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Lecture	
  09	
  
Diffrac3on,	
  Interference	
  



Diffrac3on	
  

Waves	
  launched	
  from	
  a	
  finite	
  size	
  source	
  spread	
  
out	
  as	
  they	
  propagate.	
  

!

!!
W(z)=W(0) 1+ z2 /ZR2 !!!!!!!!!!!!!ZR =

1
2kW

2(0) Rayleigh	
  Length	
  



W0	
  –
focal	
  	
  
spot	
  size	
  

Curved	
  
phase	
  
crests	
  

Gaussian	
  Beam	
  

Ex,y(x, y, z) =
E0

1+ iz / ZR

exp −
x2 + y2( )

W0
2 1+ iz / ZR( ) + ikz

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

!!
W(z)=W0 1+ z2 /ZR2 !!!!!!!!!!!!!ZR =

1
2kW0

2
Rayleigh	
  Length	
  

Ex,y(0,0, z) = E0

1+ iz / ZR

exp +ikz[ ] = E0

1+ z / ZR( )2
exp +ikz + iφ(z)[ ]

                                                                                  Guoy Phase   tanφ = −z / ZR



Ex,y(x, y, z) =
E0

1+ iz / ZR

exp −
x2 + y2( )

W0
2 1+ iz / ZR( ) + ikz

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

= E0
1+ z2 / ZR

2
exp −

x2 + y2( )
W0

2 1+ z2 / ZR
2( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
exp i kz +

z x2 + y2( )
ZRW0

2 1+ z2 / ZR
2( ) +φG

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

Amplitude	
   Phase	
  

As  z→∞         ik z +
x2 + y2( )

2z
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
+φG = ikr +φG



Interference	
  

Near	
  field	
  

|Far	
  field|2	
  

Interference	
  
Peaks	
  

Far	
  field	
  is	
  Fourier	
  transform	
  of	
  near	
  field.	
  

Ex,y(x, y, z) =
k
2iπz

Ex,y(
kx
z
, ky
z
,0)exp ik z + x

2 + y2

2z
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥



Problem	
  
A	
  certain	
  infrared	
  (wavelength	
  1	
  micrometer)	
  laser	
  beam	
  can	
  be	
  focused	
  to	
  a	
  
spot	
  size	
  (W0	
  =	
  15	
  micrometers).	
  	
  	
  
	
  
1.  What	
  is	
  the	
  Rayleigh	
  distance?	
  

2.  Suppose	
  the	
  central	
  intensity	
  at	
  the	
  focal	
  point	
  is	
  1018	
  W/cm2,	
  	
  What	
  is	
  the	
  
central	
  intensity	
  3	
  meters	
  from	
  the	
  focus?	
  What	
  is	
  the	
  RMS	
  electric	
  field?	
  



Approach	
  
x	
  

y	
  

z	
  

!!!Ê(x , y ,z =0) !!!Ê(x , y ,z)

We	
  will	
  assume	
  we	
  
know	
  Ex	
  and	
  Ey	
  in	
  
plane	
  z=0	
  

	
  Fourier	
  Transform	
  
E(z=0).	
  Construct	
  a	
  
superposi3on	
  of	
  plane	
  
waves	
  giving	
  Ex	
  and	
  Ey	
  
in	
  plane	
  z=0	
  

We	
  will	
  evaluate	
  
the	
  superposi3on	
  
of	
  plane	
  waves	
  as	
  
a	
  func3on	
  of	
  z.	
  
Inverse	
  Fourier	
  
transform	
  



Wave	
  Equa3on	
  
 ∇⋅
!
E = 0

 
∇×
!
E = −µ ∂

!
H
∂t  

∇×
!
H = ε ∂

!
E
∂t

 ∇⋅
!
H = 0

To	
  get	
  equa3ons	
  
for	
  phasor	
  
amplitudes	
  

∂
∂t
,∇⇒ -iω ,∇

∇⋅ Ê = 0 ∇× Ê = iωµĤ ∇× Ĥ = −iωεÊ∇⋅Ĥ = 0

 

!
E,
!
H⇒ Re Ê(x), Ĥ(x)( )e− iωt{ }

Combine	
  

∇× ∇× Ê( ) = iωµ∇× Ĥ =ω 2εµÊ = k2E

∇ ∇⋅ Ê( )−∇2Ê = −∇2Ê = k2Ê !!
k2 = ω 2

v2
, λ = 2π

k



Consider	
  transverse	
  components,	
  
	
  Ex	
  Ey	
  

−∇2Ê = k2Ê     →        − ∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2

⎛
⎝⎜

⎞
⎠⎟
Ex,y = k

2Ex,y k2 =ω 2εµ

Take	
  spa3al	
  Fourier	
  transform	
  in	
  x	
  and	
  y	
  

       − dx
−∞

∞

∫ dy
−∞

∞

∫ exp −ikxx − ikyy⎡⎣ ⎤⎦
∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2

⎛
⎝⎜

⎞
⎠⎟
Ex,y = k

2Ex,y(kx ,ky , z)

       dx
−∞

∞

∫ dy
−∞

∞

∫ exp −ikxx − ikyy⎡⎣ ⎤⎦Ex,y = Ex,y(kx ,ky , z)

       kx
2 + ky

2 − ∂2

∂z2

⎛
⎝⎜

⎞
⎠⎟
Ex,y = k

2Ex,y(kx ,ky , z)



Solu3ons	
  
       kx

2 + ky
2 − ∂2

∂z2

⎛
⎝⎜

⎞
⎠⎟
Ex,y = k

2Ex,y(kx ,ky , z)

Ex,y = Aexp ikzz( ) + Bexp −ikzz( ), kz = k2 − kx
2 + ky

2( ), k2 > kx
2 + ky

2( )
Ex,y = Aexp −κ zz( ) + Bexp +κ zz( ), κ z = kx

2 + ky
2( )− k2 , k2 < kx

2 + ky
2( )

Second	
  order	
  DEQ-­‐	
  2	
  solu3ons	
  

Boundary	
  condi3on	
  as	
  z	
  goes	
  to	
  infinity	
  	
  	
  B=0	
  

Ex,y = Ex,y(kx ,ky , z = 0)exp ikzz( ), kz = k2 − kx
2 + ky

2( ), k2 > kx
2 + ky

2( )
Ex,y = Ex,y(kx ,ky , z = 0)exp −κ zz( ), κ z = kx

2 + ky
2( )− k2 , k2 < kx

2 + ky
2( )

We	
  know	
  this	
  



Divergence	
  E	
  =	
  0	
  
∇⋅ Ê = 0 Fourier	
  Transform	
  in	
  x	
  and	
  y	
   ⇒ ∂

∂z
Ez = −i kxEx + kyEy( )

Ez =
−1
kz

kxEx + kyEy( )exp ikzz( ), k2 > kx
2 + ky

2( )

Ex,y =
i
κ z

kxEx + kyEy( )exp −κ zz( ), k2 < kx
2 + ky

2( )

We	
  can	
  find	
  Ez	
  a`er	
  the	
  problem	
  for	
  Ex	
  and	
  Ey	
  is	
  solved	
  



Fourier	
  Inversion	
  

Ex,y = Ex,y(kx ,ky , z = 0)exp ikzz( ), kz = k2 − kx
2 + ky

2( ), k2 > kx
2 + ky

2( )
Ex,y = Ex,y(kx ,ky , z = 0)exp −κ zz( ), κ z = kx

2 + ky
2( )− k2 , k2 < kx

2 + ky
2( )

Ex,y(x, y, z) = dkx
−∞

∞

∫ dkx
−∞

∞

∫ Ex,y(kx ,ky , z)exp ikxx + ikyy⎡⎣ ⎤⎦

Let’s	
  assume	
   Ex,y(kx ,ky , z = 0) → 0 for k2 < kx
2 + ky

2( )

Ex,y(x, y, z) = dkx
−∞

∞

∫ dkx
−∞

∞

∫ Ex,y(kx ,ky ,0)exp ikxx + ikyy + iz k2 − kx
2 + ky

2( )⎡
⎣⎢

⎤
⎦⎥



Consider	
  Gaussian	
  Dependence	
  on	
  x,y	
  
in	
  plane	
  z=0	
  

 Ex,y = E0 exp − x
2 + y2

W0
2

⎡

⎣
⎢

⎤

⎦
⎥    

 Ex,y(kx ,ky ,0) =  dx
−∞

∞

∫ dy
−∞

∞

∫ exp −ikxx − ikyy⎡⎣ ⎤⎦E0 exp − x
2 + y2

W0
2

⎡

⎣
⎢

⎤

⎦
⎥

x2

W0
2 + ikxx =

x + ikxW0
2 / 2( )2

W0
2 + kx

2W0
2

4

Ex,y(kx ,ky ,0) =  πW0
2E0exp −

kx
2 + ky

2( )W0
2

4

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

Gaussian	
  E	
  
	
  
	
  
Fourier	
  
Transform	
  
	
  
Complete	
  
Square	
  
	
  
	
  
K-­‐space	
  E	
  

W0	
  -­‐	
  	
  width	
  in	
  space 	
   	
  2/W0	
  	
  -­‐	
  	
  Width	
  in	
  kx,	
  ky
	
   	
  	
  



Zones	
  

!! 
z ! λ = 2π

k !!
λ = 2π

k
< z < ZR !!

λ = 2π
k

< ZR << z

Near	
  field	
   Fresnel	
   Fraunhoffer	
  

Fresnel:	
  Invented	
  the	
  Fresnel	
  lens.	
  	
  Installed	
  in	
  lighthouses	
  around	
  the	
  world.	
  Saved	
  	
  
many	
  lives.	
  
Fraunhoffer:	
  Orphaned	
  at	
  age	
  11.	
  	
  Worked	
  for	
  glass	
  maker.	
  	
  Buried	
  in	
  collapsed	
  
building.	
  Rescued	
  by	
  a	
  Prince.	
  Invented	
  the	
  spectroscope.	
  



Ex,y(kx ,ky ,0) =  πW0
2E0exp −

kx
2 + ky

2( )W0
2

4

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

Ex,y(x, y, z) =
dkx
2π−∞

∞

∫
dky
2π−∞

∞

∫ Ex,y(kx ,ky ,0)exp ikxx + ikyy + iz k2 − kx
2 + ky

2( )⎡
⎣⎢

⎤
⎦⎥

Note:	
  	
  

1	
  .	
  	
  Fourier	
  transform	
  

2	
  .	
  Inverse	
  transform	
  

Ex,y(kx ,ky ,0)→ 0 for kx
2 + ky

2 >W0
−2 << k2

Expand:	
  	
  
 
k2 − kx

2 + ky
2( ) ! k − kx

2 + ky
2

2k

Ex,y(x, y, z) = πW0
2E0

dkx
2π−∞

∞

∫
dky
2π−∞

∞

∫ exp − kx
2 + ky

2( ) W0
2

4
+ iz
2k

⎡

⎣
⎢

⎤

⎦
⎥ + ikxx + ikyy + ikz

⎡

⎣
⎢

⎤

⎦
⎥

Complete	
  square:	
  	
  

Ex,y(x, y, z) =
E0

1+ iz / ZR

exp −
x2 + y2( )

W0
2 1+ iz / ZR( ) + ikz

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥



W0	
  –
focal	
  	
  
spot	
  size	
  

Curved	
  
phase	
  
crests	
  

Gaussian	
  Beam	
  

Ex,y(x, y, z) =
E0

1+ iz / ZR

exp −
x2 + y2( )

W0
2 1+ iz / ZR( ) + ikz

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

!!
W(z)=W0 1+ z2 /ZR2 !!!!!!!!!!!!!ZR =

1
2kW0

2
Rayleigh	
  Length	
  

Ex,y(0,0, z) = E0

1+ iz / ZR

exp +ikz[ ] = E0

1+ z / ZR( )2
exp +ikz + iφ(z)[ ]

                                                                                 Guoy Phase   tanφ = −z / ZR



Far	
  Field	
  Radia3on	
  Pafern	
  

Ex,y(x, y, z) =
dkx
2π−∞

∞

∫
dky
2π−∞

∞

∫ Ex,y(kx ,ky ,0)exp ikxx + ikyy + iz k2 − kx
2 + ky

2( )⎡
⎣⎢

⎤
⎦⎥

Ex,y(kx ,ky ,0)→ 0 for kx
2 + ky

2 << k2

 
k2 − kx

2 + ky
2( ) ! k − kx

2 + ky
2

2k

lim z→∞ exp − iz
2k

kx
2 + ky

2( ) + ikxx + ikyy⎡
⎣⎢

⎤
⎦⎥
=

                              2πk
iz

exp ik x
2 + y2

2z
⎡

⎣
⎢

⎤

⎦
⎥δ kx −

kx
z

⎛
⎝⎜

⎞
⎠⎟ δ ky −

ky
z

⎛
⎝⎜

⎞
⎠⎟

Ex,y(x, y, z) =
k
2iπz

Ex,y(
kx
z
, ky
z
,0)exp ik z + x

2 + y2

2z
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

Delta	
  func3ons	
  



Sta3onary	
  Phase	
  

lim z→∞ exp − iz
2k

kx
2 + ikxx

⎡
⎣⎢

⎤
⎦⎥
= lim z→∞ exp − iz

2k
kx −

kx
z

⎛
⎝⎜

⎞
⎠⎟
2

+ i kx
2

2z
⎡

⎣
⎢

⎤

⎦
⎥

Rapid	
  oscilla3ons	
  integrate	
  to	
  zero	
  



Example	
  

!!
E(x)=

E0 , x < L/2
0 , x > L/2

⎧
⎨
⎪

⎩⎪

L	
  

Fourier	
  Transform	
  

!!
E(kx )= dx

−L/2

L/2

∫ E0 exp −ikxx⎡⎣ ⎤⎦ = E0
sin kxL/2( )
kx /2

!!
E(kx = k

x
z
)
2

!!
zero!when!!! kxL2 = pπ → tanθ = x

z
= 2πp

L



Problem	
  

b	
  

a	
  
x	
  

y	
  

The	
  electric	
  field	
  in	
  an	
  aperture	
  must	
  sa3sfy	
  
boundary	
  condi3ons	
  on	
  the	
  edges	
  of	
  the	
  
aperture.	
  
	
  
What	
  are	
  they?	
  
	
  
Make	
  up	
  a	
  simple	
  func3on	
  that	
  sa3sfies	
  the	
  
BC’s	
  
	
  
Find	
  (for	
  Thursday)	
  the	
  far	
  field	
  diffrac3on	
  
pafern	
  

Aperture	
  



When	
  is	
  there	
  perfect	
  destruc3ve	
  interference?	
  

  
Δr12 =

a
2
sinθ=

λ
2

Destruc3ve	
  when	
  

1	
  cancels	
  2	
  
3	
  cancels	
  4	
  
5	
  cancels	
  6	
  
Etc.	
  

Also:	
  

  

a
2p
sinθp =

λ
2

 p=1,2,3.....




