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Lecture 9
Reflections at Boundaries



Review: Normal Incidence Linear Polarization

reflected

transmitted
!ε2 ,µ2

!ε1 ,µ1

!!

η2 =
µ2
ε2

k2 =ω ε2µ2!!

η1 =
µ1
ε1

k1 =ω ε1µ1

incident

z=0

!!

Ex =Re Êince
ik1z + Êref e

− ik1z( )e− iωt{ }
Hy =Re

1
η1

Êince
ik1z − Êref e

− ik1z( )e− iωt⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪ !!

Ex =Re Êtranse
ik2z( )e− iωt{ }

Hy =Re
1
η2

Êtranse
ik2z( )e− iωt⎧

⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

At z=0   tangential E and tangential H are continuous 



!!

Êinc + Êref = Êtrans
Êinc − Êref

η1
=
Êtrans
η2

At z=0   tangential E and tangential H are continuous

solve

!!

Êref
Êinc

=
η2 −η1
η2 +η1

≡ ρ

Êtrans
Êinc

=
2η2

η2 +η1
≡τ =1+ ρ

Pinc =
Êinc

2

2η1

Pref =
Êref

2

2η1
= ρ 2 Pinc

Ptrans =
Êtrans

2

2η1
= 1− ρ 2( )Pinc

!
ρ =

η2 −η1
η2 +η1



Voltage Standing Wave Ratio (VSWR)
Pronounced “Vizwarr”

!!

Ex =Re Êince
ik1z + Êref e

− ik1z( )e− iωt{ }
Ex =Re Êinc e

ik1z + ρe− ik1z( )e− iωt{ }

Z [m]

Case #1 No reflection

Travelling Wave
Assume vacuum

Ex [V/m]

!!Find:!!k1 ,ω , Êx

Plots of Ex(z,t) at different times



Voltage Standing Wave Ratio (VSWR)

!!

Ex =Re Êince
ik1z + Êref e

− ik1z( )e− iωt{ }
Ex =Re Êinc e

ik1z + ρe− ik1z( )e− iωt{ }

Z [m]

Case #2

Where do the waves interfere 
constructively, destructively?

How far apart between maxima, 
minima?

Ex [V/m]

!ρ =1

Plots of Ex(z,t) at different times



Voltage Standing Wave Ratio (VSWR)

!!

Ex =Re Êince
ik1z + Êref e

− ik1z( )e− iωt{ }
Ex =Re Êinc e

ik1z + ρe− ik1z( )e− iωt{ }

Z [m]

Case #3

Where do the waves interfere 
constructively, destructively?

How far apart between maxima, 
minima?

Ex [V/m]

!ρ = −1

Plots of Ex(z,t) at different times



Voltage Standing Wave Ratio (VSWR)

!!

Ex =Re Êince
ik1z + Êref e

− ik1z( )e− iωt{ }
Ex =Re Êinc e

ik1z + ρe− ik1z( )e− iωt{ }

Z [m]

Case #3

Where do the waves interfere 
constructively, destructively?

How far apart between maxima, 
minima?

Ex [V/m]

!ρ = −0.5

Plots of Ex(z,t) at different times



Voltage Standing Wave Ratio (VSWR)

!!

Ex =Re Êince
ik1z + Êref e

− ik1z( )e− iωt{ }
Ex =Re Êinc e

ik1z + ρe− ik1z( )e− iωt{ }

Z [m]

Ex [V/m]

!ρ = −0.5

Plots of Ex(z,t) at different times

E-max E-min

!!

VSWR =
Emax
Emin

=
1+ ρ

1− ρ
≥1

VSWR = 1.5.5 =3



Problem: where is Emax , Emin?

!!

Ex =Re Êince
ik1z + Êref e

− ik1z( )e− iωt{ }
Ex =Re Êinc e

ik1z + ρe− ik1z( )e− iωt{ }
ρ = ρ eiθρ

Ex =Re Êince
ik1z−iωt 1+ ρ eiθρ−2ik1z( ){ }

1+ ρ eiθρ−2ik1z( ) = 1+ ρ eiθρ−2ik1z( ) eiα

Êince
ik1z−iωt 1+ ρ eiθρ−2ik1z( ) = Êinc 1+ ρ eiθρ−2ik1z( ) exp i θEinc +k1z −ωt +α( )( )

Find the set of points where 
magnitude of Ex is maximum, 
minimum.

Find VSWR

Peak Electric field



VSWR and maxima, minima

!!

Peak&E(z)= Êinc 1+ ρ eiθρ−2ik1z( )
E&max= Êinc 1+ ρ( ) , !!!!!!eiθρ−2ik1z =1,
!!!!!θρ −2k1zmax =2πn
E&min= Êinc 1− ρ( ) , !!!!!!eiθρ−2ik1z = −1,
!!!!!θρ −2k1zmin =2πn+π

VSWR = E&maxE&min =
1+ ρ( )
1− ρ( )

Z [m]

E x
[V

/m
]

E-max E-min

!!

zmax = πn−θρ /2( )/k1
zmin = π n+ 12

⎛
⎝⎜

⎞
⎠⎟
−θρ /2

⎛

⎝⎜
⎞

⎠⎟
/k1



Features of Oblique Incidence

Specularly Reflected wave

Transmitted Wave is refracted (Snell’s Law)

Polarization matters

Wave Impedance depends on polarization, angle of 
incidence 

No reflection for special angle (Brewster’s angle)



Oblique Incidence

!!

η2 =
µ2
ε2

k2 =ω ε2µ2
!!

η1 =
µ1
ε1

k1 =ω ε1µ1 reflected
transmitted
!ε2 ,µ2!ε1 ,µ1

incident

z=0

!θi

!θr
!θt

H

E

E

H

Polarizations
TE, E perpendicular 
to PoI

TM, E parallel to PoI

x

z



Angles of reflection/transmission

reflected
transmitted
!ε2 ,µ2!ε1 ,µ1

incident

z=0

!θi

!θr
!θt

x

Region 1

!!!
E =Re Êince

iki ⋅x + Êref e
ikr⋅x( )e− iωt{ }

!

eikixx = eikrxx = eiktxx

kix = krx = ktx

Region 2

!!!
E =Re Êtrane

ikt ⋅x( )e− iωt{ }
For boundary conditions at z=0 to be 
satisfied:



Angles of reflection/transmission

reflected
transmitted
!ε2 ,µ2!ε1 ,µ1

incident

z=0

!θi

!θr
!θt

x

Region 1

!!kz ,i/r = ± k1
2 −kx

2 k1
2 =ω 2ε1µ1 =ω

2 /v12

!!

sinθi =
kx
k1

=
kx
ω
v1

sinθt =
kx
kt

=
kx
ω
v2

Region 2

Snell’s Law

!!kz ,t = ± k2
2 −kx

2 k2
2 =ω 2ε2µ2 =ω

2 /v22

!!
sinθi
v1

=
sinθt
v2

z



Why does angle of incidence = angle of reflection?

Incident ray

 θi

 λ

  λ!

Wave crests

Incident and Reflected wave crests must match up 
along surface

 θr

   
λ! =

λ
sinθi

=
λ
sinθr

  θi = θr



 θi λ

  λ!

 θi
also

   λ=λ! sinθi

geometry



  n1 sinθ1 = n2 sinθ2

Snell’s Law

Remember definition of 
index of refraction

 
n=

c
vem



Why Snell’s Law?

Incident ray

  λ!

 θ1

 λ

Wave crests

Incident and Transmitted wave crests must match 
up along surface

 θ2

   
λ! =

λ1
sinθ1

=
λ2
sinθ2

  
λ1 =

λvac
n1

  
λ2 =

λvac
n2

  n1 sinθ1 = n2 sinθ2







For most material
n>1

Plasma
n<1

!!
n= c

v
= εµ

ε0µ0



Total Internal Reflection

reflected
transmitted
!ε2 ,µ2!ε1 ,µ1

incident

z=0

!θi

!θr !θt

x

Region 1

!!!
E =Re Êince

iki ⋅x + Êref e
ikr⋅x( )e− iωt{ }

!

eikixx = eikrxx = eiktxx

kix = krx = ktx

Region 2

!!!
E =Re Êtrane

ikt ⋅x( )e− iωt{ }
For boundary conditions at z=0 to be 
satisfied:



Region 1

!!k1
2 =ω 2ε1µ1 !!!!!k12 = kx2 +kz12

!!

sinθi =
kx
k1

=
kx
ω
v1

sinθt =
kx
kt

=
kx
ω
v2

Region 2

Snell’s Law

!!k2
2 =ω 2ε2µ2 !!!!k22 = kx2 +kz22

!!

sinθi
v1

=
sinθt
v2

No!solution

sinθi >
v1
v2

=
ε2
ε1

reflected
transmitted
!ε2 ,µ2!ε1 ,µ1

incident

z=0

!θi

!θr !θt

x



Evanescent Field
Region 2

!!!
E =Re Êtrane

ikxx+ikz2z( )e− iωt{ }

!!

k2
2 = kz2

2 +kx
2 =ω 2ε2µ0

kz2
2 =ω 2ε2µ0 −kx

2 !!!!kx2 =ω 2ε1µ0 sin2θi

kz2
2 =ω 2ε1µ0

ε2
ε1

− sin2θi
⎡

⎣
⎢

⎤

⎦
⎥

If!!!!!1>sin2θi >
ε2
ε1
!!then!!kz22 <0

!!!

kz2 = ±ik1 sin2θi −
ε2
ε1

⎡

⎣
⎢

⎤

⎦
⎥ ≡ ±iκ

E = e±κ zRe Êtrane
ikxx( )e− iωt{ }

z

E(z)



What is the reflection coefficient?

H

EE

H

TE, E perpendicular to PoI TM, E parallel to PoI

!!
ρ =

Z2 − Z1
Z2 + Z1

!!θi ,θt !!θi ,θt

!!
Z =

Etan
Htan

= ?
!!
Z =

Etan
Htan

= ?



What is the reflection coefficient?

H

EE

H

TE, E perpendicular to PoI TM, E parallel to PoI

!!θi ,θt !!θi ,θt

!!
Z =

Etan
Htan

=
E

H cosθ
= η
cosθ !!

Z =
Etan
Htan

=
E cosθ
H

=ηcosθ

!!θi ,θt



Reflection Coefficient

!!
ρTE =

η2 /cosθ2 −η1 /cosθ1
η2 /cosθ2 +η1 /cosθ1 !!

ρTM =
η2cosθ2 −η1 cosθ1
η2cosθ2 +η1 cosθ1

Specialize to case !µ1 = µ2 η2 /η1 = ε1 /ε2

By Snell’s Law 

!
cosθ2 = 1− sin2θ2 = 1− ε1

ε2
sin2θ1



!!
ρTE =

ε1 /ε2 cosθ1 − 1− ε1 /ε2( )sin2θ1
ε1 /ε2 cosθ1 + 1− ε1 /ε2( )sin2θ1

TE
!!
ρTE =

η2 /cosθ2 −η1 /cosθ1
η2 /cosθ2 +η1 /cosθ1

!
cosθ2 = 1− sin2θ2 = 1− ε1

ε2
sin2θ1By Snell’s Law 



!!
ρTM =

ε1 /ε2 1− ε1 /ε2( )sin2θ1 − cosθ1
ε1 /ε2 1− ε1 /ε2( )sin2θ1 + cosθ1

TM
!!
ρTM =

η2cosθ2 −η1 cosθ1
η2cosθ2 +η1 cosθ1

By Snell’s Law 
!
cosθ2 = 1− sin2θ2 = 1− ε1

ε2
sin2θ1



!!
ρTE =

ε1 /ε2 cosθ1 − 1− ε1 /ε2( )sin2θ1
ε1 /ε2 cosθ1 + 1− ε1 /ε2( )sin2θ1

!!
ρTM =

ε1 /ε2 1− ε1 /ε2( )sin2θ1 − cosθ1
ε1 /ε2 1− ε1 /ε2( )sin2θ1 + cosθ1

TE 

TM 

Normal incidence

!θ =0

!!
ρTE =

ε1 /ε2 −1
ε1 /ε2 +1

!!
ρTM =

ε1 /ε2 −1
ε1 /ε2 +1

Grazing incidence

!!ρTE = −1

!θ =π /2, ε1 < ε2

!!ρTM =1

Critical angle

!

sinθ = ε2 /ε1 ,
ε2 /ε1 <1

!!ρTE =1

!!ρTM = −1



!Case1!!!!!!!ε1 < ε2

TM

TE

Power reflection

TE

TM

Brewster’s angle

!!
sinθB =

ε1
ε1 + ε2

!!!!!!!



!Case2!!!!!!!ε1 > ε2

TE

TE

TM

TM



Polarized Lenses



Geometric Optics
What happens when boundary is diffuse? L >> λ

Path of Ray

Small reflection

ρ ∼ exp −L / λ⎡⎣ ⎤⎦ <<1 Snell’s Law still valid

ε1 sinθ i = ε2 sinθt

d
dx

ε(x) = 0

→ kx = const.



θ i <θcr θ i >θcr

T=0
R=1

T=1
R=0



Geometric Optics (Ray Tracing)
Properties of Medium depend weakly on position

ε(x,ω ), µ(x,ω )

1
ε(x,ω )

∇ε(x,ω ) ∼ 1
L
<< λ

Locally medium appears homogeneous

E = Re Ê(x)exp iφ(x)− iωt⎡⎣ ⎤⎦{ }

φ(x)  the Eikonal
∇φ(x) is the local wave vector

φ(x)  the Eikonal
k(x) = ∇φ(x) is the local wave vector

Near a point x0 ,   φ(x) ! φ(x 0 )+ (x − x0 ) ⋅∇φ(x)
x0



E = Re Ê(x)exp iφ(x)− iωt⎡⎣ ⎤⎦{ }

∇φ(x) is the local wave vector Local dispersion relation
ω =ω (x,k)
k = ∇φ(x) is the local wave vector

As the wave propagates through space
k(x) = ∇φ(x)
will vary, but at every point ω =ω (x,k),  constant

d
dx

ω (x,k) = ∂ω
∂x

+ ∂ω
∂k

⋅ ∂k
∂x

= 0

d
dy

ω (x,k) = ∂ω
∂y

+ ∂ω
∂k

⋅ ∂k
∂y

= 0

d
dz

ω (x,k) = ∂ω
∂z

+ ∂ω
∂k

⋅ ∂k
∂z

= 0



d
dx

ω (x,k) = ∂ω
∂x

+ ∂ω
∂k

⋅ ∂k
∂x

d
dx

ω (x,k) = ∂ω
∂x

+ ∂ω
∂kx

∂kx
∂x

+ ∂ω
∂ky

∂ky
∂x

+ ∂ω
∂kz

∂kz
∂x

= 0

Consider x derivative

But, k = ∇φ(x)      →    ∇× k(x) = 0 ∂ky
∂x

=
∂kx
∂y

,     
∂kz
∂x

=
∂kx
∂z

d
dx

ω (x,k) = ∂ω
∂x

+ ∂ω
∂kx

∂kx
∂x

+ ∂ω
∂ky

∂kx
∂y

+ ∂ω
∂kz

∂kx
∂z

= 0

Replace derivatives above

d
dx

ω (x,k) = ∂ω
∂x

+ vg ⋅∇kx = 0

d
dy

ω (x,k) = ∂ω
∂y

+ vg ⋅∇ky = 0

d
dz

ω (x,k) = ∂ω
∂z

+ vg ⋅∇kz = 0

Introduce group velocity,

vg =
∂ω
∂k



∂ω
∂x

+ vg ⋅∇kx = 0

∂ω
∂y

+ vg ⋅∇ky = 0

∂ω
∂z

+ vg ⋅∇kz = 0

vg =
∂ω
∂k

How to interpret

As you follow a trajectory defined by 
the group velocity

d
dτ
x(τ ) = vg =

∂ω
∂k

The wave vector changes according to

d
dτ
k(τ ) = vg ⋅

∂k
∂x

= − ∂ω
∂x

Hamilton’s Equations
d
dτ
x(τ ) = ∂ω (k,x)

∂k
d
dτ
k(τ ) = − ∂ω (k,x)

∂x



Example reflection of waves by the 
ionosphere

k 2 = ω 2

c2 ε r (z,ω ), ε r (z,ω ) = 1−
ω p

2 (z)
ω 2

ω 2 = k 2c2 +ω p
2 (z)       ω (k,z)= k 2c2 +ω p

2 (z)( )1/2

z

x

Earth

ionosphere

dz
dτ

= ∂ω
∂kz

=
kzc

2

ω
,         

dkz
dτ

= − ∂ω
∂z

= − 1
2ω

∂
∂z

ω p
2 (z)

dx
dτ

= ∂ω
∂kx

=
kxc

2

ω
,        

dkx
dτ

= − ∂ω
∂x

= 0     kx = kxo

ω 2 =ω p
2 (z)+ kx

2c2 + kz
2c2    turning point:  kz = 0

ω p
2 (ztp ) =ω

2 − kx0
2 c2



Example reflection of waves by the 
ionosphere


