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Signals	
  on	
  Transmission	
  Lines	
  



Transmission	
  Line	
  

Voltage	
  and	
  current	
  are	
  
the	
  sum	
  of	
  forward	
  and	
  
backward	
  pulses	
  



Forward	
  Pulse	
  



Backward	
  Pulse	
  



Forward	
  +	
  Backward	
  

!!

ρ =
RL − Z0
RL + Z0

,

RL =0
ρ = −1



Forward	
  +	
  Backward	
  

!!

ρ =
RL − Z0
RL + Z0

,

RL =∞
ρ =1



Pulse	
  Forming	
  Network	
  

For	
  t	
  <	
  0	
  line	
  slowly	
  
charges	
  to	
  V	
  =	
  V0	
  

Rs	
  >>	
  Z0	
  

V0	
  

Close	
  switch	
  at	
  t=0.	
  

RL=Z0	
  or	
  
could	
  be	
  
another	
  TL	
  

V0	
  
V0/2	
  

V(x,t)	
  
Backward	
  	
  pulse	
  
-­‐V0/2	
  	
  

V0/2	
  V(x,t)	
  Forward	
  	
  pulse	
  
-­‐V0/2	
  	
  

Output	
  is	
  pulse	
  
V0/2	
  ,	
  T=2L/c	
  



What	
  happens	
  when	
  the	
  terminaUon	
  
is	
  not	
  a	
  resistor?	
  

C	
  

!!

At!x!=!0

I(0,t)=CdV(0,t)
dt

I(0,t)= 1
Z0

f1 − f2( ) = 1
Z0

2 f1 − f1 + f2( )( ) = 1
Z0

2 f1 −V(0,t)( )

2 f1 =V(0,t)+τ
dV(0,t)
dt

, τ = Z0C

I(0,t)	
  
V(0,t)	
  



!!

2 f1 =V(0,t)+τ
dV(0,t)
dt

, τ = Z0C

f2 =V(0,t)− f1

Capacitor	
  iniUally	
  acts	
  like	
  a	
  short	
  
circuit,	
  then	
  transiUons	
  to	
  an	
  open	
  
circuit	
  



What	
  happens	
  when	
  the	
  terminaUon	
  
is	
  an	
  inductor?	
  

L	
  

!!

At!x!=!0

V(0,t)=LdI(0,t)
dt

V = f1 + f2 =2 f1 − f1 − f2( ) =2 f1 − Z0I(0,t)=LdI(0,t)dt

2 f1 = Z0 I(0,t)+τ dI(0,t)
dt

⎛
⎝⎜

⎞
⎠⎟
, τ = L/Z0

I(0,t)	
  
V(0,t)	
  



What	
  about	
  AC	
  signals?	
  

ZL	
  

Zeq	
  

The	
  impedance	
  presented	
  to	
  
the	
  source	
  is	
  modified	
  to	
  Zeq,	
  
Depends	
  on	
  the	
  load,	
  the	
  
length	
  and	
  the	
  characterisUc	
  
impedance	
  of	
  the	
  line.	
  	
  



Standing	
  Waves	
  

!!

V =Re V̂inc e− jkz + ρe jkz( )e jωt{ }
I =Re V̂inc

Z0
e− jkz − ρe jkz( )e jωt⎧

⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

Z	
  [m]	
  

	
  
Nodes	
  are	
  short	
  circuits	
  
AnU	
  nodes	
  are	
  open	
  circuits	
  
	
  	
  

V(z,t)	
  

!ρ = −1

Plots	
  of	
  Ex(z,t)	
  at	
  different	
  Umes	
  



Standing	
  Waves	
  

Z	
  [m]	
  

	
  
Impedance	
  is	
  complex	
  and	
  
depends	
  on	
  where	
  V/I	
  is	
  
measured	
  	
  

V(z,t)	
  

!ρ = −0.5

Plots	
  of	
  Ex(z,t)	
  at	
  different	
  Umes	
  

!!

V =Re V̂inc e− jkz + ρe jkz( )e jωt{ }
I =Re V̂inc

Z0
e− jkz − ρe jkz( )e jωt⎧

⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪



ZL	
  

!!

V =Re V̂ince
− jkz + V̂ref e

jkz( )e jωt{ }
V =Re V̂inc e− jkz + ρe jkz( )e jωt{ }=Re V̂(z)e jωt{ }
I =Re V̂inc

Z0
e− jkz − ρe jkz( )e jωt⎧

⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
=Re Î(z)e jωt{ } !!

ρ =
ZL − Z0
ZL + Z0

The	
  reflecUon	
  coefficient	
  at	
  the	
  load	
  

At	
  z	
  =	
  -­‐L	
  

!!
Zeq =

V̂(−L)
Î(−L) = Z0

e− jkz + ρe jkz( )
e− jkz − ρe jkz( )

z=−L

= Z0
1+ ρe−2 jkL
1− ρe−2 jkL

The	
  reflecUon	
  coefficient	
  atz=-­‐L	
  

!!
ρ(L)=

Zeq − Z0
Zeq + Z0

= ρe−2 jkL



Equivalent	
  Impedance	
  

!!

Zeq = Z0
1+ ρe−2 jkL
1− ρe−2 jkL

Zeq = Z0
ZL + Z0( )e jkL + ZL − Z0( )e− jkL
ZL + Z0( )e jkL − ZL − Z0( )e− jkL

Zeq = Z0
ZL cos kL( )+ jZ0 sin kL( )
jZL sin kL( )+ Z0 cos kL( )

If	
  line	
  has	
  losses	
  effect	
  of	
  
reflecUons	
  is	
  diminished	
  

!!

k = ′k − j ′′k , e−2 jkL = e−2 ′′k Le−2 j ′k L

Zeq = Z0
1+ ρe−2 ′′k L( )e−2 j ′k L

1− ρe−2 ′′k L( )e−2 j ′k L

!!

If!L!→ !0,!!!sin(kL)→0,!!cos(kL)!→ !1,!!!!!!!!!!!Zeq → ZL

If!kL!→ !π2 ,!!!sin(kL)→1,!!cos(kL)!→ !0!!!!!!!!Zeq → Z0
2 /ZL



Special	
  Cases	
  

!!

Zeq = Z0
1+ ρe−2 jk1L
1− ρe−2 jk1L

L= nλ /2, 2k1L=2πn Zeq = Z0
1+ ρ
1− ρ = ZL

L= n+ 12
⎛
⎝⎜

⎞
⎠⎟
λ /2, 2k1L=2π n+ 12

⎛
⎝⎜

⎞
⎠⎟

Zeq = Z0
1− ρ
1+ ρ = Z0

2 /ZL

Remember	
  half-­‐wave	
  window	
  

Quarter-­‐wave	
  transformer	
  



Admidance	
  vs	
  Impedance	
  

!!

I =Re Îince
− jkz + Îref e

jkz( )e jωt{ }
V =Re Z0 Îince

− jkz − Îince
jkz( )e jωt{ }

I =Re Îinc e
− jkz + ρIe

jkz( )e jωt{ }=Re Î(z)e jωt{ }
V =Re Z0Îinc e

− jkz − ρIe
jkz( )e jωt{ }=Re V̂(z)e jωt{ }

ρI = −ρ ρI = −
ZL − Z0
ZL + Z0

=
YL −Y0
YL +Y0

Same	
  formulas	
  apply	
  to	
  
current	
  amplitudeS.	
  
	
  
Current	
  reflecUon	
  
coefficient	
  =	
  -­‐	
  voltage	
  
reflecUon	
  coefficient	
  



High	
  Q	
  cavity	
  model	
  	
  

RL<<Z0	
  
	
  

L	
  

Shunt	
  	
  
reactance	
  

Ss=jXs<<Z0	
  

Cavity	
  

!!
ρ ==

′Zeq − Z0
′Zeq + Z0

! 
′ZL = Zeq ! jX =

Zeq jX
Zeq + jX



High	
  Q	
  Cavity	
  Model	
  

RL<<Z0	
  
	
  

L	
  

Shunt	
  	
  
admidance	
  

Zs=jXs<<Z	
  

Cavity	
  !! 
ρcav =

Zeq ! jXs( )− Z0
Zeq ! jXs( )

s
+ Z0

!! 
Zeq = Z0

RL cos kL( )+ jZ0 sin kL( )
jRL sin kL( )+ Z0 cos kL( ) ! jZ0 tan kL( )+RL

!! 
ρcav ! −

j Z0 tan(kL)+ Xs( )+RL − Xs2 /Z0
j Z0 tan(kL)+ Xs( )+RL + Xs2 /Z0

= −
j2 ω −ω c( )/ω c +Qint

−1 −Qext
−1

j2 ω −ω c( )/ω c +Qint
−1 +Qext

−1

! 
′ZL = Zeq ! jX =

Zeq jX
Zeq + jX


