
Lecture 21

Special Rela*vity Con*nued
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Short Story





Four Vectors



Four Vector Examples

!!! 

Space'time!coordinate!!!!!!!! ct ,z ,x , y( )≡ X

Space'time!wave!vector!!!!! ω
c
,kz ,kx ,ky

⎛
⎝⎜

⎞
⎠⎟
≡ K

Invariant!product
K!X=ωt'k ⋅x =Φ!!!wave!phase

Same!for!all!observers



Differentiation

!!!
Wave!Phase!!!!!!!!!!!!!!Φ =ωt −k ⋅x !!!!!!!!!!!!!! ∂

c∂t
,−∇⎛

⎝⎜
⎞
⎠⎟
Φ = ω

c
,k⎛

⎝⎜
⎞
⎠⎟



Four Vectors



Field Transformations

In lab frame:
ρe = −ρi
Je = veρe

Fields
E = 0

B = Bθ =
µ0I
2πr

In frame co-moving with electrons:

′ρe = γ ρe −
ve
c2 Je

⎛
⎝⎜

⎞
⎠⎟
= γ 1−

ve
2

c2

⎛

⎝⎜
⎞

⎠⎟
ρe = γ

−1ρe

′Je = γ Je − veρe( ) = 0

′ρi = γ ρi −
ve
c2 Ji

⎛
⎝⎜

⎞
⎠⎟
= γρi = −γρe

′Ji = γ Ji − veρi( ) = −γ veρi = γ veρe

Fields

E = Er = γ − γ −1( ) I / ve2πε0r

B = Bθ = γ
µ0I
2πr

Current carrying wire



Fields Transform
Fields
E = 0

B = Bθ =
µ0I
2πr

Fields

′E = ′Er = γ − γ −1( ) I / ve2πε0r
= γ 1− γ −2( ) 1

veε0µ0

µ0I
2πr

= γ veBθ

′B = ′Bθ = γ
µ0I
2πr

= γ Bθ



Transformation of fields

Φ,A( )⇔ ′Φ , ′A( )

′E⊥ = γ ′E⊥ + v × ′B⊥( )
′B⊥ = γ ′B⊥ −

v × ′E⊥

c2

⎛
⎝⎜

⎞
⎠⎟

′E! = E!
′B! = B!

4-vector ′B = ′∇ × ′A

′E = − ∂
∂ ′t

′A − ′∇ ′Φ



Transforma)on of Maxwell’s Equa)ons



Particle velocity is not part of a four vector







Energy – Momentum four vector

!!!

cdt
dτ

,dx
dτ

⎛
⎝⎜

⎞
⎠⎟
= γ c ,γ u( ) = 1m

γmc2

c
,γmu⎛

⎝⎜
⎞

⎠⎟
= 1
m

E
c
,p⎛

⎝⎜
⎞
⎠⎟

E = γmc2

p= γmu



Rela%vis%c Energy
The total energy E of a particle is

This total energy consists of a rest energy

and a relativistic expression for the kinetic energy

This expression for the kinetic energy is very nearly mu2/2 
when u << c.



Where does this defini4on of energy come from?

  

d
dt
γ pmc

2 = mc2 d
dt

1+ (p / mc)2 =
p

m 1+ (p / mc)2
dp
dt

Thus,

  

d
dt
γ pmc

2 =
p

mγ p

dp
dt

= u dp
dt

= uF Rate at which work is 
done

Replaces kine4c energy



Energy

   
!p= mγ p

!u

  E = γ pmc
2

Velocity 

  γ p =1 / 1−u2 / c2
   
!u=
!p / (mγ p )

 
!u

  γ p = 1+ (p / mc)2

Momentum

 
!p

  
u = c 1−1 / γ p

2

 γ p

  
p= mc γ p

2 −1

 γ p



Energy of EM waves and par4cles now given by the same formula

 E = pc

For par4cles:

  E = γ pmc
2 = mc2 1+ (p / mc)2 = c (mc)2 + (p)2

Let  m→ 0  E→ pc

Energy in an EM 
wave

p = momentum in an EM 
wave



 

d
dt
!pi = q

!
E + !vi ×

!
B( )

 

d
dt
!xi =
!vi

Revised Newton’s Laws

#1

#3

 
!pi = mγ i

!vi#2

 γ i = 1 / 1−
!vi

2 / c2
Momentum can become large, but par4cle speed is 
always less than c



Relativistic Charged Particle Motion

!!!

Relativistic!Momentum!Equation!(esu)
d
dt
p= q E+ v×B

c
⎛
⎝⎜

⎞
⎠⎟
= q −∇Φ− ∂

c∂t
A+ v×∇×A

c
⎛
⎝⎜

⎞
⎠⎟

v×∇×A =∇ v ⋅A( )− v ⋅∇A

d
dt
p= q −1

c
∂
∂t

+ v ⋅∇
⎛
⎝⎜

⎞
⎠⎟
A−∇ Φ− v ⋅A

c
⎛
⎝⎜

⎞
⎠⎟

⎛

⎝⎜
⎞

⎠⎟

d
dt
P= −q∇ Φ− v ⋅A

c
⎛
⎝⎜

⎞
⎠⎟

P= p+ q
c
A

Vector identity

Canonical Momentum



Hamiltonian - Energy

!!!

H(P,x ,t)=mc2γ +qΦ

γ = 1+ p2

m2c2
⎛

⎝⎜
⎞

⎠⎟

1/2

γ = 1+
P−qA /c( )2
m2c2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1/2

d
dt
H = 1

mγ
P−qA /c( )⋅ ddt P−qA /c( )+q ∂

∂t
+ v ⋅∇

⎛
⎝⎜

⎞
⎠⎟
Φ

d
dt
H = v ⋅ d

dt
p+q ∂

∂t
+ v ⋅∇

⎛
⎝⎜

⎞
⎠⎟
Φ = qv ⋅E +q ∂

∂t
+ v ⋅∇

⎛
⎝⎜

⎞
⎠⎟
Φ = ∂

∂t
H

Write rela:vis:c factor in terms of P

Differentiate H w.r.t. time

!
d
dt
H = ∂

∂t
H

Time independent H is constant



Hamilton’s Equa)ons - Conserva)on 
Laws

!!

d
dt
P= −q∇ Φ− v ⋅A

c
⎛
⎝⎜

⎞
⎠⎟
= −∇H

d
dt
Pz = −q

∂
∂z

Φ− v ⋅A
c

⎛
⎝⎜

⎞
⎠⎟
= − ∂H

∂z

dH
dt

= ∂H
∂t

If fields only depend on 
z-ct (plane wave) then:

!!

Px = constant
Py = constant
H − cPz = constant

!!

d
dt
x = p

γm
= ∂
∂p
H










