Lecture 21

Special Relativity Continued
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Four Vectors
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Four Vector Examples

Space-time coordinate (ct,z,x, y) =X

. 0
Space-time wave vector (—,kz ,kx ,ky j =K
C

[nvariant product

KoX=wt-k-x=® wave phase

Same for all observers
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Four Vectors
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Field Transformations

In lab frame: Fields
— /
Je vepe B — B(9 — 'u0
. . 27Ty
Current carrying wire
In frame co-moving with electrons:
’ Ve vez -1
p=v| p.=—5J, |=7|1-% |p.=7"p,
— C C
J =y(J,-v,p,)=0
Fields
, % E=E =(y-y"
P, =Y Pi—c_eJl]ZVPi:—VPe ( )
/ B=B = 1l
Jz :y(Jz_vepi)=_yvepi :yvepe 6 yzjz'r




Fields Transform




Transformation of fields

(@A) = (,A%)

E =y(E, +vxB))

, , VXE|
B, =y B, - 2
E =E

B =B

4-vector

B’ =V’ xA’
E'=- a, A -V
ot



Transformation of Maxwell’s Equations
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Particle velocity is not part of a four vector
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Relativistic Energy

The total energy E of a particle 1s

9, . -
E = ymc” = E, + K = rest energy + kinetic energy

his total energy consists of a rest energy

9
E() — JNC:

and a relativistic expression for the kinetic energy

Tl

K = (y;) o l.)’”(w2 e (Vp o lA)E()

his expression for the kinetic energy is very nearly mu?/2

when u << c.



Where does this definition of energy come from?

d 2 2 d 2
—y mc - =mc"-—/1+(p/mec) =
dt Tr dt\/ (p fme)

p dp
m\/l—l— (p/mc) dt

Thus,

\Rate at which work is
mry, dt dt done

Replaces kinetic energy






Energy of EM waves and particles now given by the same formula

Energy in an EM p = momentum in an EM

wave E p— pC wave

For particles:

E = ypmc2 = mcz\/l +(p/mec)’ = c\/(mc)2 +(p)’

Let m— Q0 E — pc



#1

#2

#3

Revised Newton’ s Laws

Momentum can become large, but particle speed is

C

always less than ¢



Relativistic Charged Particle Motion

Relativistic Momentum Equation (esu)

ip:q E+VXB I 0 A+v><V><A
dt C cot C

v><V><A=V(v-A)—V-VA Vector identity

ipzq[—l(i+v-V]A—V(®—Mn
dt c\ ot C

iP= —qV(@—ﬂ)
dt C

P:p+gA Canonical Momentum
c



Hamiltonian - Energy

H(P,x,t)=mc"y +q®

) \1/2
_ p
4 —[1+ mzczj

y—[1+(PqA/C)2

2.2

1/2 Write relativistic factor in terms of P
m¢c ]

Differentiate H w.r.t. time

iH:L(P—qA/c)%(1>—qA/c)+q[%w-vjcp

dt my
d 0
g o
d d J J J t t
—H=v-— —+Vv-V |®=qV-E —+v-V |d=—H
dt th‘”"[at” ] i +q(at+v ] ot

Time independent H is constant



Hamilton’s Equations - Conservation

Laws
ip__ V (I)—M —_VH ix: P _ 0 H
dt 1 c dt ym OJp
dy,_ 9y VA)__0oH If fields only depend on
i * 1oz c | oz z-ct (plane wave) then:
dH oH
dt ot P =constant

Py = constant

H— CPZ = constant
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e Plane Wave Laser Field: E=- = A =&?A Lexp~iot-z/c)]+ c.c] /2

A
 Electron Hamiltonian: ~ H=mc’y=H(P.t-z/c), P=p +q7
- 2
. . . P7 P - A /
e Relativistic Factor: y= ‘/ 1+ (—:—j +( 1 —gAL c)
mc mc

e Hamilton’s Equations:

—+ = S = P| =constant
1 nS ——— P =
dt ox | ¥ 3r > = H — cP, = constant




, | 13
e Laser Field: E ——EEA(XL,M)

Weak dependence on transverse coordinate
 Transverse Canonical Momentum:
p, +=A =const.=0
€

P, _W. :_ﬁ_
4475 & mc K

e Quiver velocity:

Normalized vector potential

e Example; I=1018 WaffS/sz, A= 10" cm, |a| = .86



Assume electrons originate in field-free region: P =0, Po=0, y=1

2
" ; A . 1+ cos2wr
Constants of motion imply: p = —.q—f < —cosat, p,= 2%5 o< cos” @t = =
Mean drift in propagation direction Figure-8 in driftine frame
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e Ponderomotive Force: low frequency force , quadratic in field strength

X B(x,t
e Lorentz force: F=qg(Ex,)+ “ C(x ))

&~ Rapid quiver
 Trajectory: x(1) = x,() + x(1)

Slowly varying

- v X B(x,,t
e Slowly varying component: F,= q<x -VE(x,,t)+ c( d )>
: Laser period

AN .
* Ponderomotive Potential: F,=-— —V(lal > ?I‘OpOT‘tlonal to laser
intensity



