ENCE 353 Introduction to Structural Analysis Spring Semester, 2026

Solutions to Homework 5

Question 1: 10 points

Problem Statement. Figure 1 shows a simple three-bar truss. The bar elements have section properties EA
throughout. Horizontal and vertical loads P are applied at node C.
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Figure 1: Simple three-bar truss.

Part [1a]. (5 pts). Use the method of virtual displacements to compute the vertical reaction forces at
nodes A and B. Show all of your working.

Solution. Impose virtual displacements at A and B:

—> |<— VAV
®




For reaction at A:
> EWD=0, — VuA¥+PAY+PAYF=0. — Vy=-2P (1)

For reaction at B:
Y EWD=0, — VAL +P(-AF)=0, — V=P 2)

Part [1b]. (5 pts). Use the method of virtual displacements to compute the member forces AC and BC.
Show all of your working.

Solution. Extend members BC and AC by A**:

Extend BC by A** Extend AC by A**

Si%

A

G

For member BC, energy balance > EWD = > IWD:

(G)em (mmee() o

For member AC, energy balance ) EWD = IWD:

L YN
PA™ = ACA™ + BC 4
( ﬂ) @

Combining equations 3 and 4: AC = 2P, and BC = —+/2P.



Question 2: 10 points

Problem Statement. The cantilevered beam structure shown in Figure 2 supports a uniformly distributed
load w (N/m) between points C and D.
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Figure 2: Front elevation view of a simple beam structure.

Distributed Loading w (N/m)

Part [2a]. (4 pts) Use the method of virtual displacements to compute formulae for the vertical reactions
at A and C. Show all of your working.

Solution:

Reaction at A: Impose virtual displacement A%* at A;

*%
AA

a b c
g L >‘< >
From geometry:
v 2(a+b) A

For this problem IWD =0 and ) . EWD = 0. The latter gives:



wc

VAN + ——— A% = 0. 6
AL, + 2a+b) A (6)
Hence,
2
—wcC
S — 7
VA= ou s ™

Reaction at C: Impose virtual displacement AZY at C;

P

From geometry:

a+b+c/2

A** —
w (a+b)

A @®)

For this problem IWD =0 and > , EWD = 0. The latter gives:

Ve AE —wel; = 0. ©)
Hence,
we(a + b+ ¢/2)
Vo = . 10
N P {10

Part [2b]. (6 pts) Use the method of virtual displacements to compute a formula for the bending moment
at B. Show all of your working.



v
[

L ! P >‘<
Solution: Impose a virtual rotation fp at B.

From geometry:

05 =

A% = abf.
= bog
kk c k%

Aw — %AB .

Energy Balance: IWD = EWD.
Mpos +wiAy =0.

Sustituting equations 11 into 12 and rearranging terms:

1 1 o
MB |:a+b:|AB - —

2

wce

— A%
2 B

Hence,

Mo = <aib> [_2}62] '

Note: From statics: Mp =V, a.

1)

(12)

13)

(14)



Question 3: 10 points

Problem Statement. Consider the articulated cantilever beam structure shown in Figure 3.
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Figure 3: Elevation view of articulated cantilever beam structure.

At Point A, the cantilever is fully fixed (no movement) to a wall. Point B is a hinge. Both members have
cross section properties EI. A single point load P (N) is applied at node D as shown in the figure.

Part [3a]. (2 pts). Draw and label the bending moment diagram for this problem.

Solution: ...

rPL

-PL —»

Part [3b]. (2 pts). Qualitatively sketch the deflected shape. Indicate regions of tension/compression, and
any points where slope of the beam is discontinuous.

Solution: ...

/— Slope is discontinuous

T~

Part [3c]. (6 pts). Use the method of virtual forces to compute the vertical displacement and end rotation



of the beam at D. Show all of your working.

Solution: BMD’s due to applied load at D and unit virtual forces (point load and moment) also applied at
D.

BMD due to load at D m*(z) = Px b
m*(y) = P(L —y) \
\
- -
-
y X
Virtual deflection at D my(r) =x |
\J
‘ i) = () <—|y -—
my* =1
Virtual rotation at D /_
) 1
| X i) = [1—;/].;—| -~
Apply virtual forces:

EI J, EI
P L ) P 2L 9

- dr + — L —y)*d (15)
EIJ, :H_EI/O (L —y)"dy

_ PL3+2PL3 PL?
 3EI 3 EI  EI’

1 L % *ok 1 2 * ok

o = /O e (e)mi (e)de+ g [ ymi )y
p (L P 2L 2
EI/O rdr + EIL/O ( y) dy

_PL2+2PL2 _7TPL?
 2EI 3 EI 6 EI'’



Question 4: 10 points

Problem Statement. Figure 4 is a front elevation view of a simple truss that supports vertical loads at nodes
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Figure 4: Front elevation view of a simple truss.

All of the truss members have cross section properties AE.
Part [4a]. (5 pts). Compute the support reactions and distribution of forces throughout the structure.

Solution: Equations of equilibrium:
> Ms=0 — —2PL—-4APL-HpL+4LVg=0 — 4Vg=Hp+6P  (17)

 F,=0 — Hy=Hp (nottoo useful) (18)

d F=0 — Va+Vp=4P (19)

Equilibrium at node B: Vg = Hp.

From equations 17 through 19:

Va=Vp=2P, — and Hy = Hp=2P. (20)



The distribution of forces is as follows:

lzp lzp
D *2P<C> C

Part [4b]. (5 pts). Use the method of virtual forces to show that the total deflection at node C is:

PL

N =
AFE

3 21

W]

Solution: Apply unit loads in the x- and y-directions:

Displacements in the horizontal and vertical directions are given by:

FifnL;
oS (50)
i=1
and
N
-Fi ULi
S8
i=1



Tabulate displacements:

Member L/AE F fn fo Yis, (FAf’}aL) ity FAfEL)
AC VBL/AE 0 V5/2  —/5/3 0 0
AD V2L/AE  —22P 0 0 0 0
BC 2V2L/AE  —22P —v/2/3 -2v2/3  8v2/3L%L 16v2/34L
CD L/AE —2P 0 0 0 0
Summary 8v2/31L 16v2/31L
Summary:
8v2 PL 1612 PL
= " - =_'-" - 24
Bo="3 g ™ ST 3 UE @4
Hence,
. 2 211/2 8\/E PL
total deflection = [Am + Ay] =5 a5 (25)
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Question S: 20 points

Problem Statement. The T-shaped beam structure shown in Figure has flexural stiffness EI throughout.
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Figure 5: Front elevation view of a T-shaped beam.

Part [5a]. (5 pts). Use the method of virtual displacements to compute the vertical reaction force at node
A.

Solution: Impose a virtual displacement A** at A, i.e.,

Mi: \{Q |57
h I

Sum of external work done is zero (i.e., >, EWD = 0):

N /\F*
VAA** + M39 + PlT - P2 9

=0. (26)

From geometry:

11



A**
0= 27)

2L
Hence,
P, P M
- _ - _ 2 28
Va=5 -5 73 (28)

Part [Sb]. (15 pts). Use the method of virtual forces to compute the flexibility matrix:

VAP fir fiz fi3 Py
Dpy | = | far fa2 fo3 P . (29)
04 far fa2 f33 M3

Solution: Bending moment due to unit loads:

—>

DO — \
_>
DO —
_>
-
[S—
DO —
_>

Flexibility coefficients:
2 [tz I
f11=/ ()d:p+/ z2dx
EI J, \2 EI J, (30)
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From symmetry, fio = fo1 =0.

Flexibility Matrix:

L3/2EI 0 —L%/12E1
f= 0 L3/6EI  L?/AEI
—L%/12E1 [L[?/AEI 2L/3EI
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(€29)

(32)

(33)

(34)

(35)



Question 6: 10 points

Problem Statement. Consider the supported cantilevered beam structure shown in Figure 6.
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Figure 6: Front elevation view of a supported cantilevered beam structure.

Use the principle of virtual forces to compute the two-by-two flexibility matrix connecting displacements
at points B and C to applied loads P, and P, i.e.,

AV N B ST T b,
[Ac]_[fm f22:||:Pc:|. (36)

Sol’n: Compute bending moment diagrams for unit forces at B and C:

Apply unit load at B Apply unit load at C

m(x)=0 m(x) =X
I

C i c/\i

Compute flexibility coefficients:
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2L 2 L £2
mi(z) filz) L
= L gy EAR Sl il
fu o B ) AR TN 4B T aE
2L 2 L £2
m;(z) f3(z)
fo== | Tprdet | g
I L

Here,
1 2L 92 L3
I = — dr = ——
LT ET /0 2(@)de = 357
1 [F AL
Iy=— ; =
2= g ), 2@dr =75
Hence,
L3 4L
=L+ — .
foo=5L+1= A 5
Finally,
1 2L
fm:EI/O ma(@)ma(a d:z:+/ file) fa(w)de = S
Flexibility Matrix:
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(37

(38)

(39)

(40)

(41)

(42)

(43)



