
ENEE381	
  

Lecture-­‐19	
  
Simple	
  Antennas	
  



Previously	
  on	
  ENEE381	
  …	
  
We	
  assumed	
  ?me	
  and	
  space	
  dependent,	
  localized	
  charge	
  
and	
  current	
  density	
  distribu?ons.	
  
	
  
Expressed	
  E	
  	
  and	
  H	
  in	
  terms	
  of	
  poten?als	
  A	
  and	
  Φ.	
  	
  Solved	
  
for	
  poten?als.	
  
	
  
Assumed	
  sinusoidal	
  ?me	
  dependence.	
  	
  Evaluated	
  poten?als	
  
far	
  from	
  sources.	
  
	
  
Calculated	
  E	
  and	
  H	
  from	
  poten?als.	
  
	
  
Found	
  radiated	
  power	
  density	
  	
  S	
  =	
  <E	
  x	
  H>?me	
  



Review	
  

∇⋅E = ρ / ε0

 ∇ ⋅
!
B = 0

 
∇ ×
!
E = −

∂
!
B
∂t

 
∇×B = µ0

!
J + ε0

∂E
∂t

⎛
⎝⎜

⎞
⎠⎟

localized charge/current  
source 

x 

y 

z 

( ), rt′ρ r

′r

r

   E r,t( ), H(r,t)

′−r r

observation  
point 

( ), rt′J r
0

Assume	
  current	
  and	
  charge	
  densi?es	
  
are	
  sinusoidal	
  and	
  given.	
  Calculate	
  E	
  
and	
  H	
  far	
  away.	
  	
  Find	
  radiated	
  power	
  
density	
  S	
  =	
  E	
  x	
  H.	
  



Introduce	
  Poten?als	
  

∇⋅E = ρ / ε0

 ∇ ⋅
!
B = 0

 
∇ ×
!
E = −

∂
!
B
∂t

 
∇×B = µ0

!
J + ε0

∂E
∂t

⎛
⎝⎜

⎞
⎠⎟

Introduce Vector Potential

                  B = ∇×A

Insert in Faraday's Law

∇×E = − ∂
∂t
B = −∇× ∂

∂t
A

∇× E+ ∂
∂t
A⎛

⎝⎜
⎞
⎠⎟ = 0, E+ ∂

∂t
A = −∇φ

             E = −∇φ − ∂
∂t
A
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A(r,t) =
µ0

4π Vol
∫ d ′r

J( ′r ,tr )
r− ′r

tr = t − r− ′r /c

localized charge/current  
source 

x 

y 

z 

( ), rt′ρ r

′r

r

( ), , ( , )t tΦA r r

′−r r

observation  
point 

( ), rt′J r
0

   

Φ(r,t) = 1
4π ε0 Vol

∫ d ′r
ρ( ′r ,tr )
r− ′r

tr = t − r− ′r /c

where / is the
retarded time (earlier time)

rt t c′= − −r r

Time-­‐retarded	
  poten?als	
  

 d ′r = d ′x d ′y d ′z

 
!
B = ∇×A(r)



Sinusoidal	
  Dependence	
  on	
  Time	
  
If we assume harmonic (sinusoiddependence on time)
for all the fields and sources

6	
  

   

A(r,t) = Re Â(r)e− iω t⎡⎣ ⎤⎦ Φ(r,t) = Re Φ̂(r)e− iω t⎡⎣ ⎤⎦
J( ′r ,tr ) = Re Ĵ( ′r )e− iω tr⎡⎣ ⎤⎦ ρ( ′r ,tr ) = Re ρ̂( ′r )e− iω tr⎡⎣ ⎤⎦

   
Â(r) =

µ0

4π Vol
∫ d ′r Ĵ( ′r )

r− ′r
ei k r− ′r

   
Φ̂(r) = 1

4π ε0 Vol
∫ d ′r ρ̂( ′r )

r− ′r
ei k r− ′r

  where k = ω / c =2π / λ is the wavenumber

In phasor notation 

r i ki t i te e eω ω ′−− −= r r
   tr = t − r− ′r / c
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Â(r) =

µ0

4π Vol
∫ d ′r Ĵ( ′r )

r− ′r
ei k r− ′r !

µ0

4π r
ei k r

Vol
∫ d ′r Ĵ( ′r )e− ik⋅ ′r

    
Φ̂(r) = 1

4π ε0 Vol
∫ d ′r ρ̂( ′r )

r− ′r
ei k r− ′r !

ei k r

4π ε0 r Vol
∫ d ′r ρ̂( ′r )e− ik ⋅ ′r

    Using r − ′r ! r − n̂ ⋅ ′r

Far	
  Field	
  Poten?als	
  

ˆwhere k=k n

    
for r >> ′r ,

1
r − ′r

!
1
r

and k r − ′r ! k r − k n̂ ⋅ ′r in exponent
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Summary	
  

Define the Fourier transform of the current density
ˆ ˆ( ) ( ) i

Vol

d e d dx dy dzτ τ′− ⋅′ ′ ′ ′ ′ ′= =∫ k rC k J r

    
Â(r) !

µ0

4π r
ei k r Ĉ(k)

   
Ĥ(r) = i 1

4π r
ei k r k × Ĉ(k)

( )
0

1 ˆˆ ( ) ( )
4

i k rei
rπ ε ω

= − × ×E r k k C k

In the far zone 2 / 1k r rπ λ= >>

The fields in terms of the of the current density areF T−



9	
  

In	
  the	
  far	
  field	
  zone	
  

Radia?on	
  

   

Ĥ(r) is transverse to Ĵ , k = k n̂ and Ê

S = 1
2

Re{Ê× Ĥ*}     Poynting Flux

Direc?on	
  of	
  energy	
  flow,	
  
Poyn?ng’s	
  	
  vector	
  

    
Â(r) !

µ0

4π r
ei k r Ĉ(k)

   
Ĥ(r) = i 1

4π r
ei k r k × Ĉ(k)

( )
0

1 ˆˆ ( ) ( )
4

i k rei
rπ ε ω

= − × ×E r k k C k

J

⊗

E ˆk=k n

H

0

¢	
  



Results	
  

Total	
  Radiated	
  Power	
  

2In spherical coordinates da = r
where sin is the solid angle

d
d d dθ θ ϕ

Ω
Ω =

    
PT =

S
!∫ n̂ ⋅ S r2 dΩ =

S
!∫

dPT

dΩ
dΩ

22 0
2

Power radiated into the solid angle

ˆˆ r ( )
32

T

d
dP Z
d π

Ω

= ⋅ = ×
Ω

n S k C k

dΩ

θ
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0
0

0 0

1 377 impedance of vacuumZ
c

µ
ε ε

= = = Ω
0 0

1c
ε µ

=

Radiated	
  Power	
  Flux	
  

   

Fourier transform of the current density

Ĉ(k) =
Vol
∫ d 3 ′r Ĵ( ′r )e− ik⋅ ′r

    
PT =

S
!∫ n̂ ⋅ S r2 dΩ =

S
!∫

dPT

dΩ
dΩ

22 0
2

Power radiated into the solid angle

ˆˆ r ( )
32

T

d
dP Z
d π

Ω

= ⋅ = ×
Ω

n S k C k

θ

dΩ k	
  



Simple	
  Dipole	
  Antenna	
  

I	
  

I	
  

h	
  

Transmission	
  line	
  

!!!

Ĵ= ẑI δ(x)δ( y)!!!for!! z <h/2,!!otherwise!0

Ĉ(k)= dxdydz∫ Ĵexp ikxx + iky y + ikzz⎡⎣ ⎤⎦

Ĉ(k)= ẑI dz
−h/2

h/2

∫ exp ikzz⎡⎣ ⎤⎦ = ẑIh
sin(kzh/2)
kzh/2

Source	
  

!!! 

Remember:!! k = 2π
λ
, kz = kcosϑ

suppose!h<<λ

Ĉ(k)= ẑI dz
−h/2

h/2

∫ exp ikzz⎡⎣ ⎤⎦ = ẑIh
sin(kzh/2)
kzh/2

! ẑIh

r 

z 

θ

ϕH

θE

SAntenna	
  



Radia?on	
  PaYern	
  

   

Power radiated into the solid angle dΩ
dPT

dΩ
= n̂ ⋅ S r2 =

Z0

32π 2 k × Ĉ(k)
2

k × ẑ
2
= ky

2 + kx
2 = k 2 sin2θ

dPT

dΩ
=

Z0

32π 2 khI( )2
sin2θ

!!! 

Remember:!! k = 2π
λ
,

kz = kcosθ
suppose!h<<λ
Ĉ(k)! ẑIh

E-plane pattern  
z 

θ



Antenna	
  PaYern	
  of	
  a	
  Hertzian	
  Dipole	
  

H-plane pattern  

x 

y 

f

1 0 

E-plane pattern  
z 

q

1 

14 



Total	
  Power	
  Radiated	
  

  

Power radiated into the solid angle dΩ
dPT

dΩ
=

Z0

32π 2 khI( )2
sin2θ

PT = dφ
0

2π

∫ sinθ dθ
0

π

∫
dPT

dΩ
=

Z0

32π 2 khI( )2
2π sin3θ dθ

0

π

∫ =
Z0

12π
kh( )2

I 2

PT = 1
2

Rrad I 2 Radiation Resistance:  Rrad =
Z0

6π
kh( )2

sin3θ dθ
0

π

∫  :  let  µ=cosθ dµ=-sinθdθ sin2θ = 1− µ2

sin3θ dθ
0

π

∫ = 1− µ2( )dµ = µ − µ3

3
⎛
⎝⎜

⎞
⎠⎟−1

1

∫
−1

1

= 4
3



Radia?on	
  Resistance	
  and	
  Antenna	
  Gain	
  

  

Power radiated into the solid angle dΩ
dPT

dΩ
=

Z0

32π 2 khI( )2
sin2θ

PT = 1
2

Rrad I 2 Radiation Resistance:  Rrad =
Z0

6π
kh( )2

Rrad =
Z0

6π
kh( )2

∝ h
λ

⎛
⎝⎜

⎞
⎠⎟

2

G(θ ,φ) =
dPT

dΩ
/

dPT

dΩ
= 3

2
sin2θ ,            

dPT

dΩ
= 1

4π
dΩ∫

dPT

dΩ

Gmax = 1.5

Power	
  radiated	
  small	
  for	
  h<<λ	
  
Antenna	
  Gain	
  -­‐	
  direc?vity	
  



Effec?ve	
  Area	
  –	
  Antenna	
  Gain	
  

V	
  
V	
  

Receiving	
   Sending	
  	
  	
  	
  	
  	
  	
  	
  	
  

Power per 
unit solid 
angle

Power 
received

Effective 
area 

Incident 
intensity

gain

!

dPT
dΩ

I

!!

G(Ω)= 4π dPT
dΩ

/PT

PT =
dPT
dΩ

dΩ∫
!!

PR = Ae(Ω)I

Ae(Ω)=
λ2G(Ω)
4π



Antenna	
  Impedance	
  

ZL	
  

ZL	
  =	
  jXrad	
  +	
  Rrad	
  
Rrad	
  	
  due	
  to	
  radia?on	
  
	
  Xrad	
  	
  due	
  to	
  near	
  fields.	
  	
  
	
  
Calcula?on	
  of	
  near	
  fields	
  must	
  
be	
  done	
  numerically	
  



Current	
  Distribu?on	
  on	
  Antenna?	
  

I	
  

I	
  

h	
  

Transmission	
  line	
  

!!!

Ĵ= ẑ I(z)δ(x)δ( y)!!!for!! z <h/2,!!
otherwise!0

Ĉ(k)= ẑ dzI(z)
−h/2

h/2

∫ exp ikzz⎡⎣ ⎤⎦ = ẑC(kzh)

Source	
  

z	
  

I(z)	
  

0	
   0	
   0	
  

I(z)	
   I(z)	
  

h	
  

!!
Half!wave!dipole
h= λ /2
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Center	
  Fed	
  Linear	
  Antenna	
  

In short antennas  current  
varies ~ linearly with z 

I(z) 

I 

0
ˆ ˆ( ) ( ) ( )(1 2 )

z
I x y

d
δ δ= −J r z

/ 2d−

/ 2d

n

r

Current density
2
dz ≤

    

for r >> ′r

Â(r) !
µ0

4π r
ei k r

Vol
∫ d ′τ Ĵ( ′r )e− ik⋅ ′r =

µ0

4π r
ei k r I0 ẑ

−d /2

d /2

∫ d ′z (1−2
′z

d
)e− i k ′z cosθ

θ

ˆcosθ = ⋅n z
z
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Â(r) ! 2 I0 ẑ

0

d /2

∫ d ′z 1−2
′z

d
⎛
⎝⎜

⎞
⎠⎟

cos(k ′z cosθ )

    

Â(r) ! I0 ẑ
−d /2

d /2

∫ d ′z (1−2
′z

d
)e− i k ′z cosθ

= I0 ẑ
−d /2

d /2

∫ d ′z 1−2
′z

d
⎛

⎝
⎜

⎞

⎠
⎟ cos(k ′z cosθ ) − isin(k ′z cosθ )( )

odd	
  even	
  

Center	
  Fed	
  Linear	
  Antenna	
  

use	
  Euler’s	
  equ.	
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0
cosTo carry out the integration, let cos and
2

k dk z θρ θ ρ′ ′= =

    
Â(r) ! 2 I0 ẑ d

ρ0 0

ρ0

∫ d ′ρ 1− ′ρ
ρ0

⎛
⎝⎜

⎞
⎠⎟

cos ′ρ

using cos cos sinx x dx x x x= +∫

    
Â(r) ! I0 ẑ d

ρ0
2 (1 − cosρ0 )

0
cos coswhere
2

k d dθ π θρ
λ

= =

Center	
  Fed	
  Linear	
  Antenna	
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0In the dipole limit ( 1)dλ ρ>> <<

    
Â(r) !

µ0

4π r
ei k r I0

d
2

ẑ

Antenna	
  in	
  the	
  Dipole	
  	
  Limit	
  	
  

    
Â(r) !

µ0

4π r
ei k r Ĉ(k)

0 ˆhence, ( )
2
dI=C k z

2 222 2 20 0 0
2 2

Power radiated into the solid angle

ˆˆ r ( ) sin
32 32 4

T

d
dP Z Z I dk
d

θ
π π

Ω

= ⋅ = × =
Ω

n S k C k

E-plane pattern  z 
q
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The total power radiated is PT =

S
!∫

dPT

dΩ
dΩ

where sin is the solid angled d dθ θ ϕΩ =

2 3

0
0

4sin 2
3

d d
ππ

ϕ θ θ π=∫ ∫
2 2

2 20 0
2 sin

32 4
TdP Z I dk

d
θ

π
=

Ω

2 2 2 20
0 0

1
48 2T rad
ZP k d I Z I
π

= =

2 20where the radiation resistance is [ ]
24rad
ZZ k d
π

= Ω

Total	
  Power	
  Radiated	
  and	
  Radia?on	
  Resistance	
  



ScaYering	
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z• •

•
• •

•
•

•

•
•

•
•

•

•

ScaYerers	
  
(molecules)	
  Incident	
  Plane	
  Wave	
  

    
Ĉ(k) =

Vol
∫ d ′τ Ĵ( ′r )e− ik⋅ ′r ! − iω p̂i

i
∑ e− ik⋅ri

Amplitude	
  due	
  to	
  ensemble	
  of	
  spa?ally	
  distributed	
  scaYerers	
  

   p̂i = γ Êexp[ikzi]

   Êexp[ikz]

Dipole	
  moment	
  propor?onal	
  to	
  
local	
  electric	
  field	
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The dipole moment is

ˆˆ ˆ( ) ( )
Vol Vol

id dρ τ τ
ω

′ ′ ′ ′ ′ ′ ′= = − ∇ ⋅∫ ∫p r r r J r

Electric	
  Dipole	
  Radia?on	
  

Integrating by parts gives ( 1)

ˆˆ ( )
Vol

i dτ
ω

′ ′∇ ⋅ =

′ ′= ∫

r

p J r
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Electric	
  Dipole	
  Radia?on	
  
2

22 0
2

Power radiated into the solid angle ( )

ˆˆ r ( )
32

T

d da r d
dP Z
d π

Ω = Ω

= ⋅ = ×
Ω

n S k C k

ˆ ˆwhere ( ) ( ) is F-T of the current densityi

Vol

d eτ ′− ⋅′ ′= ∫ k rC k J r

If the wavelength is large compared to the dimensions of the dipole
1, 2 /k π λ′⋅ << =k r ˆ ˆ( ) ( )

Vol

dτ ′ ′∫C k J r; ˆ ˆ( ) iω−C k p;

4 4
2 2 2 40 0

2 2 2 2
ˆ ˆ ˆ sin ~

32 32
TdP Z Z

d c c
ω ω θ ω

π π
= × =

Ω
n p p

  
PT =

S
!∫

dPT

dΩ
dΩ



J 
r 

z 

q

ϕH

θE

( )*1 ˆ ˆRe
2

= ×S E H

28 

S

Electric	
  Dipole	
  Radia?on	
  

Radiation intensity is S

Poynting vector [W/m2] 
  

ˆ ˆThe dipole moment is ( )
Vol

dρ τ′ ′ ′= ∫p r r

ˆThe charge density is ( , ) Re ( ) i tt e ωρ ρ −⎡ ⎤= ⎣ ⎦r r

ˆ ˆConservation of charge, / 0, gives ( ) ( )t iρ ω ρ∂ ∂ + ∇⋅ = ∇⋅ =J J r r



ScaYering	
  at	
  Long	
  	
  Wavelengths	
  

inE

k
ScaYer	
  
dimensions	
  small	
  	
  
compared	
  to	
  λ	
  	
  

ScaYered	
  	
  
radia?on	
  

-­‐	
  The	
  incident	
  radia?on	
  induces	
  an	
  oscilla?ng	
  electric	
  	
  
	
  	
  	
  and	
  magne?c	
  dipole	
  moment	
  in	
  the	
  scaYer	
  

-­‐	
  The	
  induced	
  dipole	
  moments	
  radiate	
  (scaYered	
  radia?on)	
  

-­‐	
  The	
  scaYered	
  radia?on	
  is	
  a	
  func?on	
  of	
  the	
  polariza?on	
  and	
  direc?on	
  of	
  	
  
	
  	
  	
  both	
  incident	
  and	
  scaYered	
  radia?on	
  	
  

Incident	
  	
  
radia?on	
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-­‐  If	
  the	
  wavelength	
  is	
  large	
  compared	
  to	
  the	
  size	
  of	
  the	
  scaYer	
  the	
  	
  
	
  	
  	
  	
  	
  	
  induced	
  electric	
  and	
  magne?c	
  dipole	
  moments	
  are	
  sufficient	
  to	
  	
  
	
  	
  	
  	
  	
  describe	
  the	
  scaYered	
  radia?on	
  	
  	
  	
  	
  (opposite	
  case	
  is	
  called	
  Mie	
  scaYering)	
  



Radiated	
  Power	
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dPT

dΩ
=

Z0

32π 2

ω 4

c2 n̂×γ Ê exp[ikzi − ik ⋅ri]
i
∑

2

   

dPT

dΩ
=

dPT1

dΩ
f (k, N )

   

dPT1

dΩ
=

Z0

32π 2

ω 4

c2 n̂×γ Ê
2

   
f = exp[ikzi − ik ⋅ri]

i
∑

2

Radia?on	
  due	
  to	
  single	
  dipole	
   Form	
  factor	
  –	
  sum	
  
over	
  dipoles	
  

Sum	
  over	
  dipoles	
  



Three	
  cases	
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f = exp[ikzi − ik ⋅ri]

i
∑

2

Dipoles	
  localized	
  to	
  a	
  volume	
  smaller	
  than	
  a	
  wavelength	
  	
  
	
  
f≈N2	
  

	
  
Dipoles	
  distributed	
  randomly	
  in	
  a	
  volume	
  larger	
  than	
  a	
  wavelength	
  
	
  
f≈N	
  

	
  
Dipoles	
  in	
  an	
  ordered	
  array	
  -­‐	
  gra?ng	
  



Cases	
  

32	
  

   
f = exp[ikzi − ik ⋅ri]

i
∑

2

Dipoles	
  localized	
  to	
  a	
  volume	
  
smaller	
  than	
  a	
  wavelength	
  -­‐	
  
coherent	
  

Dipoles	
  distributed	
  randomly	
  
in	
  a	
  volume	
  larger	
  than	
  a	
  
wavelength	
  -­‐	
  incoherent	
  

  
f =

i
∑

2

= N 2

   
f = exp[ik zi − z j( )− ik ⋅ ri − rj( )]

i, j
∑

Terms	
  with	
  i	
  an	
  j	
  different	
  
average	
  to	
  zero.	
  Only	
  j=i	
  
survive	
    

f =
i
∑ = N



Chincoteague	
  	
  10/23/20	
  



Ordered	
  array	
  1D	
  

34	
  

   
f = exp[ikzi − ik ⋅ri]

i
∑

2

  ri = di
   
f = exp[i kd cosθ − k ⋅d( )i]

i
∑

2

   kd cosθ − k ⋅d( ) = 2πn

f	
  peaks	
  when	
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Higher	
  Order	
  Moments	
  of	
  the	
  Fields	
  	
  

0

2
20

ˆ ˆ( ) ( )
4

ˆ ˆ ˆ( ) ( ) 1 ( ) ...
4 2

terms fall off rapidly

i k r i

Vol

i k r

Vol

e d e
r

ke d i k
r

µ τ
π

µ τ
π

′− ⋅′ ′

⎛ ⎞′ ′ ′ ′− ⋅ − ⋅ +⎜ ⎟
⎝ ⎠

∫

∫

k rA r J r

A r J r n r n r

;

;

In	
  the	
  far	
  field	
  zone	
  

Include	
  both	
  electric	
  and	
  magne?c	
  dipole	
  contribu?ons	
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The F-T of the current density including both the 
electric and magnetic dipole contributions is 

Ĉ(k) =
Vol
∫ d ′τ Ĵ( ′r )e− ik⋅ ′r ! − iω (p̂ + m̂× n̂ / c)

    
Â(r) !

µ0

4π r
ei k r − iω p̂ − i k m̂× n̂{ }
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Â(r) !

µ0

4π r
ei k r

Vol
∫ d ′τ Ĵ( ′r )e− ik⋅ ′r !

µ0

4π r
ei k r

Vol
∫ d ′τ Ĵ( ′r )(1 − i k n̂ ⋅ ′r )
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Power radiated into the solid angle
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