ENEE681
Lecture 04

Radiation

Topics to be covered

Scalar and Vector Potentials
Green’s functions for static and dynamic fields



Review: Static Electric Fields

Coulomb’s Law:

Gauss’ Law: Poisson Equation:



Review: Magnetostatics

Biot-Savart Law:

Ampere’ s Law:

Gauss’ Law:



Coulomb’s Law for Electrostatic
Potential

L p(r-r)
4re r - l‘"3

E(r)=

oV

This can also be written 1n terms of a scalar potential
E(r)=-V¢(r), Automatically satisties VXE(r)=-VxVa(r)=0

where
| p(r’) .,
or)= 47r80,J,- ‘r—r’ ar,
Show:
o =l pr) s, 1 op)(r=r)
Vo= 4re, -iar -1 = 4re, 5, ‘r—r’|3 a
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Coulomb’s Law is Solution to the
Following

v.E=L VXxE=0
80

Introduce scalar potential

V-E=-V.Vo=-vVp=L

80
_V? _P
¢ .
Solution 18
1 r’ ,
4re, s, |r—r’|




Integral

. D(r,?)
observation
point ~  * V.E:_v.v¢:_v2¢:£
80
Solution 1s
1 /
p(l‘,tr) Q)(r): J. p(r 2 dSrl
localized charge dre, s, [r—r
source



Magnetic Field

observation A(r), ®(r)
point ~  * J
r
A =20 [ ar ()
Vol ‘r_r ‘
B=VXA(r)
1 ’
O(r) = J g P
< a J(r’) dre, ‘r—r"
localized charge/current

source
In static approximation time does not enter.
Changes in charge and current densities 1n time

lead to changes in potentials.

No time delay!? 7d’” "= dx’dy"dz’



Time-retarded potentials

A(r,t), O(r,?)

T

observation
point

, I’z

‘r—r’

A(r,1) = :‘—0 [ ar

Vol

t :t—|r—r’|/c

, B=VxA()

Ve O(r,1) =

’ 1 j dr’ p(l',,fr)
X Ar p(l",fr) J(r”tr) 4-77:80 Vol ‘l'—l',‘ t:r—‘r—r"/c
localized charge/current r
source where ¢ =t —|r—r'|/c is the

retarded time (earlier time)

dr’ =dx"dy’ dz’



What About Magnetic Field?

—

Basic Equations V.B=0 VxB=pu,J

—

V-B=0 Implies B=VxA(r)

V- (VXxA(r))=0 Forany A
A 1s not unique.
If B=VxA(r) then B=VxA’(r),

where A'(r)=A(r)+Vy forany y VXV y=0



How to understand

A= (&Ax (x,y,2)+ &Ay (x,y,2)+2A_(x, y,z)) Has three independent functions

B= ()A(Bx (x,y,2)+ &By (x,y,2)+2B_(x, y,z)) Has only two independent functions

How so?

V-B= g B(xyz)+iB (xyz)+iB (x,y,2) |=
ox dy ° 0z

If I tell you B, and B, you can integrate over z to find B_

Only two independent functions.
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Gauges

We need to make up one scalar rule about A to determine it
uniquely.

Different rules are called different gauges.

Examples:
A =0, No Name Gauge

V-A=0, Coulomb Gauge

99

V-A+8O,u0§

=0, Lorenz Gauge
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What About Magnetic Field?

VxB=u,J V-B=0

V-B=0 Implies B=VxA(r)
Ampere's Law

VxB=Vx(VxA)=pulJ
Vx(VxA)=V(V-A)-V°A=pu]J

If Coulomb Gauge V-A(r) =0,
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Static Scalar and Vector potential

—V2¢=gﬂ, “V2A=p,)
0

Solutions are:

p(r’) _ My
47e, -[ r— r|dr’ A(r)_47rJ.

O(r)=
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Time Dependent Fields

Introduce Vector Potential
V-B=0
B=VXxA
VXE L .
ot Insert in Faraday's Law

Vsz—iBz—inA
V-E=pleg, ot ot

VX(E+3A)=O, E+§A=—V¢

~ JF. ot ot
VxB:uO(J+80§)
0

E:_VQD_EA




Time Dependent Fields

V-E=p/g,
J
V.E=—V-2V.A=p/e
B=VxA ot "
0 3

E= —V¢—$A Voo V-A=ple,

ot
~ JdE - 0 0
VxB= - _ . 9 9
X ,LLO(J+80 atj Vx VXA ,uo(J eOBt(VqHatAD

- 0’

d
\% (V-A+,u0£0 gq))—VZA = ,LLOJ-MOE()?A
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Now Pick Lorenz Gauge

—VZ(P—%V-A:,O/SO

0 - 0’
\Y (V.A+,uoeog¢j—V2A = ,uOJ—,qu‘O?A

Lorenz Gauge: V- A+ g, %qﬁ =0

82
_(VZQ)_ Ho€o ?Q’] =p /g

. Same Equation
—(VZA-%SO?AJ =1u,J Wave Equation
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Maxwell’s Equations for Vector and Scalar Potentials

0A
B=VXA E=——-VO
ot
oD :
In the Lorentz gauge (V A= — €, Ej the vector and scalar potentials
obey wave equations
0°A
va_ﬂogOW:_ﬂOJ ety =1/¢c
o’D yo,
VIO — ¢ =-L
ILIO 0 at2 go

where J and p are the current and charge densities

The solutions to the wave equations (in the absence of boundaries) are
17



Solution to Wave Equations

A(r,t), O(r,?)

T

observation
point

, I’z

‘r—r’

A(r,1) = :‘—0 [ ar

Vol

t :t—|r—r’|/c

Ve O(r,1) =

’ 1 j dr’ p(l',,fr)
X Ar p(l",fr) J(r”tr) 4-77:80 Vol ‘l'—l',‘ t:r—‘r—r"/c
localized charge/current r
source where ¢ =t —|r—r'|/c is the

retarded time (earlier time)
dt' =dx'dy' dz’
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Green’s Function Solution

{Vz — %aa—;}//(x,t) =45 f(x,t)

C

2
{Vz — %a—z} G(x,t:x't'"y=—4no(x—x")o(t—1")

c” ot

w(x,0)= [dX d'G(x,t:x' 1) f(x.1)

G =

+

R'6(t—-t'—-R/c) t>t
0 t<t

Rz‘x—x"



