which
our theorems apply.

Example 3: f is any stable, odd polynomial, g is a
constant, and h(x) = exp[(1+ x2)"/?].

Example 4: f, g satisfy Khas’ minskii’s test for explo-
sions in a trivial manner [14]

ifb>0

3.26
ifb=0anda>0.( )

lim — ["(f/87)(£) d&= +oo
]

[x] =20
and there is a constant » > 0 such that #(x) =0, V|x| > r. If
p,(x) satisfies the conditions of Theorem 3, then (2.2),
(2.14) show that for all r >0 the conditional density is
asymptotic to the a priori density as |x| — oo.

IV. CONCLUSIONS

Apart from guaranteeing that a large class of nonlinear
filtering problems with unbounded coefficients are well-
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posed, the conditions derived here are potentially useful in
numerical treatment of filtering problems. The bounds on
the tail behavior in Theorems 3 and 4 show that the
conditional densities in many problems are rapidly asymp-
totic to zero as |x]| — oo. This information can be used to
select and shape the finite domain ((z, x) € %) over which
discrete approximations to the density are fabricated; and
it can serve to provide estimates of the numerical error
associated with a given numerical technique. Of course, the
bounds also identify the class of functions in which the
conditional density may be found if the initial density is in
the appropriate class.

The class of functions in which we have shown unique-
ness is perhaps “smaller” than one would like. We have
not, for instance, shown uniqueness in the class of non-
negative L, functions, the largest class of densities. This
limitation is shared by the related work in [8], [9]. For
further results on this issue, see [18].

As mentioned in the introduction the treatment of some
multidimensional signal and observation processes [(x, }')
€ R" X R™ in (1.1)] may be accomplished with a straight-
forward modification of our arguments. For example, the
exponential transformation to robust form (1.4) is

V(r,x)=exp[~(h(x), y(1))pn]U(2,x)  (4.1)

and the derivation of the robust equation is standard [3].
An analysis of some multidimensional problems is reported
in [18]. '

Finally, having identified the proper weight functions,
the smoothness assumptions on f, g, 7 can be relaxed
considerably. Thus, the necessary differentiations can be
replaced by existence of weak derivatives and one can
establish most of our results in weighted Sobolev spaces,
using exactly the same weights presented here.

APPENDIX 1

We give details of the proof of Lemma 2, and indicate
the derivation of inequalities (2.22), (2.28), (2.35), (2.36) in
the proofs of Theorems 1-3. Throughout we drop the
superscript k.

Define

o\(x.1) = 3824~ ¥ (8%, y — 1)
+%g2(hx)2y2—ﬂ1xy—%h2 (L1.2)

ey(x,1) = - %gz% —(8%).b. + %gzhxxy
+(8?)chey + %(gz)n —fo—v  (Lib)

1
(2, 1) = 382 (%1 = Y)Y (119)
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and note that ¢, =c,;, ¢=¢; 4¢3, Cy;=¢;+ ¢;3. [Com-
pare (2.4), (2.19).] Also, ¢, is a linear combination of

(8%)xr fer y(D)(8%h,) o (g%,),  (1.2.2)
y(1)8%hr, 8% s (L.2.b)

and ¢, is a linear combination of the terms in (I1.2.b).
(Here certain terms in (I.1.b) have been rewritten using
the product rule for differentiation.) Letting F(x)=
min[42(x),(f2/g%)(x)]. it suffices for the proof of Lemma
2 to show that ¢,, ¢y = o(F). Those terms in (1.2) which do
not involve ¥ are o( F) by assumptions A4). B2), B4). In
case B5) a). ¥, is a linear combination of

1/8% hy hoh/[1+ 02]V2, (1.3)

Noting that & /[1+ #2]Y/2 =0(1), the terms in (1.2) which
do involve y are o( F) by assumptions A4), B2). In case
B5b), g%, and (g*),), are both linear combinations of
gh., g h, and hence are o(4*) by the additional hypothesis
in B5b).

In the proofs of Theorems 1-2, the inequalities (2.22),
(2.28) imply c,,, is bounded above as follows. Define

M(x)=g(),/[h*+f/g*]?  i=1.2
(1.4.2)

N(x)=g[1+a] /[ + 78] (14b)

and note that N(x)= O(M,(x)). Let a, 8,, B, correspond
to the generic function ¢ (x) defined in (2.2). When case
B5a) holds, c,,, is bounded above if there exists a constant
R > 0 such that

(a—1)M, +(B,— y(t)) M, +B,N| <1, forall|x|> R.

(1.5)

By the triangle inequality, (1.5) holds if for some constants
A, 0<4,+4,<]1,
la— 1M < 4, for alljx| > R
(1.6.a)
for all |x| > R.

(1.6.b)

|B,N +(B,— y(1)) Myl < 4,

Inequalities (2.22), (2.28) follow by taking limits supremum
in (1.6} for various values of «, 8,, B,, and noting that B3)
implies »,, 7, are finite. When case B5b) holds, the analysis
is similar, with M, =0 and (1.5) replaced by

|8, M, +B,N|<1  forall|x|>R.

(1.7)
The proof of Theorem 3 requires that & (1) be bounded
below for u, sufficiently large. [See (2.34).] When case B5a)
holds, this follows from the existence of positive constants

Ky, R, such that

|(P‘1+‘x_l)Ml'*'(B{(—J’)M2+(”1+32)Ni>1-
(1.8)
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If M,=0(M,) [ie, h=0(f/g)], then »,=0, » =1, and
(1.8) is implied by (2.36a). Similarly, if », =0, then (1.8)
follows from (2.36b). If both »,, », are positive then (1.8)
follows from (2.36), provided the functions

(Hl +ta— 1)M1
(B —y)M,+(u, +B,)N

have the same algebraic sign for |x| > R. Because 8, > |8
— (1)}, (1.9.b) has the same sign as N(x). Also, (1.9.a) has
the same sign as M,(x) provided p,+a—1>0. Since
— f(x)sgn(x) and k, (x)sgn(xh(x)) are nonnegative for
|x| sufficiently large and

(1.9.a)
(1.9.b)

—sgn(x)fg
[h2 +f2/82]1/2
_ sgn(x)gh h/[1+ h*]"?
[+ +r%/7g]”

it follows that for R sufficiently large, (M, N )(x) > 0 for all
|x] > R. Hence, (2.36) implies (1.8).

The analysis when case B5b) holds is simpler; since
M, =0, it suffices to take limits infimum in (I.8) with y(¢)
set formally equal to zero. [Compare (1.7).]

(MN)(x) =

(1.10)

APPENDIX 11

The proof of Theorem 4 differs only slightly from the
proof of Theorems 1-3. We shall indicate those changes
needed to 1) show ¢*(x) diverges to +o0 as |x| = oo
whenever a> 0, 8, > |B¥|, 2) prove an analog of Lemma 1
for c,,, as defined in (3.19), and 3) select the parameters
& Bos{ts B, Y )30

1) Recall the transformation z = exp(x) and the defini-
tion of ¢* in (3.17), and note that z —» 0 as x - —o0. By
C2) there exists a constant € such that f(z)> ez for z €
(0, ¢). Hence,

[1@) /6 dg=+ o0 (L11)
and since # is bounded at the origin, ¥*(x)— +oo as
x — —co whenever a>0. Also, by Cl) there exists a
constant X such that

U;z~f(£)/£2d£l<Klog(z) forz>1. (1.12)

Since log(z) = o(h(z)) as z = + oo by C3), it follows that
Y* — + 00 as x — + oo whenever , > |S5|.
2) Using the chain rule for differentiation, compute

Vi(x)=a(~f(z)/z)+Bfzh (z)
+Byz(hh/[1+ 8222, (L13)

and let c*, be any locally Holder continuous function
satisfying (3.19). Recall c*(x,?) in (3.18), and denote
ckii(x,8)=(c* = bf)(x, 1). To prove c*, ¢k, = o(ck,) it is
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sufficient to show C1)-C5) ensure that

Lo fhzh,, 2%, /2 (1.14)
are all o((¢*)?), while
22(h,) h*=0(f(z2)/2?) aszlo
f¥/z=0(h?) asz—+oo. (1.15)

For example, f#, is bounded at the origin, while Cl1), C5)
imply fh, = 0(h) as z = + 0. But A= o(h?) as z > + o0 by
C3), whence fh, = o(h*) as z — + co. The remaining verifi-
cations are similar.

3) The proof of Theorem 4 differs from the proofs of
Theorems 1-3 in the form of the inequalities (2.22), (2.28).
(Note that the present analysis corresponds to case BSa) in
Section I1.) The inequality (2.22) becomes

a<(0,2)
1B, £ (Bt = y)imy <1 (1.16)
while (2.28) becomes
a,a+8€(0,2)
18, i(rBlk - )’)Mz <1,
1B, £ (Bl = y)+8im, <1 (1.17)

Nevertheless, since v, =1, », > 0, 8, <1, 6,1, < 1, the choice
of parameters (2.24), (2.25) proves Theorem 4.
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