
Chapter 36  Review

AC Circuits



Three categories of time behavior

1. Direct Current (DC) Voltages and currents are constants in time.
Example: batteries - circuits driven by batteries

2.   Transients  Voltages and currents change in time after a switch
is opened or closed.  Changes diminish in time and stop if you
wait long enough.
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 VL (t)=V0 exp[!tR / L]



3. Alternating Current (AC).  The voltages and currents continually
change sinusoidally in time.

  V(t)=V0 cos[!t + "]

amplitude

frequency

phase

Examples:  our power grid when it is on.   f=60 Hz,  V=110 V (RMS)
audio signals
communication signals
Power in microwave ovens
Power in MRI machines

Real Life voltages involve DC, AC and Transients



AC - Circuits

First Rule of AC - Circuits - everything oscillates at the same
frequency

The problem then becomes:  Find the amplitude and phase of each
voltage and current.

Phasors - Everything you learned about DC circuits can be applied
to AC circuits provided you do the following:

1. Replace all voltages and currents by their complex phasor
amplitudes.  In practice this means putting a hat on each letter.

2. Treat inductors as resistors with “resistance” j!L
3. Treat capacitors as resistors with “resistance” 1/(j!C)



I
V2

V1

Foolproof sign convention for two terminal devices

1. Label current going in one
terminal (your choice).

2. Define voltage to be potential at
that terminal wrt the other
terminal

V= V2 -V1

3.  Then no minus signs

 V = RI

 
V = L dI

dt

 
I = C dV

dt

 P =VI

Power to device
KVL Loop

Contribution to
voltage sum = +V



Phasors for R-L circuit

L

Result:
 
Î =

V̂0
Z

Impedance  Z = R+ jXL

RVs(t) I(t)
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"#
$
%&

  
VL (t)= Re V̂Le

j!t!
"#

$
%&

  
VR (t)= Re V̂Re

j!t!
"#

$
%&

Write currents and voltages in phasor form

KVL:  0= V̂L + V̂R!V̂0

  V̂L = j(!L)Î = jXL Î
 V̂R = RÎ

Write circuit equations for phasor amplitudes



V̂0

 !

 V̂0e
j!t

 !t

  V0 cos(!t+ ")

Multiplying      by
rotates the angle of the product
by

Remember:

V̂0  e j!t

 !t

  !3 = !1 + !2

 Z3 = Z1 Z2

How to use in circuits:
1.  Every voltage and current is written in phasor form:

  
Vs (t)= Re V̂0e
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Result:
 
Î =

V̂0
Z

Impedance  Z = R+ jXL

Impedance has a magnitude and phase

  Z = Z ej!Z

 Z = R2 + XL
2

  tan!Z = XL / R

Z
 !Z

R

XL

Resistor Voltage

  
V̂L = jXL Î = V̂0

jXL

Z
= V̂0

XL

Z
e
j( !
2
!"Z )

  
V̂R = RÎ = V̂0

R
Z

= V̂0
R
Z
e! j!Z

Inductor Voltage V̂0

 !Z

V̂R

V̂L

 V̂0 = V̂L + V̂R  j = e
j !
2Note:



VL(t)

I(t)

t

  I(t)= I0 cos[!t + "I ]

  

VL =!!LI0 sin[!t + "I ]

= !LI0 cos[!t + "I +
#
2
]

When I(t) is maximum

VL(t) is zero
and
decreasing VL leads I by "/2



Power Dissipated in Resistor

  I(t)= IR cos[!t]

  p(t)= RI 2 = RI
R

2 cos2[!t]

Current

Instantaneous Power

Average over time is 1/2

 
P =

1
2
RIR

2

Average Power



Root Mean Square (RMS) Voltage and Current

  I(t)= IR cos[!t]Current
 
P =

1
2
RIR

2Average Power

Peak current

What would be the equivalent DC current as far as average
power is concerned?

 
IRMS =

IR
2

 P = RIRMS
2Average Power

What is the peak voltage for 110 V-AC- RMS?
A: 156 V

No pesky 2



RLC Circuit

R

L

Vs(t)

I(t)

C

 V̂0 = V̂R + V̂L + V̂C

  V̂L = j!LÎ
 V̂R = RÎ   V̂C =1 / ( j!C)Î

KVL

Current phasor
  
Î =

V̂0
R+ j[!L!1 / (!C)]

=
V̂0
Z

Complex Impedance   Z = R+ j[!L!1 / (!C)]

Magnitude of Impedance   Z = R2 + [!L!1 / (!C)]2

Phase of Impedance   tan!= ["L!1 / ("C)] / R



Resonance: At what frequency is the amplitude of the
current maximum?

  
Î = Î e j! =

V̂0
R+ j["L!1 / ("C)]

=
V̂0
Z

Complex Amplitude

  
Î =

V̂0
Z

=
V̂0

R2 + [!L!1 / (!C)]2

Current Amplitude

Current is largest when this term is zero

  != !0 =1 / LC

Resonant frequency

At resonance:

 
Î =

V̂0
R



How narrow is the Resonance?

  
Î =

V̂0
Z

=
V̂0

R2 + [!L!1 / (!C)]2

Imax

Imax / 2

 !0 /Q

 
Q =

L
C
/ R Quality Factor

Width of resonance determined by
when these two are equal
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Decaying transient Quality factor determines rate 
of decay of transient

envelope   = e!!ot /(2Q )

  

Power dissipated in R
Energy stored in L&C

=
!0
Q



Power Delivered to a Capacitor

  V(t)=VC cos[!t]

  

p(t)= IV =!!CVC
2 cos[!t ]sin[!t ]

p(t)=!
!CVC

2

2
sin[2!t ]

Current

Instantaneous Power

 P = 0Average Power

Voltage

 I(t)= CdV (t) / dt

  I(t)=!!CVC sin[!t ]





Review of Waves



Properties of electromagnetic waves in vacuum:

Waves propagate through vacuum (no medium is required like
sound waves)

All frequencies have the same propagation speed, c in vacuum.

Electric and magnetic fields are oriented transverse to the direction
of propagation.  (transverse waves)

Waves carry both energy and momentum.



Solution of the Wave equation

  

!2Ey (x, t)
!x2

= µ0!0
!2Ey (x, t)
!t 2

 Ey (x, t)= f+ (x! vemt)+ f!(x+ vemt)

Where f+,- are any two functions you like, 
and

  vem =1 / µ0!0

is a property of space. vem  vem = 2.9979!108 m / s

 f+,! Represent forward and backward propagating wave
(pulses).  They depend on how the waves were launched



 Ey (x, t)= f+ (x! vemt)

Speed of pulse determined by medium

Shape of pulse determined by source of wave.

  vem =1 / µ0!0



What is the magnetic field of the wave?

 Ey (x, t)= f+ (x! vemt)+ f!(x+ vemt)

 
Bz (x, t)=

1
vem

f+ (x! vemt)! f!(x+ vemt)( )

Notice minus sign



E and B fields in waves and Right Hand Rule:

Wave propagates in E x B directionf+ solution

f- solution





Special Case Sinusoidal Waves

 Ey (x, t)= f+ (x! vemt)= E0 cos k(x! vemt)[ ]

Ey (x, t)

E0

 !E0

  k = 2! /"

  != 2" / k

Wavenumber and
wavelength

These two contain
the same
information



Special Case Sinusoidal Waves

 Ey (x, t)= f+ (x! vemt)= E0 cos k(x! vemt)[ ]

E0

 !E0

Ey (x, t)

  

!= 2" /T
f =1 / T

  2!= kvemT

Introduce

Different ways of saying the same thing:

  ! / k = vem   f!= vem



Polarizations

We picked this combination
of fields: Ey - Bz

Could have picked this
combination of fields: Ez - By

These are called plane polarized.  Fields lie in plane



Energy Density and Intensity of EM Waves

 
uE =

!0
!
E

2

2  
uB =

!
B

2

2µ0

Energy density associated with electric and magnetic fields

For a wave:
 

!
B =

1
vem

!
E = !0µ0

!
E

uE = uB

Thus:

Energy density in electric and magnetic fields are equal for a wave in
vacuum.

Units:  J/m3



Wave Intensity  -   Power/area

 
uE =

!0
!
E

2

2
= uB =

!
B

2

2µ0

Area - A
Length - L

Volume
V=AL

Energy density inside cube
In time #t=L/vem an
amount of energy

 
U = V(uE + uB ) = AL!0

!
E

2

comes through the area A.

vem

I=Power/Area

 
I =

U
!tA

=
"0
µ0

!
E

2



Poynting Vector

The power per unit area flowing in a given direction

 

!
S = 1

µ0

!
E !
!
B

 

!
S = I =

!0
µ0

!
E

2

What are the units of   µ0
!0

I - W/m2,  E - V/m

Ans:  Ohms

µ0
!0

= 377"



Polarizations

We picked this combination
of fields: Ey - Bz

Could have picked this
combination of fields: Ez - By

These are called plane polarized.  Fields lie in plane





The wave that passes
through the polarizer has
an electric field
amplitude

 
!
E

out
= cos!

!
E

in

This
component
is blocked

This
component
gets
through

Orientation of polymers

If input light
is unpolarized

Iout = cos2! Iin =
1
2
Iin

Malus’s Law



We now want to expand the picture in the following way:

EM waves propagate in 3D not just 1D as we have considered.
- Diffraction - waves coming from a finite source spread out.

EM waves propagate through material and are modified.
- Dispersion - waves are slowed down by media, different

frequency waves travel with different speeds

- Reflection - waves encounter boundaries between media.
Some energy is reflected.

- Refraction - wave trajectories are bent when crossing from
one medium to another.

EM waves can take multiple paths and arrive at the same point.
 - Interference - contributions from different paths add or

cancel.



Motion of crests

Direction of power flow

When can one consider waves to be
like particles following a trajectory?

Wave crests

•  Wave model: study solution of Maxwell equations.
Most complete classical description.  Called physical
optics.

•  Ray model: approximate propagation of light as that of
particles following specific paths or “rays”. Called
geometric optics.

•  Quantum optics: Light actually comes in chunks called
photons



 
I ! "E
"t

  
Ithrough = !0 ("!1)

d"e

dt

 ! Dielectric constant

   

!
B !d
!
S ="" µ0 (!0"

d#e

dt
)

In a dielectric material

Replace  !0 by  !0"

Electric flux

Real current given by
dielectric constant

Bottom Line:  ! Dielectric constant



 Ey (x, t)= f+ (x! vemt)+ f!(x+ vemt)

 
Bz (x, t)=

1
vem

f+ (x! vemt)! f!(x+ vemt)( )

Consequences for EM Plane waves

  ! / k = vem

  f!= vem

For sinusoidal waves
the following is still
true

  vem =1 / µ0!0" = c / "

Propagation speed changes
Refraction

Ratio of E to B changes
Reflection



  ! / k = vem

  f!= vem

For sinusoidal waves
the following is still
true

Frequency is the same in
both media

Wavelength changes



Reflection from surface

  v1 =1 / µ0!0"1

incident

reflected transmitted

  v2 =1 / µ0!0"2

Region 1 Region 2

Reflection coefficient
  
!=

v2 ! v1
v2 + v1

What if   !1 =!2 “Index matched”



Interference in 1 Dimension
incident

reflected

  Ey (x, t)= E0 cos k(x! v1t)[ ]+!E0 cos k(x+ v1t)[ ]

incident reflected

Incident and reflected fields
add (superposition)

Incident and reflected waves will interfere, changing the peak
electric field at different points
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Case #4: partial reflection $= -0.5

E plotted versus x for
several values of t

How far apart are the minima?
The Maxima?
What is peak E?

When reflection is not total there are still local maxima and minima.

  

Emax
Emin

=
1+ !
1! !

= VSWR Voltage Standing Wave Ratio
Pronounced “vizwarr”

Emax Emin



Summary
1. Waves are modified by dielectric constant of medium, %.
2. All our Maxwell equations are valid provided we replace

  !0 ! !0"

3.  Speed of waves is lowered.  (Index of refraction - n)

  
n=

speed of light in vacuum
speed of light in material

=
c
vem

= !

4. Frequency of wave does not change in going from one
medium to another.  Wavelength does.

  !=!vac / n

5. Waves are reflected at the boundary between two media.
(Reflection  coefficient)

  
!=

v2 ! v1
v2 + v1

=
n1!n2
n1 + n2



6. Reflected waves interfere with incident waves.

Distance between interference maxima/minima  ! / 2

Ratio of maximum peak field to minimum peak field
(Voltage standing wave ratio)

  

Emax
Emin

=
1+ !
1! !

= VSWR



Chapters 21 & 22

Interference and Wave Optics

Waves that are coherent can add/cancel

Patterns of strong and weak intensity



  

E(r,t)= A(r1)cos(kr1!!t +"1)

+ A(r2 )cos(kr2!!t +"2 )

Two sources that have exactly the
same frequency.  “Coherent”

r1

r2
Sources will interfere constructively
when

  

kr1 +!1( )! kr2 +!2( ) = 2"m

Sources will interfere destructively
when

  

kr1 +!1( )! kr2 +!2( ) = 2" m+
1
2

"
#
$$$

%
&
'''

 

m = 0, 1, 2, ...



Interference of light Coherence because sources are
at exactly the same frequency



  

kr1 +!1( )! kr2 +!2( ) = k"r = 2"m

 

m = 0, 1, 2, ...

Sources will interfere constructively when

Phases same because source comes
from a single incident plane wave

  

k!r = kd sin!= 2"m

  

sin!m ! !m = m" / d

Dark fringes

  

sin!m ! !m = m+
1
2

"
#
$$$

%
&
'''" / d



Intensity on a distant screen 
  
I =

!0
µ0
E 2

Iave =
1
2

!0
µ0

2Acos(k"r
2
)
2

L

   
k!r = kd sin!! kd !=

2"
#
d y
L

Intensity from a single source 

I1 =
1
2

!0
µ0

A 2

Fringe spacing
  
!y=

L!
d

d

Maximum Intensity at fringe 

I fringe =
1
2

!0
µ0

2A 2 = 2I1



  

sin!m = m" / d

Bright fringes at same
angle as for double slit

 

m = 0, 1, 2, ...

Diffraction Grating
N slits, sharpens bright fringes



Location of Fringes on distant screen

  

sin!m = m" / d

  

ym
L

= tan!m





Intensity on a distant screen 
  
I =

!0
µ0
E 2

Iave =
1
2
I

Intensity from a single  slit 

I1 =
1
2

!0
µ0

A 2

Spatial average of intensity must correspond to sum of N slits 

ISA = NI1

Average over time

amplitude from a single slit

At the bright fringe N slits interfere constructively

I fringe =
1
2

!0
µ0

NA 2 = N 2I1



Huygen’s  Principle
1. Each point on a wave front is the source of a

spherical wavelet that spreads out at the wave
speed.

2. At a later time, the shape of the wave front is the
line tangent to all the wavelets.



Huygens Principle:





  

w
r

=
2!
a

What increases w?
1. Increase distance from slit.
2. Increase wavelength
3. Decrease size of slit

Width of Central Maximum



Circular aperture diffraction

  

w
L

=
2.44!
D

Width of central maximum



Wave Picture vs Ray Picture



  

w
L

=
2.44!
D

If D >> w,  ray picture is OK
If D <= w,  wave picture is needed

 Dc = w   Dc = 2.44!LCritical size:

If product of wave length and distance to big, wave picture necessary.



Distant object

D

When will you see           ?

  D> Dc = 2.44!L

  D! Dc = 2.44!L

When will you see              ?

Example suppose object
 is on surface of sun

Diffraction blurs image

 L =1.5!1011m

  != 500nm = 5!10"7m

  Dc = 2.44!L = 427m



Interferometer Sources will interfere constructively
when

  

!r = 2L = m!

Sources will interfere destructively
when

  

!r = 2L = m+
1
2

"
#
$$$

%
&
'''!

 

m = 0, 1, 2, ...

If I vary L

  

!m =
!L
! / 2

 

!m

 

!L



Michelson Interferometer What is seen

If I vary L2

  

!m =
!L2
! / 2

As L2 is varied, central spot
changes from dark to light,
etc.  Count changes = #m



Measuring Index of refraction

Number of
wavelengths in cell
when empty

  

m1 =
2d
!vac

Number of
wavelengths in cell
when full

  

m2 =
2d
!gas

=
2d

!vac / ngas

Number of fringe
shifts as cell fills up

  

!m = m2 "m1 = ngas "1( ) 2d
!vac


