Lecture 15

Periodic Structures



Periodic Structures

Filters
Gratings
Slow Wave Structures
particle accelerators
Cherenkov microwave generators
Metamaterials

Floguet Theory



Floquet Theory — periodic

-Time harmonic, spatially
dependent field

) ) -Inhomogeneous relative
gﬁ(z)+%erel(z)f?(z)=0 dielectric |
-Dielectric is spatially periodic

E(zt)=Re{E(z)e™ |

grel (Z) = erel (Z T L)

Homogeneous case

slope = c/\/erel

Special case - homogeneous A
de  /dz=0

L:"(z) = EO exp(ikz)

o(k)=*ke /¢, >



Spatially Inhomogeneous Case

E(zt)=Re{E(z)e™ }
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w(k)=w(k+k,)
Periodic in k, period kg
k =2r /L



Smith Island Cake

The Smith Island Cake is the official yumsugar.com
dessert of the State of Maryland. It
consists of alternating layers of two
dielectric materials as pictured at right.
Suppose the dielectric constants and the
thicknesses of the two alternating layers
are ¢.e, and 4,4, respectively. In this
sense the cake is a metamaterial.

In a layer
E(z)=|Ee“+E ™|

H(z)= 71 |:E+eikz _ E_e—ikz:l

Z= \ ‘uo/ €,
E(0)= E +E
k1,2 = W4/€ 1, I

H(0)=Z"[E -E_|




In a layer

E(Z) _ [E+eikz n E_e—ikz]
H(z)= 71 [E+eikz _ E_e—ikz:l
Fields at z=0

E0)=E +E
H(0)=Z"[E - E_]

dl d2 ..

Solve for E+/-

1 _ _
E+ = 5_E(0)+ZH(O)_
|- _ Find fields at z=d
E =—| E(0)-ZH _
=S [EQ-2HO] gz e

E(d) |_| cos® iZsinb E(0)
0 =kd =w/eu,d H(d) iZ'sin® cos6 H(0)



yumsugar.com

Smith Island Cake

One Layer

EM) |_[ cose izsine || EC0) 2=t/
H(d) iZ'sin@ cos6O H(0) 6=kd=a e d

Two layers of different material

E(d,+d,) cos6, iZ sin6, coso, iZ,sin@, E(0)
H(d,+d)) - iZ 'sin@,  cos6, iZ,'sin@,  cosé, H(0)

E(d,+d) B
H(d, +d) |



After Multiple layers
E(n(d,+d,)) [ E0)
H(n(d,+4d,)) =(1) { H(0) ]

Find eigenfunctions and eigenvalues of M
E
{ (z+d +d,) }:M[ E(z) ]:/1{ E(z) ]
H(z+d +d) | ~| H(2) H(z)

Express results in terms of eigenfunctions, eigenvalues of M

2 . . . . .
CoS 91 CoS 02 ——=sin 91 sin 92 z(Z1 sin 61 CoS 92 +Z,cos 01 sin 62)
1

=
[

. -1 - -1 . . .
z(Z | smé?1 cost92 + 22 cost91 sm92) CoS 91 COS 02 — —lsmt91 smé?2
2




0

det] M- 21]

AP +bA+1=0 Det[M]=1

Z, Z
b=| 2+ smH s1n9 20050 cosH
Z 7

1 2

_k12d12 _w\/ 12'uOdlZ

—_h+lP? —
A=A, = bx~Nb —4
- 2

b=—-2cos(6, +6, )+ Asin, sin6,

AA =1
A, =exp(xip) or A, —real

Propagating or evanescent

Fields advance by phase on each layer
Or decay exponentially

cos¢ =cos(6,+6,)— %sin(@l)sin(éz)

A=0 no stop band

Special case: 6, =0,

cosp+A/4
1+A/4

0+, = g(dlgwg)

cos(6,+6,)=



[ Bevd v M ) Solutions

H(z+d, +d,) H(z)

= l¢
A=e 0=kd=w,leu,d

cosp=cos(6,+6,)— %sin(@l)sin(ez)

7
2
_ (Z — 4 )
ZIZ2 =
L
_EC\I - “J . ﬁﬁ@i{ & %,%{M
Special case: 6, =6, o A ]
< ]
s g s} j } Stop Band
+ - 1
cos(6, +6,) = cols_(fA/4 o | N Pl
[ d ‘\ / :
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0 [ \ ]
91+02:;(d1\/871+d2\/g) 0 / A R R /



Continuous Variations

N qlh_:j-o\ Equation
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oD

E, = s é‘,, expl (ka k <nk,

n == oo

Fourver Seviw



Solution by Fourier Series
N 2
[IF ol %J.‘(H-SCO& E)}E(Z)ao

d?
g T exP[-g'(ki»nk-.)?)-{MO'fkitw Eguaﬁ‘mn.] =0

O

- ki-n,(c -l-'&)?]E . ik ¢
( ) N *‘%SZ(“}B COSk!Emth’\i
C w )b
o
=0
Note L
of 2 '
(& : Coske? exp[ k2 (m-n)]
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Bound ary  Condi drom

el.kzz A, A
Eow @ap[-i kyd @] + 2 Em €xp(imb,z
M

+i b d(a) )} =0
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tMett:zl wall

Tape Helix

(a)

Approximate solution

w = kv
p




Crossings — not gaps

0

k=2 /p

Consequence of helical symmetry

nk



Phase Velocity/c
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Pierce: Vacuum electronics pioneer
Pulse code modulation

First communications satellite
Bohlen-Pierce musical scale

Coined name “Transistor”



Spatially Inhomogeneous Case

E(zt)=Re{E(z)e™ }
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sty | f £ Solutions

H(z+d +d,) H(z)

A=e 0=kd=w,leu,d

cosp=cos(6,+6,)— %sin(@l)sin(ez)

_ (Zl_ZZ)Z

B Zl Z2

Special case: 6, =6,

20(d /c +d /c )
1 1 2 2

cosp+A/4

cos(6,+6,)=

1+A/4 2; 7N
1R/
Q+@:%@J€+@$§) :

o= k(d1+d2)
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Frequency

Stop Band

Wavenumber kL




Bragg Reflector

Reflects signals in a narrow frequency band



Higher Dimensions

2

V2E(x, y)+C:—2(1+ x(x,y))E (x,y)=0

x(x,y)=x(x+d,y)= x(x,y +d)

E(x,y)=YF exp[i(kx +nk )x+i(k, +mkoﬂ
(l)(kx;ky) = w(kx +qko'ky +pko)

k =2r/d



Level curves of
frequency in the k
plane

w(k,k,)=w(k, +qk k +pk,)

k,=2r/d

Stop Band only for
certain angles of k.




Creation of Stop Band

AY
} . E(n,m+1)
E(n-1,m) " E(n,m) " E(n+1,m)
—_— — — >
- X E(n,m-1)

[co2 —a)cz}E(n,m) = gwcz [E(n+ 1,m)+E(n—-1,m)+E(nm+1)+E(n,m- 1)]
E(n,m)= E(O,O)exp[i(kxdmkydm)}

[0 -0? |=60] [cos(kxd)+cos(kyd)] = 60’ cos[(kx - ky)d]cos[(kx +ky)d]



[a)z —a)cz}E(n,m) = ga)f [E(n+1,m)+E(n—1,m)+E(n,m+ 1)+E(n,m- 1)]
E(n,m)= E(O,O)exp[i(kxdmkydmﬂ

[0 -0 =5wf[cos(kxd)+cos(kyd)]

= 6w cos :(kx —ky)d}cos[(kx +ky)d}

i A
520

205

2

Individual cavities have a set of modes, ®’= o, 0?, o’..

If the spacing between modes is greater that the frequency shift induced by coupling

< ow*
1 c

2 2
W - 0
cp cp+

then gaps in the spectrum with no propagating modes appear.



Metamaterials

Metamaterials are periodic structures that have engineered
properties in the long wave length limit,

kd<<1

By Jeffrey.D.Wilson@nasa.gov
(Glenn research contact) -
NASA Glenn Research, Public
Domain,
https://commons.wikimedia.o
rg/w/index.php?curid=745577
1




MARYLAND AT A GLANCE

STATE SYMBOLS Smith Island Cake

Maryland State Dessert - Smith Island Cake

+ Maryland Foods

Effective October 1, 2008, the Smith Island Cake became the State Dessert of Maryland (Chapters
164 & 165, Acts of 2008; Code General Provisions Article, sec. 7-313). Traditionally, the cake
consists of eight to ten layers of yellow cake with chocolate frosting between each layer and slathered
over the whole. However, many variations have evolved, both in the flavors for frosting and the cake
itself.

Smith Island Cake, Smith Island, Somerset County, Maryland, 2008.

Smith Island, home to the State Dessert, is Maryland's last inhabited island, reachable only by boat.
Straddling the Maryland - Virginia line, Smith Island is twelve miles west of Crisfield in Somerset County
and 95 miles south of Baltimore.



Dielectric Tensor

D=¢-FE
e 0 0
e= 0 ¢ 0
0 0 g dl d2 .. fakjfrosting
_4q+@g
‘ d +d,
E:45+@@:dyq+@/g5
d+d, d+d,
1 d+d,
e d/e+d /e



Negative epsilon and negative mu

In a restricted range of frequencies the effective constituitive
parameters may be negative.

If both are positive or both are negative waves propagate.

kK*=w’eu>0

If both are negative waves satisfy the left hand rule.

kxXE=wuH



For £<0 or u<0 they must be functions of frequency.

Media are passive, stored energy is positive.

U :%%(a)e(a)))‘Er>O, %(we(a))):e(a))+w%8(a))>0

E

If both £<0 and u<0 group and phase velocities are opposite



If both £<0 and u<0 group and phase velocities are opposite

== o feu )= o+ 22 (en)

g * o

Lo L 1= (we(0))+ e~ (ou()) |<0 ifboth e & n <0
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Backward Waves



