ENCE353 Introduction to Structural Analysis Spring Semester, 2025

Homework 3 Solutions

Due date: April 4, 2025

Problem 1: The three-pin parabolic arch shown in Figure 1 has a profile shape:

vo) = [F]z0-2

where f=4m and L = 16m.

Figure 1: Elevation view of a parabolic three-pin arch.

Questions:

[1a] Calculate the horizontal and vertical components of reaction force at A and B.

(a) Draw the free body diagram of the arc structure:

H/i HB
ZFE =0, Hy=Hy
ZF'U:O’ VatVe=F,
ZMA:O’ Fr-4—V;-16=0= VB:%(T) = VA:%(T)

Slice the arc structure at point C, and write the moment equilibrium about point C (left part) would get:

Y Mo=0, ~Fp-4+V, 8- Hy-4=0= HA:%H) - HB:%(H
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[1b] Calculate the internal forces (i.e., shear, moment and axial forces) at point E.

(b) Slice the arc structure at point E, and draw the free body diagram of the right part:

My
E
Hy
v

B
T ;
B

Vi

SR =0, Hy=Hy = Hy= 1 ()

> F,=0,Ve+V,=0 :>VE——%(¢)

The axial force at point E is along with the tangent of the arc profile at point E and the shear force is
perpendicular to the tangent of the arc profile. Thus, to calculate the axial and shear force, decomposition of He
and VE is needed:
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d_zl:z=12 :E_'zf(l_zw)‘;,:m ==

b | =

tana=—% = a=153.43(deg) = £=26.57(deg) = v==26.57(deg)

sin3=0.447,cos 3 =0.894

P=VgsinG+ Hcos = % -0.447 + % -0.894 = 0.559F) (compression)

F
Q:_VECOS,6+HSin,8:_TP -0.894 + % -0.447 =0



[1c] Draw the bending moment diagram.
(c) Assume the moment at point x=x is positive in clockwise:
For section 0<=x<=4, write the moment equilibrium about point at x=x:
> M,,=0,Vi-a—H, y(z) + M(z) =0

:>M($)——%$+%(?—‘Qfx(l—x)) =-—z’——Fz

For section 4<=x<=16,
> M,_.=0,Vicz—Hy-y(@) —Fp- (a—4) + M(z) =0

= M(z) Z—%EJF %(%w(l—m)) =

Fe o 3P
32:v+4:v 45,

Draw the moment diagram (Assume the value of F, >=0):
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Problem 2: Figure 2 shows an elevation view of a pre-fabricated steel building frame that is subject to a
variety of snow and wind loadings.

Snow = 40 PSF Snow = 25 PSF
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Figure 2: Elevation view of pre-fabricated steel building frame subject to snow and wind loadings.

Assuming that the frames are spaced at 20 ft centers, and that the foundation-level supports and roof

apex are pinned (i.e., the frame can be modeled as a three-pinned arch), compute the vertical and
horizontal reactions at the base supports.

Snow=40%20 PLF=800 PLF Snow=25*20 PLF=500 PLF
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Wind=18*20 PLF=360 PLF
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Snow=800*15=12000 |b Snow=500*15=7500 Ib

l ) . 3

Wind=360*5= 1800 |b ———»

5-0

16'-0"

Wind=360*16= 5760 Ib ———»

‘_ A ‘_ By * ’

>—>
o—p

30-0"

4
A

Entire Arch:

ZMA =0 - 57608+ 1800 * 18.5 + 12000 = 7.5 + 7500 * 22.5 — B, * 30 = 0 —» B, = 11271 b

> By =0 4, — 12000~ 7500 + B, = 0 - 4, = 8229 lb

Arch Segment BC:

Note: Point C is at the center of the arch (middle pin).
ZMC:0—>7500*7.5+Bx*21—By*15 =0-B,=5372110b
Entire Arch:

ZFx=0—>Ax—5760—1800+Bx=O—>Ax=2187.9lb



Problem 3:
Analysis of a Three-Pinned Parabolic Arch. This question is inspired by the St. Louis Gateway Arch

shown on the class web page. We will compute the vertical and horizontal support reactions due to self-
weight the arch alone, and explore the validity of approximations in the analysis along the way.

Since the mathematical details of this problem are a bit complicated, | suggest that you use Wolfram
Alpha (see: https://www.wolframalpha.com) for the integration, and read the web page output carefully
for hints on suitable simplifications.

Problem Setup. Figure 3 is a front elevation view of a three-pinned parabolic arch that has a profile:

y(x) = kx.

»|

/— Weight of arch: IV, per unit length
/— y(z) = ka?

Va | | Vi
Figure 3: Front elevation view of a three-pinned parabolic arch.

The arch has height h, span L, and has self-weight W, (N/m) along its profile. Points A, B and C are pins.
Show all of your working.

[3a] Starting from first principles of geometry, show that the equivalent loading measured in the
horizontal direction is:

w(z) = W[l + 4k2:r:2} 12

ds
ZFy =0 - wx)dx = weds »> w(x) = wo%

ds dy
d 2 d 2 d 2 2 1 2
s x“+dy- - (—dx) + (—dx)

d
w(x) = wg 1+(£)2=(u0 1+ (2kx)? = woy/ 1 + 4k2x?

[3b] Show that an approximate value of Va is:

w,L
Va = 5

8/ h\?
1+-(=) |
+3(1)




Notice that when h/L =0, the arch becomes a straight beam and Va = W,L/2.

L/2
Vy=Vg = f w(x)dx
0

J‘1+ - %_ax\/1+a2x2+sinh‘1(ax)_ax\/1+a2x2+log(ax+\/1+a2x2)
( a’x7)z = 2a B 2a
5, a1 ax3 4h
(I+a“x“)2=x+ ;a=2k,k=L—2
L/2 k23 |k L 4k%13 wel 8 h
Va= | w0 = wple + = 2) =t g =3 15

[3c] Using Wolfram Alpha, or otherwise, derive a formula for the moments about C due to self-weight of
the arch alone, i.e.:

L/2
/ w(x)xdz.
0
All reasonable answers will be accepted.
L L 3
2 2 wo(1+4k2x®)z|L L
.[ w(x)xdx = f woy 1+ 4k2x2 xdx = o > ) o= 02 (1+ 6k?*x?) |7
0 0 12k 0 12k 0

_ wol? 1+1(L)2
=g 13\

[3d] With equations 3 and 4 in place, write down and label the equation you would solve to compute
the horizontal reaction force at A.

A (%) - fo% w(x)xdx
h

L
2z L
ZMC =0- f w(x)xdx =V, (§> —Hy(h) » Hy =
0
[3e] Now suppose that equation 3 is applied to the St. Louis Gateway Arch profile (see pic on class web
page), where h/L=1.

Does the computed value for VA seem reasonable to you, or not? And if not, how you would correct the
analysis? Either way, justify your answer.

h Approximate Value (uOL 8 <h ] _ 11 <w0L) 11
“3\2

—=1 V, = 14-= = —L
I A > [1+ 3 0)0(6 )
L

2
For a Parabola: V, = f w(x)dx = wy(Length of arc)
0

V5 3
L? + (—) = 7L < Length of arc < EL



11
Therefore, the approximate value of V, is not reasonable (?L > —L).

2
, a1 axV1 + a?x? + log(ax + V1 + a?x?) 4h
f(1+ax)2= >a ;a=2k,k=§

L L
z 1 2 1 V5 3

Vy= wof (1+ a?x?)2dx = wof (1 + 4k?x?)2dx = wy(1.21L) - 7L <1.21L < EL
0 0

— This is a better approximation.



Problem 4: The cable structure shown in Figure 4 carries a uniform load w, (N/m) along its entire length.

-’

30 m

"-

Minimum value of cable profile —- 3

l— Loading = w, N/m

--‘

‘ 30 m
-

Figure 4: Elevation view of a pedestrian swing bridge.

[4a] Starting from first principles (i.e., the differential equation), show that cable profile is given by the

equation:

2
WoT 15w,
= 1- .
yw) =5 +( 0 )m

d? wkx) w, d w w
y ():_0_)_y=_0x+A_)y(x)=—0x2+Ax+B

dx2~ H H dx H 2H

B=0 2
y(x=0)=0 15w _ WX (_15w0)
{y(x=30)=30 - A:1—T° Sy =t Im—)*

Now let us assume that the minimum value of the cable profile occurs at x = 10.
[4b] Show that the horizontal cable force is:

H = bw,.

dy_WO 15W0 dy
—=—x+1- e

=0-H=5
dx H H dxly=10 - Wo

[4c] Derive a simple expression for the maximum tensile force in the cable.

Note: Point A is the left end, and point B is the right end.



30
ZMA:0—>VB*30—W0*30*(7)—H*30=0—>VB=20w0

ZJ&;=0—>VA+I/B=30wo—>VA=10w0

T, = |H2 +V,% =/ (5wy)? + (10wp)? = 11.1803w,

Ty = [H2 + Vg% = /(5wp)? + (20wy)? = 20.6155w,

Tp —Ty
T(x) = Ty + —55—x = 11.1803wq + 0.3145wox



Problem 5: The cable structure shown in Figure below carries a triangular load that is zero at the left-
hand support and increases to w, (N/m) at the right-hand support.

30 m

-a— Loading = w N/m

RN

[5a] Starting from first principles (i.e., the differential equation), show that cable profile is given by the
equation:

()7wo:ﬂ3jL 1 Sw,
S = 1R0H )"

d’y w(x) wex dy w, Wo
= = = A = 314 B
o2 H 300 dx oon TATYR) = qgopx tAxY
B=0 3
y(x=0)=0 Sw _ WoX < B SWO)

Now let us assume that the minimum value of the cable profile occurs at x = 10.

[5b] Show that the horizontal cable force is:

7_ 20w0‘
6
dy wp 5wy dy 10
dx _ 60H" H dxlee,, T3

[5c] Draw and label a diagram showing the horizontal and vertical components of reaction force at the
left and right-hand cable supports.

Note: Point A is the left end, and point B is the right end.



Method 1:

1 2 40
ZMA=0—>VB*30—E*W0*30*(§>*30—H*30=0—>VB=?W0

1 5
ZFJ/ZO_)VA+VB:§*WO*3OZ15W0_)VA:§W0

Method 2:
dy dy 5W0 5
V=H—-V,=H—-— =H|(1—-——)=H—-5w, = ——
dx_) A dxly—g ( H) Yo 3W0
dy dy wo 5wp\ 40
V=H-—->Vz=H— =H 302 1—_)=_
R (60H* Lo ) =3




