Special Relativity
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Transformation of Wave Equation
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Explanations
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Lorentz Transformation

Y
s

/ K =x O

Jy=9" |
2oy (2svt) \

=y (YA )

—_——




“Derivation” of Lorentz Transformation
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Observers see each other at +-v
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Coordinate Rotation in a Plane

In ordinary space the xand y coordinates in a rotated coordinate system are given by

, Y x' = xcos@ + ysin@ N [x'j_( cos 6 sinej[xj
Y y' = ycosf — xsind Y —sin@ cosf )\ y

length is perserved
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Relativity
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Relativity

Lorentz transformations are analogous to a rotation of coordinates in space — time

Lorentz transformations

X' y —yBY x) [ cosh(g) —sinh(c))( x
ct') \=yB ¥ ct) \=sinh(c)  cosh(c) )\ et
Invariant to a Lorentz transformation — like a rotation in space time coordinates

Length (in space-time) is conserved under a Lorentz transformation

v’ —y" B =1 — cosh’(¢) —sinh*(¢) =1

_CZtZ +x2 +y2 +ZZ :_CZ(ZJ)2+(xr)2+(yr)2+(zr)2
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Time and Space-like separations

2
. . 2 _ 200+ | _
Invariant separation S, =C (t1 tz) ‘Xl XZ‘

2 . . 2 .
s, >0 Time-like , s, <0 Space-like

I e sepavahons e hwe  like
L5 2 (Ways _ ’Dﬁé sible 79) 7[) uxz( Q  coovel _'_,_!’!‘?r__’/\( o

375W o twhenc ’\_1 )( S but tq +‘z_-

1% m __ .Sfpfi‘,@é’{?ﬂ:.._._._:_!5 - Spoce L_j__f_t ke o+

U5 pesscle b Lol @ coorelinete Aome



Time dilation and length contraction

An observer in reference frame K sees a meter stick moving at
speed v in the z direction.

How long does it appear to be?
Construct events that give the relation between the length of the

stick as measured in K and as measured in K" a frame co-moving
with the stick



Time dilation and length contraction

An observer in reference frame K sees a meter stick moving at
speed v in the z direction.

How long does it appear to be?

Construct events that give the relation between the length of the
stick as measured in K and as measured in K" a frame co-moving
with the stick

- ~ InK'Lengthis 2yL=1m
' l B - Lengthin Kis 2L=1m/y




Time Dilation

A vehicle goes by at speed v, on the vehicle there is a light timed to
flash periodically with period T'.

What is the period as observed in the frame K in which the vehicle
IS moving?

In co-moving frame K Z, =1, =0, t, =0, t, =T

Inverse transformation

Z=7(Z +Vt) Time between flashes as

t:y(turlzzf] observed in K is longer than as
¢ observed in K’
t =yT
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Proper Time

 foper time
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S,,% is the same for all observers
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Proper Time is a Lorentz Invariant
Minkowski diagram

ct Consider the four vector x“ = (ct, x)

‘r world line

light Cone\\ /" light cone All four vectors transform

x=—ct \ / x=ct p
N\ | /s the same way as x“ = (ct, X)

> X Two points on the world line very close to each other
AN BN (As)? = —c? (A1) + (Ax)? = = (A (1 — u? / )

At L.
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/4
The quantity z* =¢t* — (x> + y° + z°)/¢> — Lorentz invariant

The value of 7 1s the same 1n all inertial referrence frames, 7 is the proper time
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Addition of Velocities

x(t) trajectoryinK
x’(t’) trajectory in K'

K' moves with velocity v in z direction in K
dx’ =dx,
dz’ = y(dz— vdt)
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Four - Vectors

Quantities that transform from frame to frame
according to Lorentz transformation

Example: Space-time coordinate
(4,A)=(4,.4,,4,,4,)

(ct,z,x,y)
A =v(A,-BA,)
Al = 7(‘41 - ﬁAo) [nvariant Product
A=A
A=A AoB=A B,-(A B +A B +A B.)

Same for all observers



Examples

Space-time coordinate (ct,z,x, y) =X

. 0
Space-time wave vector (—,kz ,kx ,ky j =K
C

[nvariant product

KoX=wt-k-x=® wave phase

Same for all observers



Derivatives
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