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Networks



N-port Linear Systems

Wave Systems are characterized by scattering (or S) 
parameters.  Actually a matrix

These give the amplitudes of waves leaving the 
system as a linear function of the amplitudes of 
waves entering the system.

The simplest example is a reflection coefficient

Vrefl / Vinc = ρ



Impedance (Z) and Scattering (S) 
Matrices     
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Example – T-circuit

Zx
Z2Z1V1, I1 V2, I2

What is the Impedance Matrix ?
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Find the Scattering Matrix
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Solve!for!Reflected!Amplitude
in!terms!of!Incident
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Not there yet



Define Normalized Wave Amplitudes

!!

Power!Entering!the!Network

P = 12Re I *T ⋅V{ }= 12Re V *
i −V

*
r( )T ⋅Z0−1 ⋅ Vi +Vr( ){ }

= 12Re Vi
*T ⋅Z0

−1 ⋅Vi −Vr
*T ⋅Z0

−1 ⋅Vr{ }
!!!!!!!!!!!!!Incident!!!!!!!Reflected

Normalized!Amplitudes
Ai = Z0

−1/2Vi , Ar = Z0
−1/2Vr

P = 12Re Ai
*T ⋅Ai − Ar

*T ⋅Ar{ }

!A r= S ⋅Ai

Scattering Matrix

Vr = Z Z0
−1 + 1( )−1 Z Z0−1 − 1( )Vi

Ar = Z0
−1/2 Z Z0

−1 + 1( )−1 Z Z0−1 − 1( )Z01/2Ai
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S = Z0
1/2 Z + Z0( )−1 Z − Z0( )Z0−1/2



Scattering Matrix Properties

!!S
* ⋅S = 1

!!Z
* = −Z

S and Z are often Symmetric – Reciprocity
Example:

Unitary – Consequence of absence of losses and Time 
Reversal Symmetry
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Z11 = Z1 + Zx
Z22 = Z2 + Zx
Z12 = Z21 = Zx

If Network is lossless elements of Z are imaginary.
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S = Z0
1/2 Z + Z0( )−1 Z − Z0( )Z0−1/2

S* = Z0
1/2 −Z + Z0( )−1 −Z − Z0( )Z0−1/2 = Z01/2 Z − Z0( )−1 Z + Z0( )Z0−1/2

S*S = Z0
1/2 Z − Z0( )−1 Z + Z0( ) Z + Z0( )−1 Z − Z0( )Z0−1/2 = 1



2 x 2 Unitary Scattering Matrix
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2 x 2 Unitary Scattering Matrix
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2 x 2 Unitary Scattering Matrix
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* S21 = 0 = S21
* S22 + S11

* S21

RT( )1/2
exp i θ11 −θ21( )( )+ exp i θ21 −θ22( )( )⎡
⎣
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Example – π-circuit

Admittance Matrix
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Y11 =Y1 +Yx
Y22 =Y2 +Yx
Y12 =Y21 = −Yx

Yx Y2Y1
V1, I1 V2, I2

Y=Z-1



Calibration plane

Zx
Z2Z1

A1i(z2 ) = A1i(z1)e
− jk ( z2−z1)

A1r (z2 ) = A12(z1)e
jk ( z2−z1)

z1 z2



How to measure S-parameters



https://www.tek.com/document/primer/what-vector-network-
analyzer-and-how-does-it-work

https://www.tek.com/document/primer/what-vector-network-analyzer-and-how-does-it-work


Non Reciprocal - Circulator

R.E. Collin: Foundations of microwave engineering

S =
0 0 1
1 0 0
0 1 0
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If lossless and calibration planes are 
properly defined
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What does it do?


